UNIFORM HYPERBOLICITY, COCYCLES AND RIGIDITY -
PRELIMINARIES ON CODING

Definitions and Main Theorems

Theorem 0.1 (Hadamard-Perron Theorem). If0 < A <1 and vy > 0, then there exists n = n(\,~)
such that the following holds: Let Fj, : R™ x R™™ — R™ x R“™™ n € Z, be a sequence of C" maps
satsifying:

Fo(u,v) = (u,v) - <fé” gﬂ) 60 (u, v)

where A, € GL(m,R) and B,, € GL(d — m,R) satisfy HAn_lH < X and ||By|| < X for every
n, and 8, : R — R™ x R satsifes |[6n]|cr < m for every n. Then there exist a sequence of C"
functions @ : R™ — RI=™ and 3 : RS™™ — R™ such that ||dek|| < vy for every n, and if WY =
graph(eh) = {(z, pi(x))} € R and Wi = graph(e;) = {(¢5 (), y)} C RY, then F,(Wy) = W,
and

We = {xERd: lim Fn+mo...an(x)—>0}
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W — {xeRd: lim Fn_mo...an__ll(:C)—)O}

Corollary 0.2 (Stable and Unstable Manifold Theorem). If f : X — X is a C" Anosov dif-
feomorphism, there exists some € > 0 such that for every x € X there exist C"-embedded man-
ifolds W (x) and W (x) such that T,W} (x) = E*(y) for every y € Wi (x), * = s,u and if
d(y,x) < e, then d(f"(x), f"(y)) < € for every n > 0 and converges to 0 if and only if y € W (x)
and d(f~"(x), f~"(y)) < € for every n > 0 and converges to 0 if and only if y € Wit (x). They are
unique in sufficiently small neighborhoods of x.

Definition 0.3. Fix an alphabet A = {1,...,m}. Let 34 = {(z,);2 : zn € A for every n € Ng}
and ¥ = {(2n)32_o : 2n € A for every n € Z} be the set of one-sided sequences and two-sided
sequences, respectively. Each comes equipped with the left-shift map

o((zn))e = wet1.
Given an m x m matrix A, whose entries are all 0 or 1, call a (finite or infinite) sequence (x,) A-

admissible if Ay, ., ., = 1 for every relevant n. The Markov shift or subshift of finite type determined
by A is the subset of ¥ (or X ) of A-admissible sequences, denoted by 4 (or Eﬁ, respectively).



Definition 0.4. If f : X — X is a transformation of a compact metric space X, define a family of
metric d¢,, by df,(x,y) = inf {d(fl(x), fi(y):i=0,...,n— 1}, and a Bowen ball at = of depth n
to be the set By, (x,¢) = {y € X :d(flz, fly) < 5} for every i =0,...,n — 1.

An (n,e)-net is a finite collection of points {z;} such that X = JBfn,(z;). An (n,¢c)-separated
set is a finite collection of points {x;} such that the sets By, (z;) are pairwise disjoint. Let N(f,n,¢)
denote minimal cardinality of an (n, £)-net and S(f,n, ) denote the maximal cardinality of an (n, €)
separated set.

Define the topological entropy of f as:
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htop(f) := lim limsup — log N(f, n,e) = lim limsup — log S(f,n, )
e=0 npaoco N e=0 nsoco N

Theorem 0.5. The topological entropy of a topologically mizing subshift of finite type ¥4 is the

largest eigenviue of A.

Definition 0.6. Given a finite partition of a measure space (X, ) into measurable subsets P =
{P1,..., P}, let H(P) => I(p(P)), where I(x) = —xzlogx. The wedge of partitions Qi,..., O,
is denoted by Q1 V ---V Q,,, and the atoms of the partition are sets of the form Q1 N--- N Qpm,
where Q; € Q; for every i. Given a p-preserving transformation 7' : X — X, let P! denote the
partition P =P v T~ 1 (P) V... vT-=D(P).

The metric entropy or measure-theoretic entropy of T with respect to u is:

hu(f) :=sup lim lH(PZ’)

P n—,oo N

A matrix B is called a stochastic matriz (subordinate to A) if all of its entries are nonnegative,
the rows of B sum to 1, and B;; = 0 if and only if A;; = 0.

Theorem 0.7. Given a stochastic matriz B subordinate to A, if 4 is topologically mizing, there
exists a unique left eigenvector p of B, and a o-invariant probability measure up on X4 such that
for every finite A-admissible word w = (w1, ... ,wy), if Coy = {(2,,) € T4 : (m,) begins with w}, then

n—1

pe(Cy) = Puw; - H sz'wiﬂ'

=1

The metric entropy of o with respect to ppg is ZpiI(Bij)-
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Exercises

|0, Tn = Yn for every n

T 27Y where £ =inf {|n| : z,, # yn}
that d is a metric on ¥4 and X. Describe B((zy,),€) for an arbitrary sequence (x,). Use this
description to show that d induces the product topology, when ¥, and ¥ are viewed as AN and
AZ_ respectively. Show that the subshifts ¥4 ¢ ¥ and Zjﬁ C X4 are closed, o-invariant subsets.

Problem 1. Consider the function d((xy), (yn)) Prove

Problem 2. Assume that a 0-1 matrix A has no rows or columns which have all zeroes. Show that
a subshift ©4 is topologically transitive if and only if for every pair 1 < i, j < m there exists some
n € N such that (A™);; # 0. Show that it is topologically mixing if and only if there exists some
n € N such that every entry of A™ is nonzero.

Problem 3. Show that if f is an Anosov diffeomorphism of a compact manifold, then for sufficiently
small €, (,,eny Bfn(z,€) = W ().

Problem 4. Let f : X — X and g : Y — Y be transformations of compact metric spaces. ¢ is
called a factor of f if there exists a continuous surjection 7 : X — Y such that mo f = gonw. Show
that if g is a factor of f, then hiop(g) < htop(f). Furthermore, show that if there exists B such that
’7[-_1(33)‘ < B, then htop(g) = htop(f)'

Problem 5. Show that if A = {0,1}, then the linear expanding map on the circle Ly(z) = 2z
(mod 1) is a factor of & with factor map 7((x,)) = 300, 27"z, Furthermore, show that  is
one-to-one, with the exception of a countable subset, on which 7 is 2-to-1.

Problem 6. Show that if f : X — X is a homeomorphism of a compact metric space, then
htop(f) = htop(fil)-

Problem 7 (Baby Brin-Katok Theorem/Pesin Entropy Formula). * Assume that X is a compact
Riemannian manifold, and f : X — X is an Anosov diffeomorphism such that for every z € X, if
v € E¥ then ||df (v)|| = A||v|| and if w € EZ, then ||df (w)|| = p||w]|| for some fixed A > 1 and p < 1
indpendent of z. Furthermore, assume that f preserves the Riemannian volume (ie, f*vol = vol).
Show that there exist 0 < ¢ < C such that for every x € X, eA®™ < vol(By,(z,€)) < CAI", where
d = dim(E"). Conclude that the topological entropy of f is dlog \.

Problem 8. * Fix a length N and let £ C A" be a language consisting of words of length N. Say
that a word (z,,) € ¥ is L-admissible if for every m, (2, ..., Zmin_1) is in £. Let ©% denote the
set of infinite, £L-admissible sequences, and show that £ is shift-invariant and closed.

Now consider the set £ as the alphabet to define a shift, so that the letters of the alphabet are the
collection £ of words of length N in A. Define the adjacency matrix A(L) such that if 01,09 € L,
then Ay, ,, = 1 if and only if the last IV —1 letters of o and first N —1 letters of o2 coincide. Show
that the shifts on 45 and ©£ are topologically conjugate. Moral: All finite language subshifts
can be studied using 2-step subshifts.

Problem 9. * Prove that the global stable and unstable manifolds form a foliation using the
following scheme:

(1) Show that if W} (z1) "W} _(z2) # 0, then their union is a connected manifold of the same
dimension (Use the uniquness and dynamical characterization)

(2) Say that W*(z) = {y € X : d(f"(z), f*(y)) — 0}. Show that if z € W*(x), then W} (2) C
W#(zx). Define a topology on W*(x) in which d(z1, 22) < € if and only if 2y € W} (22) and
the points are e-close on the local stable manifold.

(3) Prove that W*(z) is an immersed submanifold without self-intersections.
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(4) Given z € X, define a map v, : W _(z) x W (z) = Y by (y,z) = Wi (y) N W (z).
Prove that the map is well-defined and forms a foliation atlas, so that each W* and W* are
continuous foliations with C"-leaves.



