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Last week we saw that an exponentially small set on Sn−1 changes to an almost full-measure set
through a transition regime of order O(1/

√
n). An immediate consequence of this phenomenon is the

concentration of measure for Lipschitz functions on (Sn−1, dn−1), where dn−1 is the geodesic metric.
This is precisely the following theorem:

Theorem 1. Let f be a function defined on (Sn−1, dn−1) that is 1-Lipschitz. σn−1 denotes the uniform
measure on Sn−1. Let M be the median of f . Then, for ε > 0,

σn−1(|f(x)−M | > ε) ≤ 2e−nε
2/2.

Proof. It suffices to note that

{|f(x)−M | > ε} ⊆ {f(x) ≤M}cε ∪ {f(x) ≥M}cε,

where the subscript denotes the ε neighborhood of the set and the superscript c denotes the complement.
The isoperimetric inequality on Sn−1 does the rest.

The above result can be rephrased as a probabilistic statement. Let X = (X1, · · · , Xn)T ∼ N(0, In),
where N is the normal distribution. It is easy to check that X can be decomposed as a product of two
independent parts:

X ∼ ||X||2 ·
X

||X||2
.

By the law of large numbers, ||X||2 ≈
√
n. On the other hand, X

||X||2
D= σn−1. This observation convinces

us that a similar concentration of measure result should hold for the gauss measure γn on (Rn, || · ||2).
The result is stated below without proof. The rigorous proof relies on the Prekopa-Leindler’s inequality
to show a similar version of isoperimetric inequality for the gauss measure.

Theorem 2. Let f be a function defined on Rn that is 1-Lipschitz. Let M be the median of f under
the gauss measure γn. Then, for ε > 0,

γn(|f(x)−M | > ε) ≤ 2e−ε
2/2.

One can replace the median in the inequality by the p-th (p ≥ 1) moment of f if M ≥ 0 (i.e., f ≥ 0).

|M − ||f ||p| ≤ ||f −M ||p =
(∫ ∞

0
ptp−1γn(|f −M | > t)dt

)1/p
= Cp <∞.

Therefore, for t > 2Cp,

γn(|f(x)− ||f ||p| > t) ≤ 2e−t
2/8. (0.1)
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Lemma 1 (Prekopa-Leindler inequality). Let f, g, h be measurable functions from Rn to R+ and λ ∈
(0, 1) be some fixed parameter. Suppose that for x, y ∈ Rn, h(λx+ (1− λ)y) ≥ f(x)λg(y)1−λ. Then,∫

Rn

h ≥
(∫

Rn

f

)λ(∫
Rn

g

)1−λ
.

For many cases of interest, ||f ||p →∞ as n increases, thus the assumption t > 2Cp is not restrictive.
A similar bound to (0.1) using the log-Sobolev inequality obtains the correct constant for all t > 0, and
is as follows.

γn(|f(x)− Ef | > t) ≤ 2e−t
2/2,

only assuming that f is 1-Lipschitz.
Next we give a quick but nice application of (0.1), due to Johnson and Lindenstrauss:

Theorem 3 (Johnson, Lindenstrauss). Let x1, · · · , xN be N points in some Hilbert space H. For every
ε > 0, there exists a linear map T from H to Rm such that for all 1 ≤ i, j ≤ N ,

(1− ε)||xi − xj ||H ≤ ||Txi − Txj ||2 ≤ (1 + ε)||xi − xj ||H ,

as long as m & ε−2 logN .

This result tells us that high (possibly infinite) dimensional points can be nearly isometrically em-
bedded into a lower dimensional space whose dimension does not depend on the original space. As we
will see, the proof can be adapted to case where {xi} is an infinite set with a reasonable metric entropy.

Proof. The proof is similar to the proof of existence of exponentially many almost orthogonal points in
Rn, and is probabilistic in nature. Without loss of generality we assume that H = Rn for some n. Let
G ∈ Rm×n be a random matrix whose entries are iid standard gaussian. Think of T as a random vector
in Rmn and consider fx(G) = ||Gx||2. It is easy to check that fx is 1-Lipschitz. By (0.1), for t > 2C2,

γmn(|fx(G)− ||fx(G)||2| > t) ≤ 2e−t
2/8.

It is easy to check that ||fx(G)||2 =
√
m. If we set T = G/

√
m, then the above estimate turns into

γmn(|fx(T )− 1| > t/
√
m) ≤ 2e−t

2/8.

Choose m large enough such that ε > 2C2/
√
m (m & ε−2). Then,

γmn(|fx(T )− 1| > ε) ≤ 2e−mε
2/8.

All we need to take care of for the purpose of nearly isometric embedding is the set

Σ =
{

xi − xj
||xi − xj ||2

, 1 ≤ i < j ≤ N
}
,

which has cardinality N(N − 1)/2. By a union bound, it sufficies to require

N(N − 1)e−mε
2/8 < 1.

Simplifying this completes the proof.

Theorem 3 yields a quick proof for the condition of the restricted isometry property (RIP) for gaussian
random matrices. Let A ∈ Rm×n be a matrix, n > m. s is some fixed integer less than m and δ ∈ (0, 1)
is a fixed number. A is said to satisfy (s, δ)-RIP if for every S ⊂ {1, · · · , n} with |S| ≤ s and x ∈ Rn,

(1− δ)||x||2 ≤ ||ASx||2 ≤ (1 + δ)||x||2.

RIP plays an important role in the mathematical study of compressed sensing, see [2], for instance.
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Theorem 4 (RIP for gaussian random matrices). Let A ∈ Rm×n be a gaussian random matrix. If
m & δ−2s log(n/sδ), then A/

√
m satisfies the (s, δ)-RIP with overwhelming probability.

Proof. There are
(
n
s

)
submatrices of A we need to take care of, and each of them corresponds to a δ-net

of size (c/δ)s for some absolute constant c. So the total number of points we need to take care of is

1 +
(
n

s

)
·
( c
δ

)s
≤ 1 +

(en
s

)s
·
( c
δ

)s
,

where 1 is for the origin. It follows from Johnson-Lindenstrauss lemma that

m & δ−2 log
((en

s

)s
·
( c
δ

)s)
sufficies for the job, and we are done.

In the rest we give some necessary concepts in preparation for the Dvoretzky’s Theorem, which
studies when the ‘low’ dimensional subspaces of a Banach space resemble the `2 space. It is well
known that there is an one-to-one correspondence between the finite-dimensional Banach spaces and
symmetric convex bodies through Minkowski functional. In the following we shall use these two concepts
interchangeably. Suppose there are two convex bodies K1,K2 in Rn. The Banach-Mazur distance
between them is defined by how one can get close to the other through linear transformation:

d(K1,K2) = inf
T∈L(Rn)

{a
b
, bK2 ⊂ TK1 ⊂ aK2

}
.

In the language of Banach spaces, we consider X1 = (Rn, || · ||X1) and X1 = (Rn, || · ||X2). Then

d(X1, X2) = inf
T∈L(X1,X2)

||T || · ||T−1||.

Essentially, this measures how well the unit ball in X1 can be sandwitched between the two balls in
X2 under all possible linear transformations. It can be verified from definition that for n-dimensional
normed spaces X1, X2, X3,

1. d(X1, X2) ≥ 1. Equality holds if and only if X1 and X2 are isometric;

2. d(X1, X2) = d(X2, X1);

3. d(X1, X3) ≤ d(X1, X2)d(X2, X3).

These properties together imply that log d(·, ·) is a well-defined metric on the set of all n-dimensional
normed spaces. A fundamental result in convex geometry, due to Fritz John, is the following:

Theorem 5 (John’s Theorem). For any normed space X = (Rn, || · ||X),

d(X, `n2 ) ≤
√
n.

The equality is achieved when X = `n∞. As a consequence, for any two n-dimensional normed spaces X
and Y ,

d(X,Y ) ≤ n.

Proof. We only prove the equality part. First by choosing T as the identity matrix we have d(`n∞, `n2 ) ≤√
n. It remains to show that the opposite direction of the inequality holds. For this we will use a

probabilistic argument. Indeed, we wish to show that for every T ∈ L(Rn), and a, b such that

bBn2 ⊂ T (Bn∞) ⊂ aBn2 ,
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a/b ≥
√
n. Without loss of generality we may assume b = 1. In this case, it reduces to show ||T || ≥

√
n.

Note that ||T || corresponds to how far T can inflate the unit ball Bn∞. Since T (Bn∞) is a symmetric
convex set and T preserves extreme points, it is enough to consider all the Tx, x =

∑n
i=1 εiei, where ei

are the canonical basis in Rn and εi ∈ {±1}. Still, we do not know which x is the one that achieves
||T ||. Randomize it! The key idea is to think of εi as iid Rademacher random variables. It then follows
from direct calculation that

E||Tx||2 =
n∑
i=1
||Tei||22 ≥ n.

The inequality is due to the assumption that T (Bn∞) ⊃ Bn2 and the fact that Tei lies on the boundary
of T (Bn∞). Therefore, there exists one x such that ||Tx|| ≥

√
n, and we are done.

The above result tells us that in some sense, among all the n-dimensional normed spaces, `n∞ is the
farthest to `n2 . And among all ellipsoids, the round ball approximates the cube best. This observation
plays a very important role in the probabilistic proof of the Dvoretzky’s Theorem. It is also worth
mentioning that the general bound d(X,Y ) ≤ n is optimal in order. For a construction, see [4].
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