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1. METRIC SPACES

The following definition introduces the most central concept in the course.
Think of the plane with its usual distance function as you read the definition.

Definition 1.1. A metric space (X, d) is a non-empty set X and a function
d: X x X — R satisfying

(1) Forall z,y € X, d(x,y) > 0and d(x,y) = 0 if and only if v = y.

(2) Forall z,y € X, d(x,y) = d(y, x).

(3) Forall x,y,z € X, d(x,z) < d(x,y) + d(y, z) (called the triangle
inequality).

The function d is called the metric, it is also called the distance function.
Two notable properties of this definition are:
e Its simplicity.

e Its wide applicability, resulting from the large number and great va-
riety of examples.

The simplicity of the definition is clear from its statement. We proceed
to explain the second property by giving examples.

1.1. Examples of metric spaces. We now give examples of metric spaces.
In most of the examples the conditions (1) and (2) of Definition 1.1 are easy
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to verify, so we mention these conditions only if there is some difficulty
in establishing them. The difficult point is usually to verify the triangle
inequality, and this we do in some detail.

Example 1.2. Let X = R with the usual distance function d(z,y) = |x—y|.

The triangle inequality is easy to verify by looking at cases. First, it’s
clear if two of x, y, z are equal (and both sides of the triangle inequality are
equal), so we may assume all are different, and we keep this assumption
in all subsequent examples. Let’s assume x < z (the case z < z will be
similar. Then there are 3 possibilities: y < x < 2z, r <y < z, r < 2 < Y.
In the first case d(z, z) < d(y, z) and in the third case d(x, z) < d(z,y), so
in both these cases we get the strict inequality d(z, z) < d(x,y) + d(y, 2).
In the second case we get equality in the triangle inequality: d(z,z) =
d(z,y) + d(y, z). This proves the triangle inequality for (X, d). Moreover,
it also proves the following: Equality holds in the triangle inequality if and
only if y is between x and .

Example 1.3. Let X = R? with the usual distance function

d(z,y) = /(21— y1)? + (22 — 12)?,
where z = (x1,22) and y = (y1, y2)-

To verify the triangle inequality, write, as usual, u - v for the dot product
of vectors u = (uy,us) and v = (vy,vy) in R? (thus u - v = uyvy + Ugvy)
and |u| for the length \/u - u. Given 3 points z,y, z € R?, letu = x — y and
v=y—=z Thenu+v =z—2,s0d(x,2) = [u+v|,d(z,y) = |u|,d(y, z) =
|v|, therefore the triangle inequality is equivalent to

lu+v| < |u| + |v| forall u,v € R
squaring both sides this is equivalent to
[u+v]* < [ul* + 2[ullo] + |v]*.
Using the properties of the dot product, we see that we want
lu+ v =(u+v) - (utv)=u-u+2u-v+ov <u-u+2ullv]+v-o,
which is equivalent to
w-v < Jullol
which is half of the familiar Cauchy-Schwarz inequality |u - v| < |u||v].
Moreover, we have equality in the triangle inequality if and only if v - v =
|u||v], which holds (assuming, as we may, that « and v are both non-zero),
if and only if v and v are positive multiples of each other. In terms of x, y, z
this means that d(z, z) = d(z,y) + d(y, z) holds if and only if y is in the
straight line segment joining r and z.
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Example 1.4. Let X = R" with the usual distance function

d(z,y) = \/(xl =)+ (@ — yn)?,
where * = (z1,...,z,) and y = (y1,...y,). The verifications are exactly
as for the case n = 2 just discussed.

Example 1.5. Let X = R" and d(z,y) = |z1 — 1| + -+ + |2 — yn|. For
n = 2 this is the usual distance we use when driving in a city laid out in
rectangular coordinates like Salt Lake City.

The triangle inequality is easy to verify. We need

d(z, z) = Z |z; — 2] < Z |z — yil + Z lyi — zil,
i=1 i=1 i=1

which follows from the fact that, for each 7, from the triangle inequality in
R, |z; — zi| < |z; — yi| + |yi — 2| Moreover,equality holds in the triangle
inequality for d if and only if, for all i, we have |x;— z;| = |x;—yi| + |y — 2il,
which happens if and only if y; lies between x; and z; for eachi = 1...n.
Thus, given x and z, the set of all y for which d(z, z) = d(z,y) + d(y, 2)
is a “box” given by these inequalities. See Figure 1 for n = 2. For any y
in the shaded region we have d(z,y) + d(y, z) = d(z,z). Thus there are
many more possibilities for equality than in the case of Example 1.3 and
Example 1.4 where equality occurs only on a line segment.

Zz= (gu zz)

/S

z=(%, X2)

FIGURE 1. Equality Set for Taxicab Metric
Example 1.6. Let X = R" and letd(x,y) = max{|z1—w1|,...,|Tn—Yn|}

To prove the triangle inequality d(z, z) < d(x,y) + d(y, z), suppose that
d(x, z) = max{x; — 2|} = |xy — 2| for some fixed k, 1 < k < n, that is,
the maximum is attained at k. Then |z), — 2| < |zx — yi| + |yr — 2| and
|z — yi| < d(z,y) and [yx — 2] < d(y, 2). So d(z, 2) < d(z,y) + d(y, z)
follows. We will not discuss in detail the case of equality, but remark, just
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as in Example 1.5, there are in general many more possibilities than a line
segment.

One way to visualize these metrics is by looking at their unit spheres, that
is, {x € R" : d(0, x) = 1}. First, define the terminology:
Definition 1.7. Let (X, d) be a metric space, v € X andr € R, r > 0.

(1) Theball of radius r centered at x is B(z,r) = {y € X|d(z,y) <r}.
(2) The sphere of radius r centered at x S(x,r) = {y € X|d(z,y) =

r}.

Figure 2 shows, for n = 2 the unit spheres for the the three metrics
d(1y,d(2) and d(). The innermost the taxi-cab metric, then the Euclidean,
and the outer one is d().

1.0

0.5

0.0

-0.5

-1.0

-1.0 -0.5 0.0 0.5 1.0

FIGURE 2. Unit Spheres of Examples 1.5, 1.4, 1.6 (ordered
from inner to outer).

Example 1.8. Let X = S? = {z € R? : |z| = 1}, the unit sphere in R?.
Let d(x, y) be the length of the great-circle arc joining x and y. This is the
way we measure distances on the surface of the earth. An explicit formula
for d(z,y) is easy to find: Let ¢ be the angle between the unit vectors x
and y. The great circle containing z and v is the intersection with S? of the
plane through the origin spanned by x and y. (This is well-defined provided
x # =y, that is, x and y are nto antipodal points on S?). The great circle
arc connecting z and y is the shorter of the two arcs into which this circle is
divided by = and y.
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The length of this arc is ¢, the radian measure of the angle (at the origin)
between x and y, see Figure 3. Thus cos ¢ = z - y (the usual dot product in
R3) so the formula for the spherical distance d(x,y) is

(1) d(x,y) = cos ' (z - y).

Len#t\ = (F

FIGURE 3. Spherical Distance

One way to verify the triangle inequality for the spherical metric is to
derive it from another geometric inequality. Let x1,...z,, be vectors in
R™, and assume m < n. The Gram matrix of xy, ..., x,, is the m by m
matrix A whose 4, j-entry is x; - x;. Note that A is a symmetric matrix,
since x; - x; = x; - x;. The inequality that we want is

Theorem 1.9. If A is the Gram matrix just defined of m vectors x1, ..., Zy,
in R™, then det(A) > 0, and det(A) = 0 if and only if the set {x1, ..., 2Ty}
is linearly dependent.

Proof. To avoid complicated notation, we only prove the theorem in the
case that we need, namely m = n = 3, the proof being the same for all
m,n. Let

T-T T -y Tz
A=1| y-z Y-y Y-z
zZ-x zZ-y 2.z

~—

be the Gram matrix of 3 vectors x = (x1,22,23),y = (Y1,%2,Y3),2 =

(21, 22, 23) € R3, and let B be the matrix

T1 U1 21
B=1 x Y2 2 |,

T3 Y3 Z3
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Clearly we have

XX -y Tz i M) T3 T U1 21
y-x y-y y-z 1 =1 %N Y2 Y3 L2 p; )
zZ-X Z-Yy AN 21 Z9 z3 T3 Ys z3

in other words, A = (*B)B, where ' B denotes the transpose matrix. Thus
det(A) = det(*B) det(B) = det(B)? > 0, and det(A) = 0 if and only if
det(B) = 0, which, by the definition of B, happens if and only if {z, y, 2}
is linearly dependent.

U

Remark 1.10. It will be a homework problem for the course to derive the
triangle inequality for the spherical distance (1) from the case m = n = 3
of Theorem 1.9. Once you do this homework problem it should be clear
that we can use the same reasoning for the unit sphere S™ in R"*!, any
n > 2, by defining the distance d(z, y) by the same formula (1) we get the
spherical distance in S™. The triangle inequality can be checked by applying
Theorem 1.9 with m = 3 in the same way it was applied in the homework
to the case m = n = 3 to prove the triangle inequality for dg2.

Remark 1.11. Observe that in the case m = 2, that is, two vectors, say
x,y € R™, then Theorem 1.9 says that

det(A) = (z-2)(y-y) — (x-y)> >0

which is the same as the Cauchy - Schwarz inequality. Recall from Ex-
amples 1.3 and 1.4 that this proves the triangle inequality for the ordinary
Euclidean metric. In the exercises you will see that the case m = 3 proves
the triangle inequality for the spherical metric of Example 1.8.

Example 1.12. Let X be any non-empty set and let d be defined by

Oifz =y
d p—
() {1ifx7éy.

This distance is called a discrete metric and (X, d) is called a discrete metric
space.

It is easy to verify the triangle inequality: only need to consider the case
x # z, in which case at least one of the two inequalities x # y and y # 2
must hold. Thus in the triangle inequality the left hand side = 1 and at least
one of the two summands on the right hand side = 1, so the right hand side
is > 1.
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Example 1.13. Let X = R? and let d be defined by

Az, y) = |z — y| if  and y are in the same ray from the origin
= |z| + |y| otherwise,

where |z| denotes the usual length of a vector # € R?. See Figure 4. This
metric is called the French railway metric because it describes the following
hypothetical situation: a country (let’s call it France) in which there are
railway lines passing through every town but always ending at a fixed city
(let’s call it Paris). You can travel directly between any two towns that
happen to lie on the same railway line to Paris. Otherwise you have to go to
Paris and change to another line.

FIGURE 4. The French Railway Metric

There are two ways to verify the triangle inequality. One would be a
direct check distinguishing cases, depending on the number of rays in which
x,y and z lie and perhaps their relative positions on these rays. We will
choose a more roundabout way that illustrates a general reasoning that we
will often need in the future. Let us use the following terminology: given
two points x,y € X, a path v from x to y is a finite collection [y, ... [,
where

(1) Each [, is an interval lying in a ray from the origin.
(2) The ending point of /; is the beginning point of /.
(3) The beginning point of I; is x and the ending point of [, is y.

The length of a path is the sum of the lengths of the intervals ;. We need
the following observation: d(z,y) = the length of the shortest path from x
to y. In fact, the shortest path consists of one interval in case x, y lie on the
same ray starting at the origin, and otherwise of two intervals.

The triangle inequality now follows: let v; be a shortest path from x to y
and let 2 be a shortest path from y to z. Let ;2 denote the path formed
by ~; followed by ., see Figure 5. This is a path from z to 2z of length
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d(x,y) + d(y, z). Its length cannot be any shorter than that of the shortest
path from x to z, thus d(z, z) < d(z,y) + d(y, 2).

— 2

Q
f
»
Q
N

\
Ww®
1 ¥

FIGURE 5. One Case of the Triangle Inequality

This example illustrates a very useful principle: existence of paths and a
reasonable notion of length of paths gives a metric space. We give another
example along the same lines. We will see more examples later on.

Example 1.14. Let S C R3 be a smooth surface. As a temporary definition
of smooth surface, let’s say that there is an open subset U C R? a smooth
(meaning infinitely differentiable) function f : U — R so that S = {z €
U : f(z) = 0} and that the gradient V f # 0 at any point of S. We will
study later why this is a reasonable definition. For the moment, keep in mind
Example 1.8 where S? C R? is given as the zero set of f(z) = |z|* — 1 =
r?+x3+x5—1. Then f : R® — R is smooth and that V f = (21, 224, 213)
which vanishes only at the origin. In particular, it does not vanish on S2.
Therefore S? is a smooth surface in R3.

So let S C R? be a smooth surface. If z,y € S, let us define a path
from x to y to be a continuous, piecewise differentiable curve v lying in S,
starting at = and ending at y. This means that for some interval [a,b] C R,
v : la,b] — S C R3is a continuous, piecewise differentiable map. Its
length L(+y) is defined in the usual way :

b b
@ L) = / Iy (8)dt = / V@ T @+ ()t

Assume that for all x,y € S there is a path from x to y. This assump-
tion is called connectedness, a concept that will be discussed in detail later.
Define a distance function dg : S x .S — R, called the intrinsic distance by

ds(z,y) = inf{L(y) : v a path from x to y}.

We use infimum because, in contrast with the last example, it is not clear
that a minimum exists (in fact, we will have to give conditions that ensure
the existence of a minimum).
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FIGURE 6. Intrinsic Metric on a surface S

To verify that (S, dg) is a metric space, we should first check that if
ds(xz,y) = 0 then z = y. This follows from the fact that, if  is a path
from z to y, then L() > L(\) = |z — y|, where X is the straight-line seg-
ment in R? from z to y, of length |z —y| = dgs(z, y) is the usual distance in
R3. This implies that dg(x,y) > |z —y|, soif ds(x,y) = 0 then |z —y| = 0,
so z = y. See Figure 6

Now to the triangle inequality. This follows the same pattern as the proof
in Example 1.13 except that, since we have an infimum rather than a min-
imum, we have to use some €’s. Let z,y,2z € S be fixed, and let ¢ > 0
be given. Then, by the definition of infimum, there exists a path ~; from
x to y with L(y;) < dg(z,y) + §, and there exists a path 7, from y to z
with L(y2) < ds(y,2) + 5. Let 7 = 172 be the piecewise differentiable
path ~; followed by 7, from z to z, see Figure 7. Then dg(x, z) < L(vy) =
L(m) + L(y2) < ds(z,y) + ds(y,z) + €. Thus for all € > 0 we have
ds(x,z) < dg(z,y) + ds(y, z) + €, thus dg(z,2) < ds(x,y) + ds(y, 2).
This completes the verification that dg is a metric.

3’\:"{)’;\6\7,

FIGURE 7. Putting Paths Together

Remark 1.15. The metric dg just defined is called the intrinsic metric or
intrinsic distance because it only allows measurements within the surface
S, and does not allow measurement of paths in the surrounding R? that are
not already in S. In the proof that dg is a metric we actually proved that for
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all x,y € S, ds(z,y) > dgs(x,y). Moreover, closer examination (and with
some reasonable assumptions and some facts we will prove later) shows
that for given x,y € S, equality holds in this inequality if and only if the
straight line segment in R? joining = and y already lies in S.

To make the meaning of intrinsic distance more concrete, imagine that
S is a piece of the surface of the earth containing a mountain pass and two
towns x and y on opposite sides of the mountain pass, see Figure 6. If you
walk along any path v on S from x to y you have to travel a longer distance
than the length of the straight line segment A in R3 from z to y. The latter
segment can only by realized by digging a tunnel connecting the two sides
of the pass.

Remark 1.16. We are all familiar with the statement that for any z,y € S?
the great circle arc from x to y gives the shortest curve from x to y (this
curve is unique if = and y are not antipodal). This statement implies that
given z,y € S?, the infimum of the length of curves in S? from z to y
is realized by the length of this great-circle arc (the infimum is actually a
minimum). It therefore implies the spherical distance of Example 1.8 is the
same as the intrinsic distance in S2. In particular, the more conceptual proof
of the triangle inequality for dg in Example 1.14 applies to dgz.

The statement that the great-circle arc is the shortest curve connecting its
endpoints requires proof. Later we will give general theorems (existence of
geodesic and their length-minimmizing properties) that immediately imply
the statement about great circles. But it is also worthwhile at this point to
prove it directly.

Theorem 1.17. Let z,y € S?, let vy, be the great-circle arc from x to vy, and
let vy be any (piecewise differentiable) path from x to y. Then L(7o) < L(7).

Proof. Given any two points in S? we can apply a rigid motion of R? fixing
the origin that takes = to the north-pole N = (0,0,1), y to a point on
P = (sin ¢y, 0,cos ¢g) on the z;x3-plane, and takes S? to itself (since it
fixes the origin). It is therefore enough to show that the length of any curve
from N to P has length at least ¢.

Use spherical coordinates (6, ¢) related to the cartesian (x1, o, z3) by
(21, 22, x3) = (cos O sin ¢, sin 0 sin ¢, cos ¢),

See Figure 8. Our curve ¥(t) from N to P is determined by two functions
6(t) and ¢(t), t some interval [a, b] with ¢(a) = 0 (the north pole, where 6
is indeterminate), #(b) = 0 and ¢(b) = ¢, (to end at P = (sin ¢y, 0, cos ¢y),
spherical coordinates (0, ¢o). Then compute:

7' = (—sinfsin ¢ 6'+cos b cos ¢ ¢', cos O sin ¢ '+sin  cos ¢ ¢', — sin ¢ ¢')
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P

L(Stngp 008y S 08, L)

FIGURE 8. Spherical Coordinates

Then ||7'||? is the sum of squares of the three components in the right-hand
side. We see right away that the cross terms in the sum of the first two
squares cancel out, the sum has to terms with a factor of (#')? that add to
sin? ¢ (0')? and three terms with a factor of (¢')? that add to (¢')?. We thus

get

[1V]1* = sin® ¢ () + (¢)* = (¢')?

Therefore

Liy) = / Y (@)t > / 6/(6)]dt > / & (1)t = S(B)]" = do = Lizo)
]

Example 1.18. It is hard to resist the temptation of discussing briefly an-
other example, which we will not have time to develop in detail, but which
is the most important example for the study of topology and geometry of
surfaces. To follow the same pattern as the last two examples, we will con-
sider a surface in a three-dimensional vector space, except this time it will
be in Minkowski space rather than Euclidean space.

Definition 1.19. Minkowski Space is R? with the Minkowski inner product,
defined as follows, If x,y € R3, then

TOY = T1Y1 + ToY2 — T3Y3.

The notation z <y is not standard. Note that z¢y is a variation of the usual
dot product z - y in R®. It is like « - y in that it is linear in each variable,
but unlike x - y in that it is not positive definite: x ¢ x can be positive,
negative, or zero; x ¢ x = 0 does not imply « = 0. The level sets of x ¢ x
are visualized as follows: z ¢ z = 0 is the cone z7 + 23 = 23 (the light
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cone) which separates the positive and negative vectors. For each non-zero
constant ¢, the set x © x = c is a hyperboloid. Figure 9 shows the levels
¢ = 1 (hyperbolid of one sheet), c = 0 (cone) and ¢ = —1 (hyperboloid of
two sheets.)

out{16]=

FIGURE 9. Level Sets of Minkowski Squared Norm

Since x ¢ x is not positive definite, it seems like it would be impossible
to define an intrinsic metric on a surface S in Minkowski space by using
the same procedure as in Example 1.14. The problem is the definition of
length of a curve: if v : [a,b] — S is a piecewise smooth curve, then the
integrand of the formula for the Minkowski length of v (the Minkowski
analogue of (33)) would not make sense because /7’ ¢ +" would not be real
ity o7 <0.

It is a remarkable fact that there are surfaces .S in Minkowski space with
the property that v ¢+ > 0 for all ~y : [a,b] — S. For such a surface one
can repeat almost verbatim the arguments of Example 1.14 and get a metric
space.

The most important example with this property is the upper sheet A of
the hyperboloid of two sheets © ¢ x = —1, see Figure 10.

Here is a quick verification. Suppose 7y : [a,b] — H is piecewise dif-
ferentiable. Then ~(t) satisfies () ¢ v(t) == 1 for all ¢. Differentiating
this equation we get v(¢) © 7/(t) = 0. The following lemma implies that
v (t) o~'(t) > 0 for all ¢:

Lemma 1.20. Let x and v satisfy xox = —landvov = 0. Thenvov > 0
and v ov = 0 if and only if v = 0.
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Out[15]=

FIGURE 10. Upper Sheet of Hyperboloid x ¢ z = —1

Remark 1.21. Geometrically z ¢ v = 0 means that v is a vector tangent
to H at x. The lemma thus says that all tangent vectors to H have positive
Minkowski square-norm.

Proof. This can be done by a simple computation. Suppose = = (1, 2, 73)
and v = (vy,v9, v3). Then the assumptions are that 23 + 23 — 2 = —1 and
T1U1 + Tov9 — x3v3 = 0. We can solve

. T1U1 + ToUg

V3 =
x3

because z3 > 0. Then using this expression for v3 in v? + v — v3 and a
small computation gives the formula

2 2 2
(% + (%) + (l‘l?}g - .CL’QUl)
3

VOV =

which is positive, and = 0 if and only if v; = vy = 0, which in turn implies
V3 = 0. O

Definition 1.22. The hyperbolic plane is the surface H = {z : x o x =
—1 and z3 > 0} with distance function

G)  dulwy) = ([ Ve

{r:la,b]=H,y(a)=2,7(b)=

Remark 1.23. The equation 23 +2%—13 = —1 of H has a strange similarity

with the equation z? + z3 + x3 = 1 of S There is a lot more to this
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similarity. For example, it can be proved that an equivalent formula for the
distance in H is

) dr(,y) = cosh™ (z 0 y)
in close analogy with the formula (1) for the spherical distance dgz2.

Example 1.24. Let X = Z, the integers, and fix a prime number p. For
x,y € Z, v # vy, define n(x, y) to be the exponent of p in the prime factor-
ization of x — v, thus  — y = kp™*® where p does not divide k. Define

d: X x X - Rby
Oifz =y,
d(x,y) =
(@.9) {p‘”w) ifz #y.

Thus in this distance, called the p-adic metric, closeness means congruence
modulo a high power of p. For instance, if p = 5, d(0,1) = d(0,2) =
d(0,8) = 1, while d(0,5) = d(0,15) = % while d(0,25) = d(0,50) = %
etc.

To check the triangle inequality observe that given z, y, 2 € Z, we have

n(z,z) = min{n(z, y),n(y, 2)},
because p raised to the exponent on the right hand side divides both z — y
and y — z, so it certainly divides the sum x — 2. We therefore have the
inequality

P < max{p @Y A
which is equivalent to

d(z,z) < max{d(z,y),d(y,z)}-

This inequality is called the ultrametric inequality and it immediately im-
plies the triangle inequality because max{d(x,y),d(y,2)} < d(z,y) +

d(y, 2).

Example 1.25. We could modify the last example by taking X = Q, the
rational numbers. Each rational number has a prime factorization, where
the exponents may now be negative. Fix a prime number p as before, and
define n(x,y) in the same way, and use the same formula for the distance.
For instance, if p = 5 we have, in addition to the examples given above,
d(0,3) = 1,d(0,%) = d(0,2) = d(0, %) = 5,d(0, ) = 25, etc. For any
prime p we get, as before, a metric space, satisfying the stronger ultrametric
inequality.

Definition 1.26. We define the terminology and notation that we will use in
referring to some of the metric spaces just introduced.
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(1) The metric of Example 1.4 will be called the Euclidean metric and,
when there is need to distinguish it from other metrics on R", will
be denoted d o). Thus

doy(z,y) = Ve — )2+ 4 (30 — ya)?.
(2) The metric of Example 1.5 will be called the taxicab metric or the [!
metric and denoted by d ). Thus

(3) The metric of Example 1.6 will be called the supremum metric or
sup metric or [*°-metric and denoted d (). Thus

d(oo)(a:,y) = max{|x1 - 91’, sy |$n - yn|}
(4) The metric of Example 1.8 will be called the spherical metric and
denoted dgo.

(5) The metric of Example 1.14 will be called the intrinsic metric on
S C R3, and denoted by dsg.

(6) The metric of Example 1.18 will be called the hyperbolic metric and
denoted dy;.

(7) The metrics of Examples 1.24 and 1.25 will be called p-adic metrics.
For a given prime p, the p-adic metric will be denoted d,,.

1.2. Constructions of Metric Spaces. There are some standard construc-
tions of new metric spaces from given ones. The most common one is that
of subspaces:

1.2.1. Subspaces. Let (X, d) be a metric space and let Y C X. let d’ =

d|yxy (the restriction of d to Y x Y. Then (Y, d’) is a metric space, called

a subspace of (X, d). We usually write simply d for the restricted distance
U

d'.
Examples of Subspaces

(1) Q is a subspace of R.

(2) Any interval is a subspace of R, for instance (0, o) is a subspace of
R.

(3) S? is a subspace of R3. But the subspace metric is not the same as
the spherical metric of Example 1.8. If d' is the restriction to S x .S?
of the Euclidean metric d(2) on R® and d- is the spherical metric on
S?, then clearly d'(x,y) < dg2(z,y) for all x,y € S?, and equality
holds iff z = y.

(4) More generally, if S C R? is a surface as in Example 1.14, then
we get two distance functions on S: the subspace distance d’ (re-
striction of the Euclidean distance) and the intrinsic distance d as
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defined in Example 1.14. We have again that d'(x,y) < d(z,y) (in
fact, this is how the fact that d(z,y) = 0 = = = y was proved
in Example 1.14). The case of equality is more subtle, it certainly
holds if the straight line segment joining = and y lies in S.

1.2.2. Product Spaces. If (X;,d;) and (X5, ds) are metric spaces, their
product is the space (X; x X, d) where

d((21,2), (W1, 92)) = masc{dy (1, 1), da(, 1)}
for all (z1, x2), (y1,v2) € X1 X Xo. A similar definition can be made for the
product of more than two factors. Note the analogy with the definition ((3)
of Definition 1.26)of the supremum metric. Other definitions of the metric
on the product are possible, but this is a convenient choice.

1.2.3. Functions of the distance. Suppose (X, d) is a metric space, and
suppose that f : [0,00) — R is a strictly increasing function with f(0) =0
which is sub-linear: f(a +b) < f(a) + f(b) holds for all a,b € [0,0).
Then it is not hard to see that f od : X x X — R is also a metric on X,
that is, (X, f o d) is a metric space. Details are in a homework problem.

1.3. Limits. One of the virtues of Definition 1.1 is that it allows the for-
mulation of many familiar concepts from real analysis, with essentially the
same definitions and proofs. We give some examples.

By a sequence in a metric space (X, d) we mean, as usual, a function
N — X, written {z,,}.

Definition 1.27. Let {x,} be a sequence in (X, d).

(1) Let x € X. We say lim{z,} = x iff for all ¢ > 0 there is an
N(= N(¢)) € Nso that d(z,x,) < € foralln > N.

(2) We say that {z,} converges iff there exists x € X so thatlim{x,} =
.

(3) We say that {x,} is a Cauchy sequence iff for all € > 0 there exists
N € N so that d(z,, x,,) < € forall m,n > N.

Theorem 1.28. If {z,,} converges, then {x,} is a Cauchy sequence.

Proof. Suppose lim{z,} = x and let ¢ > 0. Then by (1) of Definition 1.27
there exists N € N so that d(z,,,z) < § foralln > N.If m,n > N, by the
triangle inequality we have

A, 70) < A, ) +d(a,7,) < 4 5 = 6,

hence {z, } is a Cauchy sequence. O
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Observe how this proof uses the defining properties of metric spaces. The
use of the triangle inequality is clear, also the symmetry of the distance ((2)
of Definition 1.1 is used. As another example, we give a proof that also uses
part (1) of Definition 1.1. In fact, this should be proved before the notation
of that definition is introduced, so that the notation makes sense.

Theorem 1.29. If {x,} converges, then its limit is unique.

Proof. Suppose lim{z, } = z and lim{x,, } = y. Given € > 0 there exits N
so that d(x,,,z) < § foralln > N; and there exists IV so that d(z,,,y) < 5.
Then, if n > max{/N;, N,}, we have

d(z,y) < d(z,z,) + d(z,,y) < % + % < e
Since d(x,y) < e for all e > 0, d(x,y) = 0, therefore (by (1) of Defini-
tion 1.1 we have x = y. Thus the limit is unique. U

Example 1.30. If we use the p-adic metric of Example 1.24 the convergent
sequences we get may be unexpected. For example, the sequence {p"}
converges to 0 since d(p",0) = p~™, thus, given € > 0, d(p",0) < € when
n > —log,(e).

Going back to Theorem 1.28, a familiar fact from analysis is that the con-
verse holds for X = R (with usual distance) and X = R" (with Euclidean
metric). But it need not hold for all metric spaces (X, d). For example, we
know that it does not hold for X = Q, the set of rational numbers, with the
usual distance d(x, y) = |x —y|. In fact, the validity of the converse is made
into a definition:

Definition 1.31. A metric space (X, d) is called complete if every Cauchy
sequence converges.

Thus R and R" are complete, while QQ is not complete (all with their usual
distances).

Another fact about metric spaces is that every metric space (X, d) has a
completion. This is a complete metric space (X, d) so that (X, d) is a dense
subspace of (X, d). A subspace X of a metric space Y is called dense if
every y € Y is the limit of some sequence {z,} in X.

The standard example of a completion is R as a completion of Q (both
with their usual metrics). The construction of R from QQ by using Cauchy
sequences can be used to construct a completion of any metric space. In
other words, given a metric space (X, d), let Ca(X, d) be the collection of
Cauchy sequences in X. If {z,}, {y,} € Ca(X,d), define their distance
d({zn},{yn}) = limd(x,,y,). This is not a metric on C'a(X, d) because
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the distance between two sequences being zero does not imply that the se-
quences are equal.

To get a metric space, define an equivalence relation on Ca(X,d) by
{zn} ~ {y,} if and only if lim d(x,,, y,) = 0.

Definition 1.32. The completion of (X, d) is the set X of equivalence classes

[{x,}] of elements of Ca(X, d). If [{z,}], {yn}] € X, the distance d([{z,}], [{yn}]
is defined to be lim d(x,,, yy,).

It has to be checked that d is well defined, independent of representatives:
if {z/} ~{x,}and {y,} ~ {yn}, thenlimd(z},y)) = limd(z,, y,). Then
it is clear that d is a metric on X. The set of constant sequences {z,, } where
x,, = x for all n is a subspace of (X, d) naturally identified with (X, d). I
also has to be checked that (X, d) is dense in (X, d).

Observe that it (X, d) is a complete metric space, then the elements of
X are in one to one correspondence with their limits z € X, so (X, d) =
(X, d). Thus, if (X, d) is complete, then it is its own completion.

Example 1.33. As already mentioned, if dq is the usual distance in Q, then
(Q,d) = (R, dr), where dy is the usual distance on R

Example 1.34. Fix a prime number p. Then the completion (Z,d,) of
(Z,d,) is called the ring of p-adic integers and the completion (Q, d,) of
(Q, d,) is called the field of p-adic numbers.

1.4. Maps Between Metric Spaces. Let (X, d) and (Y, d’) be metric spaces,
andlet f : X — Y.

Definition 1.35. (1) Let x € X. The map f is continuous at x iff for all
€ > 0 there exists a § > 0 so that for all y € X, if d(x,y) < 6, then
d(f(x), f(y)) <e

(2) The map f is continuous iff it is continuous at all x € X. Explicitly,
f is continuous iff for all x € X and ¢ > 0 there exists a 0(=
d(z,€)) sothat d'(f(x), f(y)) < eforally € X withd(x,y) < J.

(3) The map f is uniformly continuous iff for all ¢ > 0 there exists a
(= d(e)) sothat d (f(x), f(y)) < eforall z,y € X withd(z,y) <
)

(4) The map f is called Lipschitz iff there exists a constant C' > 0 so
that d'(f(x), f(y)) < Cd(z,y) holds for all x,y € X. The con-
stant C' is called a Lipschitz constant for f. If a smallest Lipschitz
constant exists, then it is called the Lipschitz constant for f.

(5) The map f is bi-Lipschitz iff there exist constants C,Cy > 0 so that
Cid(z,y) < d(f(z), f(y)) < Cod(x,y) holds for all z,y € X.
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(6) The map f is an isometry iff d'(f(x), f(y)) = d(x,y) forall z,y €
X.

Familiarity with the difference between continuity and uniform continu-
ity for real functions is assumed. For example, the continuous function
f(z) = % on (0, 00) is uniformly continuous on [1, c0) but not on (0, 1].

Remark 1.36. If (X, d) and (Y, d’) are metric spaces, we often use the
notation f : (X,d) — (Y, d’) to mean:

) f: X—>Y,
(2) In the whole discussion we are using the metric d on the domain X
and the metric d’' on the target Y.

The notation does not imply that there is any relation among the three func-
tions f, d, d’. It is just a reminder of which metrics are being used in the
domain and the target. It is particularly important in the case that X =Y
but d # d’, we need to keep straight which metric we are using in domain
and target.

Note that the conditions in Definition 1.35 are listed in increasing order
of stringency, in the sense that (6) — (5) = ... = (2) = (1). More-
over, none of these implications can be reversed. Most of these implications
are immediate, for example, for (6) = (5) just choose C' = C” = 1. The
only implication that may not be immediately familiar is (4) = (3). This
is the content of the following theorem:

Theorem 1.37. If f : (X,d) — (Y,d') is Lipschitz, then f is uniformly
continuos.

Proof. Suppose d'(f(x), f(y)) < Cd(z,y) and let ¢ > 0. Letd§ = &.
Then for all z,y € X, d(z,y) < § = d'(f(z), f(y)) < Cd = ¢, thus
f is uniformly continuous. (Thus Lipschitz means that in the definition of
uniform continuity, d can be chosen as a linear function of ¢). U

Here is a simple way to get Lipschitz functions. We state it for R, but
similar theorems can be formulated and proved in R".

Theorem 1.38. Suppose I C R is an interval, suppose f : I — R is
differentiable, and suppose that |f'| is bounded on I: there exists C' > 0
so that |f'(z)| < C forall x € I. Then f is Lipschitz on I with Lipschitz
constant C.

Proof. Given z and y in I, by the Mean Value Theorem there exists £ be-

tween x and y so that f(z) — f(y) = f'(§)(z — y). Then | f(z) — f(y)| =
1 (Ollz —y| < Clz -yl O
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For example, we see readily that f(z) = I is Lipschitz on [1, 00) with
Lipschitz constant 1 since |f'(z)] = |=| < 1 on [1,00). In particular f is
uniformly continuous on [1, co) as asserted earlier.

1.5. Equivalences Between Metric Spaces. We will define various equiv-
alences between metric spaces by assuming that the maps defined in the last
section are bijective, with suitable additional requirements when needed.

Definition 1.39. Let (X, d) and (Y, d') be metric spaces, andlet f : X — Y
be a map. We say that:

(1) The map f is a homeomorphism iff f is continuous, f~':Y — X
exists, and f~' is continuous. If a homeomorphism f exists, we say
that (X, d) and (Y, d') are homeomorphic.

(2) The map f is a bi-Lipschitz equivalence iff f is surjective and bi-
Lipschitz. If a bi-Lipschitz equivalence exists we say that (X, d) and
(Y, d’) are bi-Lipschitz equivalent.

(3) The spaces (X,d) and (Y, d') are isometric iff there exists a surjec-
tive isometry [ : (X,d) — (Y, d).

These equivalence relations go from loose to strict. More precisely, they
are related as follows:

Theorem 1.40. Let (X, d) and (Y, d’) be metric spaces.

(1) If (X, d) and (Y, d") are isometric, then they are bi-Lipschitz equiv-
alent.

(2) If (X, d) and (Y, d') are bi-Lipschitz equivalent, then they are home-
omorphic.

Proof. For the first part, observe that if the two spaces are isometric, this is
the same thing as saying that they are bi-Lipschitz equivalent with constants
Cy=0Cy=1.

For the second part, first observe that if f is a bi-Lipschitz equivalence,
then f is injective: If f(x) = f(y), then d'(f(z), f(y)) = 0, s0 C1d(z,y) =
0, so d(x,y) = 0, so x = y. Since f is surjective, then f~! exists. More-
over, forall z,y € Y, Crd(f~(x), f~H(y)) < d'(f(f~(x), F(f T (¥))) =
d'(x,y). This is the same as d(f~'(z), f'(y)) < g-d(z,y), in other
words, f~" is Lipschitz (with Lipschitz constant &-), thus f~" is contin-
uous, thus f is a homeomorphism. U

Example 1.41. Recall the distances d(1), d(2), d(-) on R" of Definition 1.26.
They are related by the following inequalities (the first in a homework prob-
lem, the remaining two are similar but easier).
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(D) dy(z,y) < dwy(z,y) < V/ndgy(z,y).
(2) diooy(7,y) < di)(2,y) < VN diso)(2, ).
d

<

These inequalities mean that the identity map is a bi-Lipschitz equivalence
between any pair of these metrics, and the constants displayed turn out to
be optimal. Moreover, it is easy to see that the identity map is not an isom-
etry between any pair. For instance, for each n > 1, the distance from the
origin to the point (1,1, ..., 1) is different in all three metrics on R". These
innequalities can be visualized by looking at how various spheres are re-
lated. See Figure 11, where the figures are presented in the same order as
the inequalities above.

1.0f~ - ' 1.0 /\ 1.0 z
0.5 0‘5/ \ 0.5 A

0.0 ) 0.0] 0.0}

0.5 : -osv& / -0.5|

A0 TSl I 1.0 -1.0 e
-10 -05 00 05 1.0 -1.0 -05 00 05 1.0 -1.0 -05 00 05 1C

FIGURE 11. Bi-Lipschitz equivalence of the 1, 2, co metrics

Example 1.42. A more delicate question is: can there be any isometry be-
tween two of these metrics? To see that to give a negative answer is not
as obvious as it may seem at first sight, and to see a non-trivial example
of an isometry, check the following: The map f : R?> — R? defined by
f(z1,22) = (21 + 32, 11 — 12) is an isometry from (R? d (1)) to (R?, d(o)).

Example 1.43. The last example indicates that it may not be so easy to
prove that two spaces are not isometric, in other words, to prove that no
f satisfying (6) of Definition 1.35 can exist. This usually requires some
invariants that distinguish two metrics. For instance, it seems very clear to
the eye that (R", d(2)) and (R",d(;)) are not isometric. Here’s an possible
way to distinguish them: Given a metric space (X, d) and two points x, z €
X, define the equality set of the triangle inequality, Fq(x, z), by

Eq(z,z)={y e X :d(x,z) =d(z,y) + d(y, 2)}.

It is not hard to prove that if f : (X,d) — (Y,d’) is an isometry, then
Eu(f(x), f(2)) = f(E4(z, z)). We know from Examples 1.4 and 1.5 that
these equality sets are different for d(,) and d;). This can be used to prove
that they are not isometric. More details in the homework.
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Example 1.44. Here’s a closely related question. Are (R?, d(1)) and (R?, d(o))
isometric? Note that the trick of Example 1.42 doesn’t work. Make a con-
jecture about the answer to this question, and then prove it. A look at Figure
12 may help.

FIGURE 12. Unit Spheres for d(;) and d( in R®.

Remark 1.45. Neither of the implications in Theorem 1.40 can be reversed.
This can be seen by examples:

(1) Let f : R — (=7, §) be defined by f(z) = arctan(z). Then f is a
homeomorphism, but cannot be bi - Lipschitz, say, because (-3, 7)
is bounded but R is not. Could also say because R is complete but
(=%, %) is not. Observe that f is Lipschitz, since f'(z) = 7 is
bounded.

(2) The identitly map (R",d)) — (R",dq) is bi-Lipschitz, but we
have seen in Example 1.43 that these are not isometric (at least for
n = 2. An analogous argument can be given for any n > 2).

Example 1.46. Let R* denote the space of sequences of real numbers that
are eventually zero:

(5) R*® ={x = (x1,29,...) : x; € Rand N so that x; = 0 fori > N}.
Note that N depends on the sequence .

For each n there is a natural inclusion R” C R as
Rn - {(xlﬂx27"'7xn70,07...)} C ROO

In fact, with this convention for the meaning of the inclusion R” C R*>, we
have
RCR*c---cR*"C---CR*® and R® =U,R".

Given z,y € R*, we can define d(1)(x,y), d2)(z,y) and dio)(x, y) by the
same formulas as in Definition 1.26. More precisely, we can take infinite
sums by taking the limit as n — oo in those formulas, and observe that
they make sense because the entries of =, y are eventually zero, so for each
x, ywe get finite sums.
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Consider the six inequalities of Example 1.41, illustrated for n = 2 in
Figure 11. Three of these inequalities, the ones on the left-hand side, are
independent of n, so they also hold in R*. These are

(1) dey(z,y) < dwy(z,y),
(2) diooy(z,y) < di)(, y),

These inequalities hold for all z, y € R*°. They can be summarized in
d(oo)(xa y) < d(2)(x7 y) < d(l)(xa y) for all T,y € R*.

These are the inequalities that for n = 2 are illustrated in Figure 2. We have
jsut proved that the same relation holds for all n, therefore for R*; the unit
ball of d(;) is contained in the unit ball of d() which is in turn contained
in the unit ball of d(,). Note the order in which the balls appear when
talking about containment seems to be opposite to the order in which the
inequalities appear. Some thought quickly shows that this is the case, but it
can be confusing.

The remaining three inequalities depend on n. In fact for each of these
inequalities equality hods at o = (0,0,...,0) and yo = (1,1,...,1) in
R™:

(1) dy((0,...,0),(1,...,1)) = +1=n.
2) d<2)((07-- 0), (1, ,1)) \/7: \/ﬁ
(3) d(o) ((0, .. -,0) (1 1)) =max(l,...,1) =

So the inequalities in the right hand side of Example 1.41 become equalities:

(1) d(l)(x(hy()) =N = \/ﬁd(g)(l'g,yo) = \/ﬁ\/ﬁ
(2) diz)(w0,40) = Vit = v/ diocy (0, 90) = v/ - 1

(3) dy(wo,y0) = n = n ds)(T0, Yo) =n - 1

so the constants /7, v/n, n in these three are best possible, that is, they are
the Lipschitz constants, and they go to infinity as n — oo. In summary, we
have proved:

Theorem 1.47. The identity map of R* is Lipschitz, with Lipschitz constant
one, as amap (R, dqy) = (R*, d(y)), asamap (R™,d)), = (R*, d())
and consequently as a map (R, d1)) — (R*, d(«)). None of these three
maps is bi-Lipschitz.

It is easy to see that none of these spaces is complete. It is also fairly easy
to see what their completions should be:

(D) ¢ ={(z1,29,...) :2; € Rand Y % |z < o0}
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2) ty = {([El,ZEQ, . ) :x; € Rand 2(1)0 |ZL’Z|2 < OO}
() loo = {(z1,22,...) : x; € Rand sup{|z;|} < oo}

with metrics defined by d(1)(z,y) = D7 |zi—vi|. deoy(z,y) = /D1 |z — yil?
and d(oo) (2, y) = sup{|z; — y;|} respectively. This is the beginning of an-
other interesting subject that we will not be able to pursue.

2. GROUPS OF ISOMETRIES

Let (X, d) be a metric space and let f, g be isometries of (X, d) onto
itself. Then the composition f o g is an isometry, since d(f o g(z), f o
9(v)) = d(f(g(x)), f(9(y))) = d(g(z),9(y)) = d(z,y). Also the in-
verse ! is defined and is also an isometry, since d(f~(z), f~(y)) =
d(f(f~*(2)), f(f~(y))) = d(x,y). This means that the set of all isome-
tries is a group under composition.

Definition 2.1. Let Isom(X,d) = {f : X — X : f is an isometry of (X, d)
onto itself} denote the set of all isometries of (X, d). If v € X, let Isom(X,d),
= {f € Isom(X,d) : f(x) = x}, the set of isometries of X that fix the
point x. (This is often called the stabilizer of x, or the isotropy group of x.)

Theorem 2.2. The set som(X,d) is a group under composition. The sub-
set Isom(X,d), is a subgroup of Isom(X, d) (under composition).

Proof. We have just verified that the composition of two isometries is an
isometry, and that the inverse of an isometry is an isometry. We thus have
a binary operation /som(X,d) x Isom(X,d) — Isom(X,d) that assigns
to f,g € Isom(X,d) their composition f o g. It is easy to verify the group
axioms:

(1) The associative law f o (goh) = (f o g) o h holds for all f,g,h €
Isom(X,d). This is always true for composition of maps.

(2) There exists e € Isom(X,d) such thateo f = foe = f forall
f € Isom(X,d). Take e = id, the identity map id : X — X.

(3) For all f € Isom(X,d) there exists f~' € Isom(X,d) such that
flof = fof' = e Take f~! to be the usual inverse map.
Finally, if € X and f, g € Isom(X,d) are such that f(z) = z and
g(x) = x, then f o g(x) = f(g(x)) = f(z) =z, and f~(z) = =
since f(z) = z. So fogand f~! € Isom(X,d),, so this subset is
a subgroup.

0

The group of isometries of a metric space may be very small, in fact it
may consist just of the identity. But there are some important examples
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where this group is large. In fact, three if the metric spaces defined in §1,
namely Euclidean (Example 1.3), spherical (Example 1.8) and hyperbolic
(Definition 1.22 have the largest possible groups of isometries.

2.1. Isometries of Euclidean Space. We study first the group of isome-
tries of R™ with the Euclidean metric d(,). In this section we’ll write simply
d for dy), since this is the only metric we consider. The goal is to find all
isometries of (R™, d) and to describe the structure of this group of isometies.
In the case n = 2 we will also give a complete classification of the individ-
ual isometries.

2.1.1. Affine transformations. We first recall some facts from linear al-
gebra. A transformation L : R" — R™ is called a linear transforma-
tion iff for all » € R and for all z,y € R™ we have L(rz) = rL(z) and
L(z +vy) = L(x) + L(y). This is equivalent to saying that for all v, s € R
and for all z,y € R?, we have L(rz + sy) = rL(z) + sL(y). Such a
transformation is determined by its values on the standard basis vectors e;,
1 = 1,...,n. For this purpose it is best to write the elements of R" as col-
umn vectors, rather than row vectors. The transformation L is encoded in
an m by n matrix A:

aip a2 ... Qin

Am1 Am2 ... (Omn

with columns the vectors L(e;). Thus if y = L(z), then

U1 aj; a2 ... Qip T

Ym Am1 Qm2 - Qmn Ln,

in other words, L(x) = Az, where Az is matrix multiplication. This gives
a one-to-one correspondence between linear transformations and matrices.
The reason for using column vecors is that composition then corresponds
to matrix multiplication: If L;(z) = Ajz and Ly(z) = Asz, then L; o
Lo(z) = Li(Lo(z)) = Ay Asx. So we should always write points in R™ as
column vectors rather than row vectors when using matrices to define linear
transformations.

Definition 2.3. A map f : R® — R" is called an affine transformation iff
there exist an n X n matrix A and a vector b € R" such that f(z) = Az +0.
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We by fay the affine transformation determined by A and b: fa,(x) =
Ax +b

Remark 2.4. (1) The transformation f4 ; uniquely determines A and b:
If A, + by = Asx + by for all x, then (A — Ag)xz = by — by for
all x, so A; — A, is a constant linear transformation, thus the zero
transformation: A; — A, = 0, therefore b, — b; = 0, so A; = A,
and by = b+ 2.

(2) Two special types of affine transformation:

(a) Linear: If b= 0: fao(x) = Ax.
(b) Translation: If A = I: fr,(z) = x + b. It is convenient to
simplify the notation for translation: ¢,(x) = x + b.

(3) Thus an affine transformation is the composition of a linear trans-
formation and a translation: fa, = fr o fao = tpA. Therefore it
sends lines to lines, planes to planes, etc. but it need not preserve
the origin.

(4) Note the order of composition matters: fa;, = t,A = At 4-1,,

2.1.2. Orthogonal matrices. It is natural to ask when an affine transfor-
mation = f4;,f : R" — R" as in Definition 2.3 is an isometry. Using
d(z,y) = |r —y|, were |z| = d(0, x) denotes the Euclidean norm of z, f is
an isometry if and only if d(f(x), f(y)) = |f(x) — f(y)| = |Ax — Ay| =
|A(x — y)| = |z — y| for all ,y in R™. In other words, f4, is an isometry
if and only if + — Awx is an isometry. This is the same as saying |Az| = |z|
for all z, or |Az|? = |x|2.

Now observe that = - y = (“z)y, matrix multiplication of the transpose
tx (a row vector) and y (a column vector). So the equation |Az|? = |z|?
becomes '(Ax)(Az) =" zx. Using '(Az) = 'z 'A we get that fa, is an
isometry of and only if

(6) tetA Ax = 'z 2, forall z € R™.
We have therefore proved the first statement of the following lemma:

Lemma 2.5. Let A be an n by n matrix. Then the linear transformation
x — Ax of R™ is an isometry if and only if A satisfies (6) . This happens if
andonly if 'tAA=1

Proof. The first statement has already been proved. For the second state-
ment, if B='A A, then’B = (A A) = "A'(*A)) = 'A Ais symmetric,
that is, if B = (b;;) then b;; = bj;. Then (6) reads

ij i i

1<j
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Comparing the coefficients of these two quadratic functions we see b;; = 1
and b;; = 0 fori # j, thatis, B = I. (6) O

Definition 2.6. An n by n matrix A is called an orthogonal matrix if and
only if tAA = 1.

Remark 2.7. (1) Note that ‘A A = I is equivalent to A™! = 'A, in
other words, A is invertible and its inverse is simply its transpose.
(2) Since AA™! = I, we get thatif A'A = 1.
(3) If the equation *AA = [ is written explicitly: Y, agar;; = dij, it
says that the columns of A are orthogonal and of unit length. Since
A'A = I, we get that the rows are also orthogonal and of unit
length.

The combination of (6), Lemma 2.5 and Definition 2.6 proves the follow-
ing theorem:

Theorem 2.8. An affine transformation fa, of R" is an isometry if and only
if A is an orthogonal matrix.

2.1.3. Some isometries of the Euclidean plane. Let us find all the orthog-

onal 2 by 2-matrices. If
a b
=(00)

tAA:<a c)(a b)z(a2+02 ab—i—cd)

b d c d ab+cd b+ d?

which is the unit matrix if and only if a? + ¢ = 1,b? + d* = 1 (thus each
column is a vector on the unit circle) and ab + c¢d = 0 (so these vectors are
orthogonal). We can choose a number 6 so that a = cosf and ¢ = sin 6.
Once we make this choice of 6, there are only two vectors on the unit circle
perpendicular to our choice: b = —sinf,d = cosf or b = sinf,d =
—cosf. So we get two possibilities for A, which we will denote Ry, Sy
respectively. The matrices, together with their geometric interpretation, are:

then

(1) A rotation about the origin counterclockwise by an angle 0, denoted
by Rg.

8 A—n _(cos@ —sin@)
=Ry =

sinf cos®

(2) A reflection about the line {t(cos §,sin %)}, denoted by Sy

) A_S_(COSG sin 0 )
=S, =

sinf —cosf
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They are distinguished by their determinants:
(9) det(Rg) = 1, det(Sg) = —

in other words, Ry is orientation preserving while Sy is orientation revers-
ing

A
@em F\ “ S

P

'R edlectnn

FIGURE 13. Rotations and Reflections

These are the linear transformations that are isometries of the Euclidean
plane, in other words, the affine isometries that preserve the origin. The
simplest isometry that moves the origin is a ttranslation by a vector b € R%:

(10) ty(x) =z +b.

See Figure 13 for a description of these transformations. A way to vi-
sualize these transformaitons is to choose an (asymmerical) object A and
show how it is moved buy each isometry.

Theorem 2.8 implies the following more precise theorem about affine
isometries of R?:

Theorem 2.9. Let f be an affine isometry of R%. Then there exists b € R?
and 0 € R so that either

(1) f(x) = Rox +b
or

) f(z) = Spx +b.

In particular, all affine isometries of R? are obtained by composing the
three types of Figure 13
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Remark 2.10. The formulas for the above transformations are sometimes
more convenient by identifying R? with C and using complex operations.
In terms of the complex variable z real affine linear transformation is of the
form f(z) = az +bor f(z) = az + b where a,b € C. The formula for
translation ¢, is the same: ¢,(z) = z + b. The formula for (7) becomes

(11) Ry(z) = ez
while (8) becomes

(12) So(z) = €’z

2.1.4. The main theorem. The reason we have looked at affine isometries
of R™ in so much detail is the remarkable fact that these are all the isome-
tries:

Theorem 2.11. Let f : (R", d2)) — (R™,d(9)) be an isometry. Then f is
affine: there exists a vector b € R™ and an orthogonal n X n matrix A so
that f = fay, thatis, f(x) = Az + b for all x € R™

Proof. First observe that we can reduce to the case f(0) = 0. Namely,
given any isometry f : R" — R" be an isometry, define a new isometry g
by g(z) = f(z) — f(0), in other words, g(x) = t_¢) o f. Then g is an
isometry with g(0) = 0, so if there exists an orthogonal matrix A so that
g(x) = Az, then f(x) = Ax + b, where b = f(0).

Suppose g is an isometry with g(0) = 0. If we can prove that g is a linear
transformation, then g(z) = Ax for some matrix A, and A is necessarily
orthogonal by Lemma 2.5. It thus sufficed to prove g(z +y) = g(z) + g(y)
and g(rx) = rg(z) holds for all z,y € R™ and for all » € R. This will
follow from the nature of the equality sets for the triangle inequality.

A L‘[:/‘-a_\o io{’)’

(14,2 !
P
[

FIGURE 14. Typical Element of £,

More precisely, given two positive real numbers a, b, define the following
set E,, of triples of points in R”, that is, F,;, C (R")? (see Figure 14):
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E(a,b) = {(v,y,2) : 2,9, 2 € R? d(z,y) = a, d(y, z) = band d(z, z) = a+b}.

In other words, these are the triples (x, y, z) for which equality holds in the
triangle inequality, and where the distances are given fixed values a, b, a+b.
Note that, since a,b > 0, the three elements of any triple are distinct, so
they lie in a unique line L, and this line is determined by any two of them.
Moreover, any two of x,y, z determine the third Suppose (z,y,z) € Eup
and we know:

Lemma 2.12. Fix positive real numbers a,b and let E,;, be as just defined.

(1) Suppose x,z € R" and d(x,z) = a + b. Then there is a unique
y € R™iso that (v,y, 2) € Eqp.

(2) Suppose x,y € R" and d(x,y) = a. Then there is a unique z € R™
so that (x,y, z) € Eqp.

(3) Suppose y,z € R™ and d(y, z) = b. Then there is a unique © € R™
so that (x,y,z) € Eq.

Proof. We use the following terminology: if L C R™ is aline and p, q,r €
L are distinct, then we say that

r is between p abd q if r is in the line segment joining p and q.

r lies on the side of q opposite to p if q lies in the line segment joining p
and r.

To prove the Lemma, given the twp points in R"”, let L be the line through
them. Then the third pont must be:

(1) y is the point on L between x and z at distance a from x.
(2) zis the point on L distance b from y on the side of y opposite to z,
(3) x is the point on L distance a from y on the side of y opposite to z.

g

Lemma 2.13. Suppose g : R — R"™ is an isometry and (z,y,z) € Eq,.
Then (g(z),9(y). 9(2)) € Eap

Proof. Clear since g preserves all the distances. U

Now go back to the proof that an isometry ¢g : R" — R" with ¢g(0) = 0
must be linear:

(1) Proof that g(rx) = rg(z) for all r € R and x € R*: It is clear for
r =0, 1, so let us assume r # 1 and consider three cases
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FIGURE 15. Checking Linearity

(@ 0 <r <1 Leta = rd(0,z) and b = (1 — r)d(0,
(0,rx,x) € E,p. Since g is an isometry with g(0)
Lemma2.13 (0, g(rz), g(x)) € E,p. Butalso (0,rg(x), g
E, ;). By the uniqueness part of (1) of Lemma 2.12, get g(

rg(z),

FIGURE 16. Additivity

(b) » > 1: Leta = d(0,z) and b = (r — 1)d(0, x). Then get in a

similar way that (0, g(x), g(rz)), (0, g(x),
(2) of Lemma 2.12 get g(rz) = rg(z).

rg(z) € Eqp, so by
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(c) r < 0: Leta = |r|d(0,z) and b = d(0, z). Then (g(rx),0, g(x))
and (rg(x),0,9(x)) € E,p, so, by (3) of the same lemma,
9(rz) = g(x).

Thus g(rxz) = rg(z) for all r € R and for all z € R".

(2) Proof that g(x +y) = g(x) + g(y) for all z,y € R*: Let x,y € R?
Then (z, 22, y)) € E(a,a), where a = d(z,y)/2 > 0 (since 3%
is the midpoint of the segment from x to y). Since ¢ is an isometry
(9(2), 9(554), 9(y)), and (g(x), L2322 4(y)) € E(a,a) (Lemma
2.13. By Lemma 2.12, g(m;y) = g(m);g(y), and, since ¢g(0) = 0,
by the first part (with 7 = 1) we have g(*3¥) = 9@4y) - Thys

2 2
gety) — 9@t9) ang cancelling the denominators we get g(z +

2
y) = g(x) + g(y) as desired. See Figure 16 This finishes the proof
of Theorem 2.11.

O

2.2. The Euclidean and Orthogonal Groups. We have seen that orthog-
onal matrices are invertible, in fact , A being orthogonal is equivalent to.
A~! =t A The product AB of two orthogonal matrices A, B is orthogo-
nal since *(AB) (AB) = 'B'A AB = 'B B = I. The unit matrix
I is orthogonal. This means that the set of orthogonal matrices forms a
group under matrix multiplication. Also, if A is orthogonal, then det(/) =
det(A'A) = det(A?) det(A) = det(A)?, so det(A) = 41. Moreover, since
det(AB) = det(A) det(B), we have that det is a homomorphism. Thus the
following definition makes sense:

Definition 2.14. We denote by O(n) the set of orthogonal matrices, by
SO(n) the set of orthogonal matrices with determinant one, by E(n) the
set of isometries of R"™ and by SE(n) the set of isometries Az + b of R"
with det(A) = 1. The elements of SE(n) are called the proper isome-
tries (or the orientation preserving isometries) of R"™. The elements of E(n)
which are not in SE(n) are called the improper isometries (or the orienta-
tion reversing isometries) of R".

Remark 2.15. The notation O(n), SO(n) is standard. Unfortunately there
does not seem to be a standard notation for what we call E(n), SE(n).
Recall the notation f4; for the isometry fa,(x) = Az + b of R™.

Definition 2.16. Define a map | : E(n) — O(n) by l(fap) = A. The
matrix I(f) is called the linear part of f.



34 TOLEDO

Theorem 2.17. (1) The sets E(n), SE(n), O(n), SO(n) are groups

(under composition or matrix multiplication as the case may be).

(2) The map | : E(n) — O(n) is a group homomorphism with kernel
the group of translations of R", which is a group isomorphic to the
group R™ (vector addition).

(3) The map det : O(n) — {1,—1} is a group homomorphism with
kernel SO(n).

(4) The map detol : E(n) — {1, —1} is a group homomorphism with
kernel SE(n)

Proof. We know, by Theorem 2.2, that the set of isometries of any metric
space is a group, thus F(n) is a group. We have just verified directly that
O(n) is a group. This also follows from the second part of Theorem 2.2
since O(n) is the subgroup of F'(n) that fixes the origin. That SO(n) and
SE(n) are groups will follow from (3) and (4).

To prove (2), note that f4, p, 0 fa, 4, () = A1 (Asz+bo) +by = Ay Asz +
b1 + Albg, thus

(13) Jaien © fasps = fa1 40 pi+A1bo

From this we see that I(fa, 5, © fas,) = A1 A2 = 1(A1)I(Az), thus [ is a
homomorphism. Its kernel is {fa, : A = I} = {frp : b € R"} which
is a sub-group of F(n), the group of translations {¢, : b € R™}, which is
isomorphic to R" since 5, © tp, = tp,4+4,. This proves (2). Then (3) and (4)
are clear since det is a homomorphism and kernels of homomorphisms are
subgroups. U

Remark 2.18. Note that the fourth part of this Theorem says that SE(n)
is a subgroup of index 2 of E(n), so its complement in E(n), the set of
improper isometries, is a coset. This also means : the composition of two
proper or two improper isometries is proper, while the composition of a
proper and an improper isometry (in either order) is improper.

Remark 2.19. Observe that the set F(n) is in one-to-one correspondence
with the set O(n) x R, namely fa, € E(n) <> (A,b) € O(n) x R™. This
one-to-one correspondence takes the product of Equation 13 to the product

(14) (A1, b1)(Ag, b2) = (A1 A2, by + Aibs).

This is a group structure on the product O(n) x R", but it is not isomorphic
to the product group structure

(15) (A1, 01)(Az,b2) = (A1 A2, b1 + o).

The group structure of Equations 13 and 14 is called a semi-direct product
of O(n) and R™.



5510 NOTES 35

Remark 2.20. The subgroup R™ of translations is a normal subgroup of
E(n) since it is the kernel of a homomorphism. The group F/(n) contains
many subgroups isomorphic to O(n), but none of these are normal sub-
groups. For instance the subgroup O(n) itself, namely O(n) = {fao} C
E(n) of isometries that preserve the origin 0 is not a normal subgroup, be-
cause, for any fixed b # 0, we see that t, o fag oty (z) = A(x —b) +b =
fap—ap & O(n). We will shortly discuss this in more detail for the case
n=2.

2.3. The Euclidean Group in 2 Dimensions. Next we classify the isome-
tries of R? by dividing them into 4 classes according to properness (= sign
of determinant of the linear part) and fixed points.

2.3.1. Classification of Proper Isometries. Let f € SFE(2) be a proper
isometry of R?, and assume f # id. A point z € R? is called a fixed point
of f iff f(z) = x. To find fixed points it will be convenient to use the
complex notation of Equation 11 To solve f(z) = €z + b = z is the same
as solving z — ¢z = (1 — ¢¥)z = b, which can be solved iff ¢ # 1. So
there are two cases:

(1) f has no fixed points. This happens if and only if e = 1, which is
the same as f(z) = z+b, which is the same as f being a translation.
Thus f € SE(2) has no fixed points if and only if f is a translation.

(2) f has a fixed point. This happens if and only if ¢? # 1, in which
case the fixed point, which we denote by ¢, is given by ¢ = .
Thus we see that in this case the fixed point c is unique. The in-
terpretation of this fixed point is that f is a rotation with center
c. This can be seen as follows: A rotation by angle 6 with cen-
ter ¢ is obtained from the rotation Ry about origin by first trans-
lating the whole plane by ¢ . (¢;!) so that ¢ moves to the ori-
gin, then applying Ry, then translating the whole plane back by
t. so that the origin goes back to c, see Figure 17 In formulas,
f(z) =e%z—c)+c= ¢+ (c—eP) = e? + b, thus our
solution for the fixed point found the center of rotation. In sum-
mary: f € SE(2), f # id, has a fixed point if and only if f is a
rotation (by a non-trivial angle) about a center ¢ € R?, and c is the
unique fixed point of f.

In summary:
Theorem 2.21. Let f # id be a proper isometry of R%. Then either

(1) f has not fixed points. Then f is a translation.
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(2) f has a unique fixed point c and [ is a rotation by an angle 0 (not a
multiple of 2m) with center c.

Remark 2.22. The interpretation of conjugation of a rotation by a transla-
tion as translating the center of rotation gives a very clear picture of why the
subgroup SO(2) C SE(2) cannot be a normal subgroup: if it were, then
rotations about any point ¢ would be the same collection of transformations
as the rotations about any other point ¢/, which we know by experience not
to be true, see Figure 17. This explains why the group structure of SFE(2)
must follow the pattern of Equation (14) rather than that of (15). Note also
that SO(2) and R? are both abelian groups, so if SE/(2) had the group law
of (15), then it would be abelian, which is not the case.

6
'
L
\,\\Wf /

X R g/h/&

FIGURE 17. Conjugate Rotations

Remark 2.23. This example illustrates what conjugacy of isometries means.
Roughly speaking, two isometries are conjugate if they act in the same way
but maybe in different locations (as rotations by the same angle but with
two different centers, as in Figure 17) or in reference to different objects,
like reflections in different mirrors that we will see below.

Remark 2.24. Here’s a familiar consequence of the group law of Equa-
tions (13) and (14). Take rotations about different centers, but with opposite
angles, say fi1(x) = R_g(x) and fo(z) = Rp(x) + b. Then f; o fo(x) =
x + R_yb which is a translation. Thus composing rotations with different
centers (but angles adding to zero) produces a translation. This should be
familiar to anybody who has parallel-parked a car.
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2.3.2. Classification of Improper Isometries. We now study the fixed
points of improper isometries f € F(2) \ SE(2). These isometries are
of the form f(x) = Sy(x) + b in real notation (8), or f(z) = ¢z in com-
plex notation (12). We need first to understand the linear part Sy. It is easy
to check that for all & we have 592 = 1d, thus its eigenvalues are +1, and
since their product is the determinant, which is —1, we must have that one
eigenvalue is 1, the other is —1. This means that there is an orthonormal
basis {w;, w, } for R? so that Spw; = w; and Spwy = —ws.

The usual way to find this basis would be to solve linear equations for
eigenvectors, which should be familiar. An alternative way would be to use
complex notation: For instance, observe that z = ¢'s solves z = ¢z, This
justifies the claim made in Figure 13 that the fixed line of Sy makes an angle
¢ with the z; axis. Similarly 2 = —e*Z has solution z = ie'2. This would
be an orthonormal basis w., ws as above.

The following terminology for the fixed line of a reflection is very appro-
priate (see Figure 19:

Definition 2.25. Let Sy be as in (8). The fixed line teis = (t cos g, t sin g), t e
R, is called the mirror of Sy. (More generally, for any reflection, its fixed
line is called its mirror.)

Remark 2.26. Notice that we just used row vectors to represent points in
R2. We continue to do this For the rest of this chapter.

To classify all improper isometries f(z) = Spx + b, it is convenient, and
also a good exercise in conjugacy of isometries, to first make the follow-
ing reduction: it suffices to classify the isometries with linear part Sy (in
other words, with the orthonormal basis wy, ws above bien the standard ba-
sis ey, e2): Given f,let g = R_ngg. Then g(x) = Spz + ¢ for ¢ = Rgb.
In other words,

g(z1,22) = (1 + €1, —22 + C2).
The equations for (x1, z5) to be fixed are:

T +cCc =T and 21’2 = Co.
There are two possibilities:

(1) ¢; # 0: No soultions, since the first equation is never satisfied. This
means that g has no fixed points. We get g(z1, %) = (21 + c1, 2).
In other words the line ro = %2 is invariant under g, and their
restriction of g to this line is translation by ¢, # 0, see Figure 18

Observe that the line zo = %2 is parallel to the mirror x5 = 0 of

Sp and g interchanges the two sides of this mirror. This is easiest to
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see if co = 0. Then g is simply

(16) g(x1,72) = (21 + €1, —72)

This is called a glide reflection along the x,-axis, see the first picture
in Figure 18 If ¢, # 0, we get the same picture relative to the line
Ty = %2, namely we can rewrite the formula for g as

Co Co Co C2

g(1, (v2 — 5) + 5) = (71 +c1, — (22 — 5) + 5)

which is the conjugate of (16) by translation by (0, %), as in the
second picture in Figure 18

(2) ¢4 = 0. Then the line the solutions to the fixed-point equations
are (x1, S with z; arbitrary. In other words, the line 75 = % is
pointwise fixed by ¢, and g is a reflection in this line., see Figure 19
In other words, g is a reflection with mirror v = %2 see Definition

2.25.

Finally, the special case of linear part Sy implies the following theorem:

@41;71) — (x,+c,) ~%)

) = (ke =%1¢2)
r@ C= (C\UDJ %} F,
",‘ | - @ Ka/oj
! — 5. G
W __—X—CVL_?\! i T (’) VJ
Z/
o fé)..(-lv

FIGURE 18. Glide Reflections

Theorem 2.27. Let f(x) = Sox + b be an improper isometry of R%. Let M
denote the mirror of Sy (see Definition 2.25) and let b = bl + b+ denote the
components of b parallel, respectively perpendicular, to M.Then either:
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(1) bis not perpendicular to M. Then f has no fixed points, it is a glide
reflection along the translate M + % of M by the vector bl, see
Figure 18

(2) b is perpendicular to M. Then the translate M + % of M is fixed
by f, and f is a reflection with mirror M + b/2, see Figure 19

b bam
Cﬁlﬂv)~7 C?(z“f?) N L2 S+

¥

FIGURE 19. Reflections and their Mirrors

We can summarize the classification of isometries (different from the
identity) in the following table. In the case of fixed points, the name of
the fixed point set is included:

Proper Improper
With fixed points Rotations (center) | Reflections (mirror)
Without fixed points | Translations Glide Reflections

The reflections are in some sense the most basic isometries of R? in the
sense that all isometries may be obtained by composing reflections. More
precesily:

Theorem 2.28. The composition of two reflections is:

(1) A translation if the mirrors of both reflections are parallel. Pre-
cisely, if b is a vector perpendicular two both mirrors and of length
the distance between them, then their composition is tiop (sign de-
pending on the order).

(2) A rotation by angle +2a and centered at the intersection of their
mirrors if they meet at an angle o (the sign depending on the order)

The composition of three reflections is either a reflection or a glide-
reflection. Every glide reflection can be obtained by composing three re-
flections, two of the mirrors being parallel and the third perpendicular to
both.
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Proof. The two statements about composition of two reflections are easy to
verify. Since the composition of three reflections must be an improper mo-
tion, the next statement follows from the classification. The last statement
follows by taking one mirror to be the invariant line (axis) of the glide re-
flection and the other two mirrors perpendicular to the axis placed so as to
obtain the necessary translation. U

Corollary 2.29. Every isometry of R? can be obtained by composing one,
two or three reflections. In particular, the group E(2) is generated by re-
flections.

See Section 1.4 of [12] for another proof of this Corollary, and Section
1.5 for another proof of the classification theorem.

2.4. Isometries of the sphere. Observe that the elements of the orthogonal
group O(n + 1) are isometries of R™ ! that preserve the origin, so they map
the unit sphere S™ = {|z| = 1} C R"™! to itself. (Recall |x| = d(0,x).)
These are isometries of (S™, d..,), the extrinsic metric on S™, restriction
of the metric dgn+1: of R, that is, deyir(7,y) = | — y|. But they also
isometries of the intrinsic metric dgn(x,y) = cos™'(z - y) of Example 1.8.

One way to see this is the following reasoning. A matrix A is orthogonal
if and only if it satisfies (6), which is the same as Az - Ax = x - x tor all
r € R Therefore Az +y) - A(z +y) = (z +y) - (x + y) for all
x,y € R"1, Expanding both sides of this equation, we get

Ax - Ax +2Ax - Ay+ Ay - Ay=x-x+2x-y+vy-yforallz,y.

Since the corresponding first and last terms on each side of this equality are
equal (by (6)), so ate the middle terms, in other words, Az - Ay = x - y for
all x,y, as desired.

For the spherical metric this says dgn(Az, Ay) = cos™ (Ax - Ay) =
cos Yz - y) = dgn(x,y). Therefore A is an isometry of (S™, dgn), as
claimed.

Theorem 2.30. Let A € O(n + 1). Then the map x — Az of R"™! re-
stricts to an isometry restr(A) of (S™,dgn). The map restr : O(n + 1) —
Isom(S™, dsn) so defined is a group isomorphism.

Proof. We have just checked that the map restr : O(n + 1) — Isom(S™)
is defined, and it is easy to check that it is a group homomorphism. It is
clearly injective. It remains to check that it is surjective, this will not be
easy to do now. Hope to return to this at the end of the semester.

O
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Remark 2.31. It is appropriate to mention, without details, that there is a
similar theorem for the isometries of hyperbolic space of Example 1.18. For
n = 2 (similarly for any n > 2) there is the Lorentz group of matrices that
preserve the Minkowski inner product, and they restrict to isometries of H,
giving an analogous isomorphism of groups

3. TOPOLOGICAL SPACES

3.1. Topology of Metric Spaces. Let (X, d) be a metric space. We define
the following objects, with a terminology motivated by the familiar con-
cepts in the Euclidean plane:

Definition 3.1. Suppose (X, d) is a metric space.

() Ifx € X andr > 0, the set B(z,r) = {y € X : d(z,y) <r}is
called the ball of radius r centered at x. This set is sometimes called
the open ball of radius r centered at x.

@) Ifv € X andr > 0, the set B(z,r) = {y € X : d(z,y) < r}is
called the closed ball of radius r centered at . .

QB) If v € X andr > 0, the set S(x,r) = {y € X : d(x,y) = r}is
called the sphere of radius r centered at x. .

Definition 3.2. A subset U C X is called an open set if and only if, for
every x € U there exists r(= r(z)) > 0 so that B(xz,r) C U.

Theorem 3.3. Forany x € X andr > 0, B(z,r) is an open set.

Proof. Lety € B(x,r). We have to find p > 0 so that B(y, p) C B(x,r).
Guided by the picture in the Euclidean plane, we choose p = r—d(x,y). To
check B(y, p) C B(z,r),letz € B(y, p), thatis, d(y, z) < p = r—d(x,y).
Then, by the triangle inequality, d(z, z) < d(z,y) + d(y, 2) < d(x,y) +
(r —d(z,y)) = r, thus d(z, z) < r, in other words, B(y, p) C B(x,r) as
desired. U

Example 3.4. If (X, d) = R? with the usual Euclidean metric d(5), then the
balls and spheres are the usual balls and spheres, the open sets are the usual
open sets. Same holds for R", any n.

Example 3.5. If (X, d) = R? with the taxicab metric d(1), then the balls
and spheres are not the usual Euclidean balls and spheres, but they give the
same open sets. One general principle at work here is: bi-Lipschitz metrics
give the same open sets. By this we mean (see Definition 1.35): Suppose
d,d are metrics on X and that there exist constants C,Cy > 0 so that
Cid'(z,y) < d(xz,y) < Cod'(x,y). Then using B for d-balls and B’ for
d'-balls, we get B'(z,r) C B(x,Cyr) and B(z,r) C B'(x,r/C1). Then,
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if U C X is d-open, x € U and r > 0 is such that B(z,r) C U, then
B'(xz,r/Cy) C U, so U is d’-open, similarly in the other direction. We will
see shortly that the necessary and sufficient condition for two metrics to
give the same open sets is that they be homeomorphic (see Def 1.35).

Example 3.6. Suppose X is any non-empty set and let d : X x X — R be
the discrete metric of Example 1.12. Then

Blx.r) {z} fO<r<1
T, r) =
’ X ifr>1.

Thus every subset of X is open: if S C X is any subset and € S, then,
say, B(z, 1) = {z} C S, s0 S is open.

Example 3.7. If (X, d) is any metric space, the empty set is open. This is
a “vacuously true” statement, namely, the negation of Definition 3.2 would
begin: there exists z € U so that ... which could never be true for U = ().

Definition 3.8. A subset ' C X is called a closed set if and only if its
complement X \ F is an open set.

Theorem 3.9. For all v € X and for all v > 0, the closed ball B(x,r) is a
closed set.

Proof. Just as with the proof of Theorem 3.3, we guide ourselves by the
Euclidean picture. Let x € X and » > 0. We have to prove that the
complement X \ B(z,r) = {y € X : d(x,y) > r} is an open set. Given
y € X \ B(x,r) we need to find p > 0 so that B(y,p) C X \ B(z,r).
Drawing the picture in R? suggests trying p = d(z,y) — r. So suppose
z € B(y,p), thatis, d(z,y) < d(xz,y) — r. Then the triangle inequality
gives d(z,y) < d(x, z)+d(z,vy), equivalently, d(z, z) > d(z,y)—d(z,y) >
d(xz,y) — (d(z,y) — r) = r, as desired (where the last inequality uses the
assumption d(y, z) < d(z,y) — r, and the inequality gets reversed when
subtracting).

O

Remark 3.10. This proof would be slightly shorter if we use an equivalent
form of the triangle inequality:

|d(z, 2) — d(y, 2)| < d(z,y).

Geometrically, in any triangle the difference of the lengths of two sides is
at most the length of the third side. This inequality is easily derived from
the usual triangle inequality: Start from d(z,z2) < d(x,y) + d(y, z) and
subtract d(y, z) from both sides, getting d(x, z) — d(y, z) < d(z,y). Then
interchange z, y to get d(y, z) — d(z, z) < d(z,y), which together give the
above inequality.
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3.1.1. Review of some set theory. We briefly review some concepts and
notations from set theory that we will need often. See the first chapter of
[8] for more information.

If X is any set, we write 2% for the set of all subsets of X, what is often
called the power set of X. If X and Y are any sets and f : X — Y is any
function, we the function f~! : 2¥ — 2% is defined by

(17) fHA) ={r e X: f(x) € A}.

The set f~!(A) is called the inverse image of A or the pre-image of A.
Observe that it is defined for any function, it is by no means implied nor
needed that the original function f : X — Y be invertible. There is another
function associated to f, denoted by the same letter, namely f : 2X 5 oY
defined by

(18) f(A) ={f(z):x e A}

The pre-image function behaves very nicely with respect to all the set
operations, for example:

Theorem 3.11. If f : X — Y, then the following hold for all A, B C Y:

() fTHAUB) = f7H(A)uU f7H(B),
@) [THANB) = fH(A)n f7I(B),
(3) Same for unions and intersections of arbitrary families of subsets.
@) fUANB) = [ (A)\ A(B),

If, in addition, g : Y — Z, then we also have:
(5) (gof)t=fog™!

Proof. The proofs of all these statements are straightforward verifications
using the definitions of the objects involved. We verify the last statement:
IfAC Z thenz € (go f)™H(A) & (go f)(z) e A= g(f(x) e A&
fla)eg i (A) e xe fTi g (A) e ae flog(A) O

We do not give corresponding statements for the image of sets f : 2% —
2Y because they are less useful, more complicated, and harder to remember.
They usually involve inclusions rather than equalities.

3.1.2. Continuous maps. Let (X, d) and (Y, d’) be metric spaces. Recall
from Definition 1.35(1) what it means for a map f : X — Y to be continu-
ous. The following theorem gives a very useful characterization of contin-
uous maps:

Theorem 3.12. A map f : (X,d) — (Y, d') is continuous if and only if the
following holds: for each open set U C Y, its pre-image f~'(U) C X is
also open.
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Proof. One implication: Suppose f is continuous in the sense of Defini-
tion 1.35, suppose U C Y is open, and let z € f~(U). Since f(x) € U
and U is open, there exists ¢ > 0 so that B'(f(x),e) C U, where B’ de-
notes a d’-ball. Since f is continuos, there exists 6 > 0 so thatif y € X
and d(z,y) < 9, then d'(f(z(, f(y)) < e in other words, B(x,0) C
FYB'(f(z),e) C f~1(U),so f~H(U) is open.

The opposite implication: Suppose that for all open subsets U C Y, f~1(U) C
X is open. Given x € X and ¢ > 0, since B'(f(z),e) C Y is open, thus
Y B'(f(x),e) C X is open. Since z € f~Y(B'(f(z),¢), there exists
§ > 0 so that B(z,d) C f='(B'(f(z),€). But this says exactly that for all
y e X,ifd(x,y) <4, thend(f(x), f(y)) < e. Therefore f is continuous.

U

Here are some immediate and useful consequences:

Corollary 3.13. Amap f : (X,d) — (Y, d') is continuous if and only if the
following holds: for each closed set F C Y, its pre-image f~'(F) C X is
also closed.

Proof. By definition, F' C Y is closed if and only if X \ Fis open and by
Theorem 3.11, f~Y(Y \ F) = f7YY)\ f7Y(F) = X \ f7(F) is open,
which happens if and only if f~'(F) is closed. Hence all pre-images of
closed sets are closed if and only if all pre-images of open sets are open, as
asserted. U

Corollary 3.14. The composition of continuos maps is continuous. Pre-
cisely, suppose f : (X,d) — (Y,d')and g : (Y,d') — (Z,d") are continu-
ous. Then the composition go [ : (X,d) — (Z,d") is continuous.

Proof. Using the last part of Theorem 3.11, if U C Z is open, then (g o
)~HU) = f~Y(¢g7'(U)) which is open because g~ '(U) is open (continuity
of g) and thus f~!(g~!(U)) is open (continuity of f). O

Corollary 3.15. Let f : (X,d) — (Y,d') be a continuos map. Then f
is a homeomorphism if and only if f is bijective, and for all open subsets
UcC X, f(U) CY isopen. The last condition can be replaced by: for all
closed subsets F' C X, f(F) C Y is closed.

Proof. If f is bijective, then f~' : Y — X is defined, and if U C X is
open, then (f~1)~1(U) = f(U) is open, thus f~! is also continuous and f

is a homeomorphism. Same reasoning with closed sets. U

Another variation of the same reasoning is:
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Corollary 3.16. Let f : (X,d) — (Y, d') be a bijective map (not assumed
continuous). Then f is a homeomorphism if and only if the following holds:
A subset A C X is open if and only if f(A) C Y is open. Equivalently: a
subset A C X is closed if and only if f(A) C Y is closed.

The following examples show some immediate applications of the theo-
rems and corollaries just proved.

Example 3.17. One familiar example of how these characterizations of
continuity are used is the following. Suppose f : R — R is a con-
tinuous function. Then the following sets are open: {z : f(x) # 0},
{z : f(z) > 0}, {x : 1 < f(x) < 3}, etc, since they are pre-images
of open sets in R, namely they are f~!((—o0,0) U (0,00)), f~1((0, 00)),
F7H((1, 3)), etc. Similarly, the following sets are closed: {z : f(z) = 0},
{z : 0 < f(x) < 1}, etc, since they are the pre-images of closed subsets of
R, namely f~1({0}), f71([0,1]), etc.

Example 3.18. Let (X, d) be a discrete metric space as in Example 1.12
and let (Y, d’') be any metric space. Then any map f : (X,d) — (Y, d') is
continuous, because, as we saw in Example 3.6, every subset of X is open.
If (Y,d') is also discrete, then f : (X,d) — (Y, d’) is a homeomorphism if
and only if it is bijective.

Example 3.19. Let d, d’ be two metrics on X. Then they have the same

open sets if and only if the identity map is a homeomorphism, as mentioned
at the end of Example 3.5.

3.1.3. The Collection of Open Sets.

Theorem 3.20. Let (X, d) be a metric space.

(1) Let {U,}aeca be a collection of open subsets of X indexed by a set
A. Then the union U, AU, is an open set.

(2) Let Uy, --- ,U, be a finite collection of open subsets of X. Then
their intersection Uy N - - - N U, is an open set.

Proof. For (1), suppose x € UyecaU,. By definition of union, there exists
ap € A sothat z € U,,. Since U,, is open, there exists an r > 0 so that
B(z,7) C Uyp—g. Then B(z,7) C UpeaU,, so this last set is open.

For (2), suppose z € U; N --- N U,. Then, by definition of intersection,

x € U;fori = 1,--- ,n. Since each U; is open, there exists ; > 0 so
that B(x,r;) C Uy fori = 1,--- ,n. Let r = min{r,---,r,}. Then
B(xz,r) C Uy N---NU,, so this last set is open. O

There is of course a corresponding theorem for closed sets:
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Theorem 3.21. Let (X, d) be a metric space.

(1) Let {F,}aca be a collection of closed subsets of X indexed by a set
A. Then the intersection Nocal, is a closed set.

(2) Let Fy,--- , F, be a finite collection of closed subsets of X. Then
their union F1 U --- U F), is a closed set.

Proof. This follows directly from the last theorem and the properties of
complements of unions or intersections as intersections or unions of com-
plements. For example, to prove N,caF,, is closed if each F}, is closed,
need to show that X \ NF, is open. But X \ NF, = U(X \ F,) which
is a union of open sets (since each £, is closed), hence open by the last
theorem. U

3.2. Topologies and Continuity. It turns out that a very good way of dis-
cussing continuity is to turn the last theorems into definitions.

Definition 3.22. Let X be any non-empty set. A subset T C 2% is called a
topology on X if and only if the following hold:

M PeTand X €T.

(2) If Ais any index set and for each o € A, U, € T, then U,caU, €
T.

3) IfUy,--- U, €T, thenUyN---NU, €T.

Briefly, a topology on X is a collection of subsets of X that contains
() and X, and which is closed under the operations of arbitrary union and
finite intersection.

Definition 3.23. A topological space is a pair (X,T) where X is a non-
empty set and T is a topology on X.

Definition 3.24. Ler (X, T) be a topological space. A subset U C X is
called an open set (or, if more than one topology is being discussed, a T -
open set) if and only if U € T. A subset F' C X is called a closed set (or a
T -closed set if needed) if and only if X \ F € T.

In other words, the elements of 7 C 2% are the subsets of X that we
decide to call open sets. Their complements in X are the subsets that we
decide to call closed sets.

Remark 3.25. An equivalent way of defining a topology on X would be to
give the collection of its closed sets. Namely, suppose we have a collection
C C 2% with the properties:

() P eCand X €C.
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(2) If Ais any index set and foreach o € A, F,, € C, then NyeaF, € C.
(3) IfFl, ,Fn GC,thenFlu,--- ,Fn eC.

(briefly, C contains (), X, and is closed under arbitrary intersections and
finite unions), then C is the collection of open sets of a unique topology 7
on X, namely

T={X\F:Fec).
Sometimes it is more convenient to define a topology on X by defining the
collection of closed sets rather than the collection of open sets.

Definition 3.26. Let (X, 7)) and (Y, T") be topological spaces. A map f :
X — Y is called continuous if and only if, for all U € T', we have that
Y U)eT. Amap f: X — Y is called a homeomorphism if and only if
it is continuous, f~! exists, and f~' is continuous.

Thus amap f : X — Y is called continuous if and only if the pre-image
of each 7'-open set in Y is a 7 -open set in X .

Remark 3.27. Just as in the notation we explained in Remark 1.36, we use
the notation f : (X, 7) — (Y, 7’) to mean:

1) f: X->Y,
(2) In the whole discussion, the topology 7 is being used in the domain
X and the topology 7" is being used in the target Y.

Just as in the case of metric spaces, this notation is particularly important
when X =Y but 7 # 7.

Just as with Corollary 3.13, we have the following characterization of
continuity (with the same proof):

Theorem 3.28. A map f : (X, T) — (Y, T") is continuous if and only if
the preimage f~'(F) of each T'-closed set F C Y is a T -closed subset of
X.

Just as with Corollary 3.14. we have that the composition of continuous
maps is continuous (again with the same proof):

Theorem 3.29. Let (X, T), (Y,T")and (Z,T") be topological spaces. Let
(X, T) = (Y, T)and g : (Y,T') — (Z,T") be continuous maps.
Then the composition go f : (X, T) — (Z,T") is continuous.

3.2.1. Examples of Topological Spaces.

Example 3.30. Let (X, d) be any metric space, and let 7; be the collec-
tion of open sets as defined in Definition 3.2. Then, by Theorem 3.20, the
collection 73 C 2% is a topology on X.
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Example 3.31. In the special case that X = R" and d is the Euclidean met-
ric of Example 1.4 we call the resulting metric topology 7, the Euclidean
topology and denote it by Tg.

Example 3.32. Let X be any non-empty set and let 7y, = 2~. This is
called the discrete topology on X . Every subset of X is open. Note that this
is a special case of the last example, namely 7. is the same as the metric
topology of the discrete metric, see Examples 1.12 and 3.6.

Example 3.33. Let X be any non-empty set and let 7;,;, = {X,0}. This
example is at the opposite extreme of the last one: it is the smallest col-
lection in 2 that satisfies Definition 3.22, while the last example gave the
largest one. This is often called the indiscrete topology.

Example 3.34. Let X = {a, b} be a two element set. Then besides the dis-
crete and indiscrete topologies on X there are precisely two other topolo-
gies: {0,{a}, X} and {0, {b}, X'}, see Example 4 in p. 72 of [8].

Example 3.35. Let X be any infinite set and let 7o C 2% be defined by

U=10 or

Ue if and only if
Ter ifand only {X\Uisaﬁniteset.

The subscript C'F' stands for “complement of finite sets”. This topology is
perhaps more natural to define in terms of it closed sets, namely F' C X is
Tcr-closed if and only if either ' = X or F is a finite subset of X.

It is instructive to check that 7or is a topology. It is more natural to
check that the collection of T p-closed sets satisfies the properties of Re-
mark 3.25. In this paragraph, let “closed” always mean 7 p-closed. Clearly
X and () are closed. Suppose {F,}aca is a collection of closed sets. If
there exists oy € A so that F,,, # X, then F,, is a finite set, and hence
NaF, C F,, 1s finite, hence closed. Otherwise, N, f, = X, which is also
closed. Similarly, if Fi,--- , F, is a finite collection of closed sets, then its
union is either X (if one of the F; = X) or a finite set (otherwise), hence
also closed.

Example 3.36. In the special case X = R we will call the topology 7¢ 5 the
Zariski topology and denote it 7. This is a special case of the Zariski topol-
ogy widely used in algebraic geometry, in which closed sets are common
zeros of polynomials.

3.2.2. Examples of Continuous Maps. Let (X,7) and (Y, 7’) be topo-
logical spaces. It should be reasonable from the definition of continuity
that, foramap f : X — Y, having many open sets in 7 or few open sets in
7' should make it easy for f to be continuous, while having few open sets
in 7 or many in 7’ should make continuity hard. Let’s see some examples.
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Example 3.37. Let 7 be the discrete topology 7Tgs.. Then for any T’
and for any map f : X — Y, we have that f : (X, Tas.) — (Y, T) is
continuous. For, given any U € T’, we have that f~}(U) C X, hence
F7YU) € Taise» and f is continuous.

Example 3.38. Let 7 be the indiscrete topology 7;,4. Then for any topol-
ogy T and foranymap f : X — Y, wehavethat f : (X, T) = (Y, Tina) is
continuous. For, if U € T;,4, then either U = Qor U =Y, s0 f~HU) =0
or X, in both cases elements of 7, so f is continuous.

Example 3.39. Let (X,7) and (Y, 7") be arbitrary, and let f : X — Y be
a constant map: f(x) = yo for all z € X. Then f is continuous: If u € T,

then
_ Xifyy €U
1 )
U) =
/) {@ otherwise.

In either case f~!(U) € T and f is continuous.

Example 3.40. Sometimes the only continuous maps are constant. For
example, let X be any set but 7 = T4, and let (Y, 7") = (R, Tg). If
f: (X, T) — (R,7g) is continuous, then, for any y € R, f~'({y}) is
either () or X. Since f is a function, this means that for some y, € R,
F*{yo}) = X, in other words, f(z) = yo for all z € X and f is a con-
stant function. We will later see (after the discussion of connectedness) that
if 7" = Taise, then any continuous map f : (R, Tg) — (Y, Taisc) is constant.

Example 3.41. Suppose X = Y. Thenid : (X,7) — (X,T’) is con-
tinuous if and only if 77 C 7. For example, id : (R,7g) — (R, 7y) is
continuous (since finite sets are closed in the Euclidean topology), while
d: (R,7z) — (R, 7g) is not continuous (since there are Euclidean closed
sets that are neither finite nor all of R).

Example 3.42. Let f,g : R — R be defined by f(x) = z? and g(z) =
sin(x). Both are continuous functions (R, 7z) — (R, 7z). Check the fol-
lowing: both are continuous functions (R, 7z) — (R, 7z); f : (R, Tz) —
(R, Tz) is continuous, while ¢ : (R, 7z) — (R : Ty) is not continuous.

3.3. Limits.

3.3.1. Neighborhoods and Limits. Let (X, 7) be a topological space.

Definition 3.43. Let x € X. A subset U C X is called a neighborhood of
x if and only if U is open and x € U.

Remark 3.44. Many authors use the terminology open neighborhood for
what we have called a neighborhood, and use the word neighborhood of x
to mean a set which contains an open set containing x.
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Neighborhoods can be used much as balls to extend the definitions of
various familiar concepts of metric spaces. But some care is needed. For
example, we could be tempted to make the following definition:

Definition 3.45. Let {x,,} be a sequence in (X, T). (Recall that this means
that we have a function N — X that ton € N assigns x, € X.) If v € X,
we say that {x,} converges to x if and only if for every neighborhood U of
x there exists N € N so that x,, € U whenever n > N.

Then we are tempted to write lim{xz,} = x. We have to be careful with
this notation, since this definition need not give us what we think it does. If
we write lim{x,, } = x, we are tacitly assuming that limits are unique, that
is, if {x,,} converges to = and converges to y, then z = y, as we know to
be true for metric spaces, see Theorem 1.29. Now consider the following
example:

Example 3.46. Consider (R, 77) as in Example 3.36, and let z,, = n. Pick
any x € R, say pick x = 7. Then {n} converges to 7: if U is a neighborhood
of 7and U # R, then U = R\ F for some finite set ' C R, and 7 # F'. Let
M be the largest element of F'. Then, if n > M, thenn ¢ F, thusn € U.
So {n} converges to x = 7. The same argument holds for any = € R. So
for any x € R, {n} converges to . Thus limits are not unique, and the
notation lim{n} = x does not make sense.

3.3.2. Hausdorff Spaces, Metrizable Spaces. The proof of Theorem 1.29
could be rephrased so that it depends on the following: if (X, d) is a metric
space, z,y € X and z # y, and ¢ = @, then B(z,c) N B(y,c) = 0. This
suggests the following condition for the uniqueness of limits:

Definition 3.47. A topological space (X.T) is called a Hausdorff space if
and only if given any two points v,y € X, x # y, there exists a neighbor-
hood U, of x and a neighborhood U,, of y so that U, N U, = (.

Theorem 3.48. Let (X,T) be a Hausdorff space, and let {x,} be a se-
quence in X. If {x,,} converges to x and converges to y, then © = y.

Proof. Suppose {x,} converges both to x and y and = # y. Then there
exist neighborhoods U,,, U, of x, y respectively so that U, N U, = (). Since
{z,} converges to = and y there exist N;, Ny € N so that x,, € U, for all
n > Nj and z,, € U, for all n > N,. Thus for all n > max(Ny, Ny) we
have z,, € U, N U,, contradicting U, N U, = 0 O

Finally, the following terminology is useful and standard:

Definition 3.49. A topological space (X,T) is metrizable if and only if
there exists a metric d on X so that T = Ty, the metric topology.
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Theorem 3.50. Suppose (X, T) is a metrizable topological space. Then it
is Hausdorff.

Proof. Let d be a metric on X sothat 7; = 7. If x,y € X and x # y, then
d(xz,y) > 0 and if 2¢ = d(z, y), then, by the triangle inequality, B(x, ¢) and
B(y, ¢) are disjoint neighborhoods of x and y. O

Example 3.51. The discussion of Example 3.46 shows that (R, 77) is not a
Hausdorff space. In fact, if U and V' are any two non-empty open sets, then
U NV # () since it is the complement of a finite set.

3.3.3. Interior, Closure, Boundary.
Definition 3.52. Let (X, T) be a topological space and let A C X.

(1) The interior of A, denoted by A° is defined by
A =U{U C X :Uisopenin X and U C A}.

Equivalently, A° is the largest open set contained in A.
(2) The closure of A, denoted by A is defined by

A=n{F C X : Fisclosedand A C F}.

Equivalently, A is the smallest closed set containing A.
(3) The boundary (also called frontier of A), denoted by 04, is defined
by 0A = A\ A°.

These sets have the following alternative characterizations:
Theorem 3.53. Let A C X.

(1) x € A° if and only if there exists a neighborhood U of x with U C
A.

(2) « € A if and only if for every neighborhood U of x, U N A # (.

(3) x € OA if and only if for every neighborhood U of x, U N A # ()
and U N (X \ A) # 0. )

(4) Aisopenifandonlyif A = A° and A is closed if and only if A = A.

Proof. For the first part, the definition z € A° < z € U for some U open,
U C A, which is equivalent to U being a neighborhood of z contained in
A. For the second part, from the definition we see thatw ¢ A < x € X\ F
for some F' closed so that A C F' < z has a neighborhood U (namely,
X \ F)sothat U N A = (), which is the negation of the second statement,
thus proving this statement. The third statement is equivalent, by the first
two statements, to x € A \ A°, thus x € 0A. The fourth statement is clear
from the definitions. ]
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Definition 3.54. If A C X and © € X, then x is called a limit point
of A if and only if it satisfies condition (2) of Theorem 3.53: for every
neighborhood U of x, U N A # (.

Remark 3.55. Thus a set is closed if and only if it contains all its limit
points. This is sometimes taken as the definition of closed set. It has a more
immediate appeal than the definition we have chosen. It says that a set is
closed if and only if you cannot get outside it by the process of taking limit
points. Perhaps the most immediate way to see the equivalence is to say
that z is not s limit point of A if and only if x has a neighborhood U with
U N A = (), in other words, z is in the interior of X \ A. Thus A contains
all its limit points if and only if every point of X \ A is an interior point.
Thus A is closed (in the sense of containing all its limit points) if and only
if X \ A is open. We chose X \ A open as the definition of A being closed
mostly for convenience: properties of closed set immediately translate to
properties of open sets by usual rules for operations on complements.

In a metric space, if = is a limit point of A, for every n € N we could
take U = B(z, 1) and obtain that for each n € N there exists z,, € A with
d(z,2,) < +. Thus  is the limit of the sequence {x,, }.

Remark 3.56. Note that in Definition 3.54 we do not require that U N A
contain a point y € A with y # x. So, by this definition, every x € A is
a limit point of A. If every neighborhood U of x contains y € U N A with
y # x then x is sometimes called an accumulation point of A.

3.4. Basis for a Topology. Let (X, 7)) be a topological space.

Definition 3.57. A subset B C T is called a basis for T if and only if every
element of T is a union of elements of B. More explicitly, B is a basis if and
only if, for each open set U € T and for every x € U there exists B € B
such that x € Band B C U.

Example 3.58. Suppose (X, d) is a metric space. Then
B={B(z,r):z € X, r>0}

is a basis for 7, the metric topology, and so is
1
B’:{B(x,g):xeX, k € N}.

The fact that 3 is a basis is immediate from the definition of open sets in
(X, d). To show that 5’ is a basis, it is enough to show that for each U open
in (X, d) and for each z € U there exists k& € N so that B(z,1) C U.
This is easy to do: by the definition of open set, there exists » > 0 so that
B(z,r) C U. Choose k € N so that £ < r. Then B(z, 1) C B(z,r) C U,

so we are done. This shows that 3’ is also a basis for 7.
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Example 3.59. Specializing the above example to R™ with d each of the
metrics d(1), d(2), d(-) We obtain a basis B, for the topology of R™ by balls
of different shapes and all possible radii, and the corresponding balls B, of
radii reciprocals of natural numbers. Moreover, for each of these metrics d
could also use the collection

1
B = {Ba(z, %) cx €Q", ke N}

Note that the centers of the balls have all their coordinates rational. The
interest of these collections is that it each is a countable collection that
generates the uncountable collection of open sets in R".

We now prove that B} is a basis for the Euclidean topology 7z on R".
To prove this it is enough to prove that any ball B(z,r) in the metric d is a
union of elements of 5}, in other words, given any y € B(x,r) there exists
z€Q and k € Nsothaty € B(z,1) C B(z,r). Since there exists an
r’ so that B(y,r") C B(x,r) (can take v’ = r — d(z,y), see the proof of
Theorem 3.3), it enough to find z, k so that y € B(z,1) C B(y,r’), in
other words, just need to check the statement for y = x the center of the
ball. To reiterate, it suffices to prove that for all x € R" and for all v > 0

there exists = € Q" and k € N so that v € B(z, 1) C B(x,r).

Suppose we know the density of Q™ in R™: for all x € R" and for all
€ > 0 there exists z € Q" so that d(z,z) < e. Then the above statement is
easy to prove: Given x and 7, there exists z € Q" such that d(z, z) < 7 and
there exists k € N so that + < %. Then, if d(y, z) < ¢, then

dy2) < d(y.2) +d(za) < L+ 0 =7

Thus z € B(z, 1) C B(z,r), as desired, so BB is a basis for R™.

We assume that the density statement is known for R: for all  in R
and all ¢ > 0 there exists z € Q so that |z — z| < e. The statement
immediately follows for R" and the metric d(..) by applying the statement
for R in each coordinate: for any z = (zy,--- ,2,) € R" and € > 0, for
each i there exists z; € Q so that |z; —z;| < €, thus, letting z = (29, -+ , 2,),
diooy(x, 2) = max{|z; — 2|} < e. Finally, it d is d(1) or d), then use the
comparisons of Example 1.41. For example, given = and ¢, to find z € Q"
with dg)(x,2) < € find z € Q" with diooy(,2) < “=- then by (2) of
Example 1.41, d(9)(x,2) < e.

Remark 3.60. One use of a basis is that many statements have only to be
checked for elements of the basis. For example, if we are given a basis
By for T,, to check that a map f : (X,7x) — (Y,7,) is continuous it is
enough to check that f~!(B) is open for all B € By. Namely, if U is open
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inY, then U = U,B, for some collection {B,} of elements of B, thus
F7HU) = f7YUaUs) = Uaf1(B,) is open in X since it is a union of
open sets.

Another example of the same principle: x is a limit point of A if and only
if BN A= () forall B € Bsothatx € B.

3.4.1. Defining a Topology from a Basis. It is important to be able to
reverse the above procedure. In other words: take a non-empty set X and a
collection B C 2%, and try to define a topology on X by declaring B to be
a basis. More precisely, given B, define 7 C 2% to be the set of all unions
of elements of B, that is, define U C X to be an element of 7 if and only
if for all x € U there exists B € Bsothatx € Band B C U. We need to
know that this is a topology, namely that it satisfies the three properties of
Definition 3.22. It is clear that half of (1) and (2) are satisfied: ) € 7 and
T is closed under arbitrary unions. But it need not be true that X € 7 or
that (3) is satisfied: 7 need not be closed under finite intersections. But if
we add these as an assumption, then 7 is a topology with basis J:

Theorem 3.61. Let X be a non-empty set and let B C 2% be a collection
of subsets that satisfies:

(1) Forevery x € X there exists B € B such that x € B.
(2) Forevery By, By € B and for every x € B1 N By there exists B € B
such that x € Band B C B1 N Bs.

Let T ={U C X : forall x € U there exists B € Bwithx € Band B C
U} U{0}. Then T is a topology on X and B is a basis for T.

Proof. The first condition says that X € 7 and the second condition implies
that 7 is closed under intersections of two sets: if U;,Us € 7 and © €
U,NUs,, then there exist By, B, € Bsothatx € B C Uyandx € By C Us.
Since x € B C By N By C U; N Us,, we have that U; N U, € T whenever
Uy, U; € T. A straightforward induction argument then implies that (3) of
Definition 3.22 holds. By the definition of 7, ) € 7. If forall « € A we
have U, € T, and if z € UyecaU,, then z € U, for some oy € A, so there
exists B € Bsothatx € B C U,, C UaeaU,, thus U,caU, € T and
(2) of Definition 3.22 is also satisfied. Thus 7 is a topology on X. By the
definition of 7 it is clear that /3 is a basis for 7T . [

3.4.2. The Product Topology. Let (X, 7x) and (Y, 7y ) be topological spaces.
There is a natural way to topologize the product X x Y, but this natural way
requires the concept of basis. Let

(19) B={UxV:U&cTxandV € Ty}
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It is easy to check that I3 satisfies the conditions of Theorem 3.61. Namely,
if (z,y) € X xY,since X xY € B, (1) is clearly satisfied. If B; = U; xV}
and By = Uy x Vo and (x,y) € BiN By, thenz € UyNUs and y € Vi N Vs,
so letting B = (U; NUy) x (V4 N'V4), we have that (z,y) € B C By N By,
thus (2) is also satisfied, and B is the basis for a unique topology 7xxy on
X x Y. This topology is called the product topology on X x Y.

Note that this collection B is actually closed under finite intersections,
because of the identity (which holds for arbitrary subsets of X and Y, not
just open sets):

(20) (U, x Vi) N (Us x Vo) = (UL N ) x (Vi N VA)

that we used above to prove (2). But B is not closed under unions. This is
easily visualized in R?> = R x R. The elements of B are “rectangles ” but
unions of rectangles need not be rectangles.

Remark 3.62. We could modify the definition of B in Equation 21 by let-
ting By be a basis of Ty and 7Ty be a basis for 7y and defining B’ C B
by
B ={UxV:Ue€BxandV € By}

It is easy to check that 3’ also satisfies the conditions of Theorem 3.61 and
that B’ is also a basis for the product topology 7x«y. These verifications
are left as an exercise. They depend, of course, on the above identity (20)
for intersections of products.

Remark 3.63. In Subsection 1.2.2 we defined the cartesian product of met-
ric spaces. The metric topology resulting from that definition and the prod-
uct topology just defined are the same topology. It would be an instruc-
tive exercise to verify this. Keep in mind the basic example of R x R and
(RQ, d(oo)>

Here are two useful properties of the product topology. We use the no-
tation px and py for the projection maps px : X XY — X and py :
X XY — Y defined by px(z,y) = x and py (z,y) = y.

Theorem 3.64. Let (X, Tx), (Y, Ty ) and (Z,Tz) be topological spaces.

(1) The product topology Tx xy is the smallest topology that makes both
projections px and py continuous.

2) Amap f : Z — X XY is continuous with respect to the product
topology if and only if both compositions px o f and py o f are
CONtinuous.

Proof. For the first part we note that px : X X Y — X is continuous if and
only if forall open U C X, U x Y isopenin X x Y. Since this is open in
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the product topology, px is continuous. Similarly, py is continuous if and
only if for all open V' C Y, X X V is continuous, so py is also continuous
in the product topology. Moreover, if 7 is any topology which makes px
and py continuous, then it must contain all the sets {U x Y : U € Ty} and
{XxV :V & Ty}, therefore 7 must contain all their two-fold intersections
{UxV :U € Txand V € Ty}. Since this is a basis for Ty y we must
have Txxy C 7T, thus proving the first statement.

For the second part, first note that f continuous certainly implies that
pxo fand p,oY are continuous, since compositions of continuous maps are
continuous. For the converse, if px o f is continuous, then (px o )~ (U) =
frop(U) = f~Y(UxY) is open for each U € Tx and similarly f~*(X x
V') is open for all V' € Ty, thus the same is true for their intersections:
all f‘l(U x V') are open. Since these sets form a basis for Txyy, f is
continuous.

O

3.4.3. Sub-basis for a topology. One natural way to phrase the last proof
is to use the notion of sub-basis for a topology. Briefly, a sub-basis for 7 is
a collection B C T with the property that every U € T is a union of finite
intersections of elements of 7

Example 3.65. The collection of sets
{px' (V)| U € Tx}U{py' (V) |V € Ty}
is a sub-basis for the product topology on X x Y.

To check that a map f : X — Y is continuous, it is enough to check
that f~1(B) € Tx for all B in a sub-basis for 7y, since any open set in
Y is a union of intersection By N - -+ N By, therefore f~1(V) is a union of
sets f71(ByN---NBy) = f (BN B)N---N f~1(By) which is open
in X. This is the principle we used in the proof of the second statement of
Theorem 3.64.

3.5. Infinite Products. We now define the product of an arbitrary collec-
tion of topological spaces. First, we need to define the product of an arbi-
trary collection of sets.

Definition 3.66. Let A be a set and let {X,}aca be a collection of sets
indexed by A. The product of the collection is defined by

[[Xo={r:A4=JXalVaeA, fla)e X}

acA a€A
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Note that this is a definition purely in set theory. The sets A and X, are
not assumed to have any topology, and the functions f : A — |J, X, are
arbitrary functions on sets.

Example 3.67. Suppose A = {1,2}. Then a function f : {1,2} — X;UX,
with f(1) € X; and f(2) € X, is completely determined by the pair of
values f(1) = x; € X and f(2) = 9 € Xy. thus

H Xo = {(x1>$2) | r1 € X1,29 € Xg} = X1 X Xo,
ac{l1,2}

the usual definition of the Cartesian product X; x Xo.

Similarly, for a finite set A = {1,2,...,n}, [[,.4 Xa gives the usual
product {(z1, 22, ..., 2.} x; € Xi} = X1 ... X,

Example 3.68. If A = N, the natural numbers, and X; = X forall i € N,

then
HX = X" = { Sequences {z;};en}

i€N
the set of all sequences in X.

One formulation of the Axiom of Choice is the following statement:
If A#Oandoralla € A, X, # 0, then [[,_, X, # 0.

In other words, the functions f : A — J,c4 Xo With f(z,) € X,
“choose”, for each v € A, an element of X,. The axiom of choice is the
statement that these choices are always possible. Note that there is no issue
here if A is a finite set. The axiom is only needed for arbitrary cardinality.

3.5.1. Topology on an Infinite Product Space. Assume now that A is an
arbitrary set and that each of the sets X, has a topology 7. For each finite
subset F' = {a,...ax} C A choose sets U,, € T,, and let

Ur =Uy X - X U,, X H X,
aFo;
in other words,

(21) Up ={f: A= U X, | f(a) €U, forall « € F}

Theorem 3.69. Let B x,, denote the collection of all the Ur. Then By x,,
satisfies the conditions of Theorem 3.61, hence is the basis for a topology

on HaeA X,.

Proof. The proof is very similar to the proof of the case of two factors in
63.4.2. We replace equation (20) by the following formula: given two finite
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subsets F, F' C A and open sets {U, |a € F} and {U., | o/ € F'}, let
F" = FUF'. Then,forp e F”, let

v, — Us ifBeF, and V- Uy, ifpel’
Xp otherwise. g Xp otherwise.

Thenlet Vi = [gepn VaxIlggpn Xpand Vi = [1gepr VaxTlgp Xs-

Then
Up VU = Vi WV = [T (Van V) x [ Xo
BEF" BEF"
Denoting the last space V}.,, we get Uy N UL, = V., so B is closed under

finite intersections and therefore is a basis for a topology.
U

Definition 3.70. The topology on || X, defined by the basis B consisting
of all the sets U is called the product topology.

Just as in the case of two factors we have projections, for each o« € A

Pa: [] Xor — Xo defined by pa(f) = f(a) € X,
a’eA
In this definition we have used the notation of Definition 3.66: an element
of [[,c4 Xao is a function f : A — (J X, with the property that, for each
ac A fla) e X,.

Theorem 3.71. Let (X, To)aca be a family of topological spaces, let X =
[1,ca Xa» and, for each oo € A, let p, : [[ Xor — X, be the projection

(1) The product topology is the smallest topology on X that makes all
projections p, : X — X, continuous.

(2) If (Z,Tz) is any topological space, amap [ : Z — X is continuous
if and only if all compositions p, o f are continuous.

Proof. Similar to the proof of Theorem 3.64. Here we use the fact that the
collection of all sets p,*(U), where U is open in X,, is a sub-basis (see
§3.4.3) for the topology of the product space. U

Remark 3.72. The most important feature of the definition of the product
topology is that the open Uy in the basis restrict only finitely many factors.
Looking at the formula in Definition 3.66 makes this very clear: f(«) € U,
for all « € F puts no restriction on the values of f on A\ F. If Ais an
infinite set, then the elements of U are arbitrary on most of their domain.
One could define other topologies making more restrictions, for instance,
we could choose open sets Ua C X, for each o € A and take for a basis
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the sets {f : A — UX, |f(a) € U, forall &« € A}. This would define a
topology (called the “box topology”). It makes all the p, continuous, but
it’s larger than the product topology, so (1) of Theorem 3.71 is true. Part
(2) of the same theorem is also false. See, for example, [4, 9] for a more
detailed discussion of the product topology.

3.6. The Cantor Set. A very interesting example of an infinite product
space is provided by the Cantor set. We first recall its construction as a
subset of the unit interval [0, 1] C R:

Start with the unit interval [0, 1], divide it into three equal intervals, and
remove the open middle interval. What remains is C; = [0,1] U [2,1].
Iterate this construction: to each interval apply the same process: divide it
into three equal intervals, remove the open middle interval. For instance,

the next step is

C2=10.5) U [5,3] U ,g) U 51

Continue. At the nth stage we get (), a union of 2" intervals. Moreover the
C, are nested: C; D (3 D .... Consequently

C=[)Cn#0
n=1

This is the Cantor set C'. See Figure 20

I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 20. Constructing the Cantor Set
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Observe that, by definition of the ternary expansion of a real number
C:{ia—ﬂai:OorQ}
=1 3

Removing the middle thirds removes all points with a one in their ternary
expansions, except for right hand endpoints of the intervals, which have two
ternary expansions: a finite one ending with a one, or an infinite one with
2 repeated infinitely often. In particular, the elements of C' have a unique
ternary expansion using only 0 and 2. In other words, the map

o
a;

3

=1

(22) t:{0,2}% — C definedby t({a;}) =

is bijective.

Theorem 3.73. Give {0, 2} the discrete topology, give {0,2}" the product
topology and give C' the topology as a subspace of |0, 1] (equivalently, the
metric topology from [0,1]). Then the map t : {0,2}Y — C defined by
equation (22) is a homeomorphism.

Proof. We will prove that ¢ is continuous. The continuity of ¢~ will be
done later. Fix a sequence a® = {a?} € {0,2}" and let € > 0. Then choose
ig so that = < e If {a;} € {0,2}" and a; = a? for i < iy, then

3%
= |a; — al =2 1
@3 e —t{a NI <D o <Y S=an <e
io+1 i9+1
where we used the geometric series to compute
=2 2 -1 23 1
I T DI e AT
io+! 0
Thus if we let
(24) U= {{a;} € {0,2}"" | a; = a fori < ip}

then U is an open set with a® € U C t~'(B(t(a"), €). Since a” and e are
arbitrary, ¢ is continuous. U

Remark 3.74. Observe how the inequality (23) leads to the open set U in
the product topology described by equation (24). Restricting the “tail end”
of the geometric series ) 5+ can be achieved by restricting only finitely
many a;.
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4. SUBSPACES AND QUOTIENT SPACES

Let X and Y be sets and let f : X — Y be a map. We know from
Examples 3.37 and 3.38 that f is continuous if either the discrete topology
is given to X (the largest possible topology) or if the indiscrete topology
is given to Y (the smallest possible topology). We want to find optimal
intermediate topologies that make f continuous under the assumption of a
given topology on the domain or target.

Theorem 4.1. Let X and Y be setsandlet f : X — Y.

(1) Given a topology Ty on'Y there is a smallest topology Tx on X that
makes | continuous, namely Tx = {f~Y(U) : U € Ty }.

(2) Given atopology Tx on X there is a largest topology Ty that makes
[ continuous., namely Ty = {U C Y : f~Y(U) € Tx}. (In this
case we usually only consider the case where f is surjective.)

Proof. To prove (1), note that if we let Ty be as in the statement, then
X=f1Y)eTxand @ = f~1(0) € Tx. Since f~H(UU,) = Uf 1 (U,)
and f~1(U) N f7Y(V) = f~YU N V) it follows that T is closed under
arbitrary unions and finite intersections (since 7y is), thus Tx is a topology
on X. If T is any topology on X so that f is continuous, then forall U € Ty
we have that f~!(U) € T. Therefore Ty- C Y, in other words, 7y is the
smallest topology making f continuous.

To prove (2), we check, using the same ingredients as in the first part, that
Ty is a topology on Y. If T is any topology on Y so that f is continuous,
then, given U € 7T, we must have that f‘l(U ) € Tx, in other words,
U € Ty, therefore 7 C Ty and Ty is the largest topology that makes f
continuous.

Note that if U C Y\ f(X) is any subset, then f~1(U) = 0 € Tx, thus
U € Ty. Thus Ty gives Y \ f(X) the discrete topology. Since this has
nothing to do with the map f, it is only reasonable to consider the case
where f is surjective in part (2).

O

Remark 4.2. By taking complements, we could equally well have defined
the topologies of Theorem 4.1 in terms of closed sets. In other words, for
part (1), we could have defined Tx as the topology whose closed sets are
{f7%(F) : F C Y isclosedin Ty}. Recall that this means that Tx =
{X\ fY(F): FCYisclosedin 7y }. Then Ty is a topology on X and it
is the smallest topology that makes f continuous.
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Similarly, for part (2) of Theorem 4.1, we could define 7y as the topology
whose closed sets are {F : f~!(F) isclosedin Tx}. The equivalence of
the two definitions in both parts follows, as usual, from the identity f~(Y"\

F) =X\ f71(F).

4.1. The Subspace Topology. We specialize the first part of Theorem 4.1
to the case that X C Y and f is the inclusion. The resulting topology of
X 1is called the subspace topology. More explicitly, observing that in this
case, for U C Y, f~1(U) = UnN X, we get the following description of the
topology:

Definition 4.3. Let (Y, Ty) be a topological space, and let X C Y. The
subspace topology Tx on X is definedtobe Tx ={UNX : U € Ty }.

The subspace topology can be hard to picture. We give a couple of situa-
tions where it is a familiar topology.

Recall that in (1.2.1) we defined a subspace of a metric space. in the
present context, suppose 7y is the metric topology of a metric d on Y and
let ' = d| x«x be the subspace metric on X.

Theorem 4.4. Let (Y, d) be a metric space, let X C Y and Ty = Ty the
metric topology. Then the subspace topology Tx agrees with the metric
topology Ty of the subspace metric d' = d|x x.

Proof. Observe that if + € X and r > 0, then Bx(z,r) = {y € X :
dlz,y) <r}={y €Y :d(z,y) <r}nNX = By(z,r)NX, thus Bx(x,r)
is open in the subspace topology, thus any open set in the metric topology
is open in the subspace topology. Conversely, if U C X is open in the
subspace topology and x € U, then there exists an open set IV C Y so that
U =V nNX. Since V is open, there exists > 0 so that By (z,r) C V.
Then Bx(x,r) = By(z,r)NX C U = VN X, thus U is open in the metric
topology of X. U

Another situation where it is simple to see the subspace topology is the
following:

Theorem 4.5. Suppose X is openinY. Then a subset U C X is open in X
if and only if it is open in Y. Similarly, if X is closedinY’, a subset F' C X
is closed in X if and only if it is closed in Y.

Proof. Suppose X isopeninY and U C X is open in X. Then there exists
anopenset V' C Y suchthatU = XNV. Since X isopeninY,sois XNV,
so U isopenin Y. Conversely, if U C X isopeninY,then U = X NU is
open in X . The proof for closed subsets is similar. U
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4.2. Compact Spaces. Let (X, 7 ) be a topological space. An open cover
U of X is a collection U = {U,}a4 of open sets (elements of 7), so that

U,BEB Us
X =],
a€cA
A finite subcover of U means a finite subcollection U,,,,...,U,, of U so
that

X=Uy, U---UU,,.
Using this language, we have the following definition:

Definition 4.6. A ropological space (X, T) is called compact if and only
if every open cover of X has a finite subcover. A subset Y C X of a
topological space (X, T) is called compact if and only if it is a compact
topological space when given the subspace topology (Definition 4.3) from
(X, T)

Explicitly: (X, 7) is compact if and only if, whenever U = {Up, }aca is a
collection of open sets such that X = Ua U,, there is a finite subcollection
Usyy .- Uy, of Usothat X =U,, U---UU,,. IfY C X, then, using the
definition (Definition 4.3) of the subspace topology, it is easy to see that Y
is compact if and only if whenever U = {U,} is a collection of open sets in

X with
Y c|JU.,

then there exists a finite subcollection U, , . .., U,, of U with
Y CUy U---UU,,.

Example 4.7. (1) Let X be finite. Then X is compact.

(2) Let (X, Taisc) be infinite and have the discrete topology. Then X is
not compact. In fact, the open cover i = {{z} : x € X} is an open
cover of X that has no proper sub-cover.

(3) R is not compact: The open cover U = {(—n,n) | n € N} has no
finite subcover.

(4) Let X = {2 |[n € N} U{0} C R. then X is compact. Reason:

(a) LetUd = {U,} beopeninR and X C |, U,.

(b) There is oy such that 0 € U,,,.

(c) There is N € N such that % e U,, foralln > N.
(d) For 1 <n < N, choose U,, with £ € U,,.

(¢) Then X C Uy, U---UU,,.

It is difficult to apply Definition 4.6 directly to prove that a space is com-
pact. The above examples are not typical in this respect. It is easier to
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prove that a space is not compact. It is also easier to derive some proper-
ties of compact spaces, and to prove compactness of some spaces given the
compactness of some other space. Here are some examples.

Theorem 4.8. (1) Let X be compact and C' C X be closed. Then C' is
compact.
(2) Let X ba a Hausdorff space and let C C X be compact. Then C'is
closed.
(3) Let X be a compact metric space. Then X is bounded: there exists
a constant C' > 0 such that d(z,y) < C forall z,y € X.

Proof. (1) Let U be a collection of open sets in X with C' C (JU, and
let V=UU{X \ C). Then V is an open cover of X, hence it has a
finite sub-cover which consists of finitely many elements of ¢/ and
possibly X \ C' Since the latter is disjoint from C, the finitely many
elements of U cover C.

(2) Suppose X is Hausdorff, C C X is compact, and z ¢ C. For
each y € C there exist neighborhoods U, of y and V), of x so that
U,NV, = 0. Since ¢ C U,U, and C is compact, there exist yy, . .. y»,
so that

¢ccu,u---ul,,
Let

V=Vn-ny,
Then V is a neighborhood of x and V N U,, = @ fori = 1,...,n.
Thus

VN (U,U---uU,) = 0
Since C' C Uy, U---UU,,, it follows that V N C' = (. Therefore
X \ C is open, thus C' is closed.
(3) Fix zp € X and letd = {B(zo,n) | n € N}. Then U is an open

cover of X. Take a finite subcover and let NV be the largest radius of

a ball in this subcover. Then, for all z € X, d(xp,z) < N, thus for
all z,y € X, d(z,y) < 2N.

[l

We recall the statement of the Heine-Borel theorem characterizing com-
pact subsets of R" (with Euclidean topology). We hope this is a familiar
theorem whose proof you have seen in a previous course.

Theorem 4.9. Let X C R". Then X is compact if and only if X is closed
and bounded.
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4.2.1. Continuous maps and compactness. One reason for the definition
of compactness is that it makes the following theorem almost obvious:

Theorem 4.10. Let X, Y be topological spaces, let f : X — Y be contin-
uous, and let C C X be compact. then f(C') is compact.

Proof. Take an open cover U = {U,} of f(C), then f~Y(U) = {f~1(U,)}
is an open cover of C. Choose a finite subcover { f~'(U,,},i = 1,...n of
C. Then {U,,},i =1,...,ncovers f(C). O

This theorem, combined with the Heine-Borel theorem and other facts
about compactness (say, as in Theorem 4.8) has many traditional applica-
tions. For example, a continuous real valued function on a compact set
attains its maximum and its minimum. Here are some other applications:

Theorem 4.11. Let X be a compact space, let Y be a Hausdorff space, and
let f: X — Y be continuous.

(1) If C C X is closed, then f(C) C Y is also closed. (terminology: f
is a closed map).

(2) Suppose, in addition, that f is bijective. Then f is a homeomor-
phism.

Proof. (1) By (2) of Theorem 4.8 C' is compact, by Theorem 4.10 f(C')
is compact, by (1) of Theorem 4.8 C'is closed.
(2) If f is bijective, then f~' : Y — X exists and (f~1)71(C) = f(O)
is closed in Y for all C closed in X, hence f~! is continuous.

0

4.2.2. Compactness and Products. In the homework you are asked to
prove that if X and Y are compact topological spaces, so is X x Y. This is
not too difficult to prove, but it takes a litle bit of work. It is a remarkable
feature of the product topology that this remains true of infinite products,
with the product topology as defined in §3.5.1. This is known as Tychonoff’s
Theorem:

Theorem 4.12. Let A # () and let { X, }aca be a collection of non-empty
spaces indexed by A. Then, if all the X, are compact, [] .., X, is also
compact.

acA

Proof. This would take us too far from our path. See [4, 9] for proofs. [

If we accept this fact, then we can finish the proof of Theorem 3.73.
Recall we had a map ¢ : {0,2}' — C from the infinite product space
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{0, 2} to the Cantor set C' C [0, 1], and we proved that ¢ is a continuous
bijection. Now we know by Theorem 4.12 that {0, 2}" is compact, and from
Theorem 4.11 we know that ¢ must be a homeomorphism. This finishes the
proof of Theorem 3.73.

4.3. The Quotient Topology. We now turn to the second part of Theo-
rem 4.1. This theorem justifies making the following definition:

Definition 4.13. Let (X, Tx) be a topological space and let q : X — Y be
surjective.

(1) The quotient topology, also called the identification topology on Y
is the topology Ty = {U CY : ¢ (U) € Tx}.

(2) A surjective continuous map q : X — Y between topological
spaces (X, Tx) and (Y, Ty) is called an identification if Ty is the
quotient (or identification) topology just defined.

In other words, a surjective map ¢ : X — Y is an identification if and
only if U C Y is open if and only if ¢~'(U) is open in X. Equivalent
formulation: a surjective map ¢ : X — Y is an identification if and only if
F C Y isclosed in Y iff and only if ¢~ !(F) is closed in X.

Let us keep some concrete examples in mind as we develop this concept.

Example 4.14. Let S C R? be the unit circle. Define f : R — S! by
f(t) = (cost,sint). Let fi = fljo2x : [0,27] :— ST and let fo = fljo2n) :
0,27) — St. All three of f, f, and f, are continuous surjections. Let’s
prove that f and f; are identifications, but f; is not. To show that a contin-
uous map f is an identification is the same as showing that for all subsets
A of the target, f~'(A) open implies that A is open. For f this is true,
because f has the property that for any open V' C R, f(V/) is open in S*.
This is clear because it is clear that small (meaning, say, of length less than
7) open intervals in R have open image in S', and all open sets are unions
of small intervals. So, if A C S has the property that f~!(A) is open in
R, then f(f~'(A)) is open in S'. But for a surjective map we have that
F(f7)(A) = A, thus A is open.

To prove that f; is an identification, let A C S* and suppose f; *(A) is
open in [0, 27]. If t € f;*(A), we consider two cases:

(1) t € (0,27). Then there exists € > 0 so that (¢t — ¢, +€) C (0, 2m)
and f1((t — €, + €)) is a neighborhood of f(t) contained in A.

(2) t = 0 ort = 2m. Then we must have that the other endpoint 27
or 0 is also in f; '(A), since f1(0) = f1(27) = (1,0) € S'. Then
there is an € > 0 so that [0,¢) U (27 — €] C f; '(A), therefore
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f1([0,€) U (2 — €,27]) = f((—¢,¢€)) is a neighborhood of fi(t)
which is contained in A.

Therefore, in both cases we found a neighborhood of each point of A which
is contained in A, so A is an open set and f; is an identification.

But for f; the situation is different: If A = {(cost,sint) : 0 <t < 7},
then A is not open in S* but f;'(A) = [0,7) which is open in [0, 27).
Therefore f5 is not an identification.

Let us formalize the proof just given that f is an identification:

Definition 4.15. A map f : X — Y of topological spaces is called an open
map if and only if, for all open U C X, f(U) C Y is open. Similarly, f is
called a closed map if and only if, for all closed F C X, f(F) C Yisa
closed set.

Example 4.16. Let f : R> — R be defined by f(z,y) = x (projection to the
first factor). Then f is an open map (because f(B(x,y),r) = (x —r,z+7)
is open in R and the collection { B((z,y),7) : (z,y) € R?,r > 0} is a basis
for the topology of R?). But f is not a closed map: let F' = {zy = 1} (a
hyperbola). As the zero set of a continuous function it is a closed set, but
f(F) = {z # 0} which is not closed in R.

The argument given for f in Example 4.14 shows the following:

Theorem 4.17. Let X and Y be topological spaces and let f : X — Y
be a continuous surjection and an open map. Then f is an identification.
Similarly, if f : X — Y is a continuous surjection and a closed map, then
f is an identification.

Proof. We have to prove that U C Y is open if and only if f~1(U) is open.
Since f is continuous, U open implies that f~1(U) is open. Since f is an
open map, f~*(U) open implies that f(f~(U)), and since f is surjective,
f(f~1(U)) = U, thus U is open. Similarly, if f is a continuous surjection
and a closed map, we prove in the same way that ' C Y is closed if and
only if f~1(F) is closed, hence, by Remark 4.2, Y has the quotient topology
and f is an identification.

O

Remark 4.18. Theorem 4.17 gives sufficient conditions for f to be an iden-
tification. But these are not necessary conditions. For example, the map f;
of Example 4.14 is not an open map: [0, 7) is open in [0, 27| but f([0, 7))
is not open in S'. Also the map f of the same example is open but not
closed: Let F = {X + 27n : n € N}. Then F is a discrete subset of R,
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hence closed, but f(F) = {(cos(%),sin(+))} is not closed since it does not
contain its limit point (1, 0).

The reason that the terms “quotient” or “identification” topology are used
is that we often apply this to quotients by equivalence relations. We could
also think of quotients as making suitable identifications. We could say the
following:

Remark 4.19. Let X and Y be two sets. Then the following are equivalent:

(1) A surjective map fgX — Y.

(2) A partition of X into disjoint sets indexed by Y, that is, a collection
{X, }yey where, for each y, X, C X, X = Uyey X, and X, N
X,, = (0 whenever y; # ys.

(3) Anequivalence relation on X with equivalence classes in one to one
correspondence with the elements of Y.

The equivalences are easy to see: Given (1), define the partition in (2) by
X, = ¢ *(y), and given the partition (2), define ¢ : X — Y by ¢(z) =y
if and only if x € X,. Thus (1) is equivalent to (2). Similalrly, given a
partition (2), define an equivalence relation on X by x; ~ x5 if and only
if thereisay € Y so that z; € X, and xo € X,. This is easily checked
to be an equivalence relation, and its equivalence classes are in one to one
correspondence with the elements of Y, thus we have (3). Finally, given
(3), define the partition of X to be the equivalence classes. Since these are
in one to one correspondence with Y, we can label them as { X, },cy, and
this gives (2).

The following theorem gives a useful characterization of the quotient
topology.

Theorem 4.20. Let X,Y and Z be topological spaces. Suppose that maps
q and g are given as in the following diagram, and that q is an identification.

X &z
(25) a| 79
Y

Then g is continuous if and only if g o q is continuous.

Proof. If g is continuous then certainly gogq is continuous by Corollary 3.14.
What is specific to the identification topology is the converse, which is



5510 NOTES 69

proved as follows: if g o ¢ is continuous, then for each open U C Z,
(goq) ' (U)isopenin X. But (goq) ' (U) = ¢ (g7 (U)), thus, since ¢
is an identification, g~!(U) is open in Y, so g is continuous. O

This theorem is usually applied in the following equivalent form. Sup-
pose that ¢ : X — Y is an identification as in the theorem, and suppose
we are given a continuous map h : X — Z with the property that A is
constant on the fibers of ¢ (the sets ¢~ '(y), y € Y). In other words, sup-
pose that h(x) = h(z") whenever q(z) = ¢(z’). Then we can define a map
g Y — Z as follows: given y € Y, choose x € X so that ¢(z) = y, and
define g(x) = h(z). The above condition implies that this is well=defined:
Given y € Y, if we choose 2’ so that ¢(z') = y, then q(z) = ¢(2’), so,
by the assumption on h, h(xz) = h(x’), so the point ¢g(y) depends just on
y, and not on the representative = chosen to define g(y). We then have the
following theorem:

Theorem 4.21. In the following diagram, suppose that X,Y and Z are
topological spaces, q is an identification and h is constant on the fibers of
q, so that the map g as in the above discussion is well-defined.

X 5 z
(26) a| 79
Y

Then g is continuous if and only if h is continuous.

Proof. Since, by the definition of g, h = g o ¢, this is the same as Theo-
rem 4.20. 0

Example 4.22. We can apply this Theorem to the identification f : R — S*
of Example 4.14. Say we take Z = RR, then we obtain the familiar fact that
there is a one-to-one correspondence between continuous periodic functions
on R, with period 27, and continuous functions on the circle S*.

Example 4.23. One word of warning: it can easily happen that ¢ : X —
Y is an identification, X is Hausdorff, yet Y is not Hausdorff. Here is a
standard example. Let X = R x 0UR x 1, the disjoint union of two copies
of R. It can be visualized as the subspace {(x,0) : z € R} U {(z,1) : x €
R} C R?. Let

rXx0~zxlifzx <0

and let Y = X/ ~. In other words, the equivalence classes have two
elements (x x 0 and x x 1) for x < 0, one element (either x x 0 or x X 1)
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for x > 0. One attempt to picture it would be as in Figure 21. The figure
suggests that the two points 0 x 0 and 0 x 1 are distinct (as they are in
the identifcation space, that cannot be drawn in the plane). If U is any
neighborhood of 0 x 0in Y, then ¢~ *(U) C X contains

(—€,€) x 0U (—¢,0) x 1 for some e > 0
Similarly, if V' is any neighborhood of 0 x 1in Y, then ¢~ (V) contains
(—€,0) x 0U (—¢,€) x 1 for some € > 0

thus U NV contains ¢((—e¢,0) x 0)) # (. Thus Y is not Hausdorff.

!
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FIGURE 21. A non-Hausdorff Identification

This should be compared with a Hausdorff identification that looks very
similar. Start from the same X, call it X, but change the equivalence rela-
tiontox X 0 ~ x X 1 for x < 0. Then the “bad ” points 0 x 0 and 0 x 1
are no longer distinct in the quotient Y7, and Y; is indeed Hausdorff. See
Figure 22

Example 4.24. A more extreme example would be the identification ¢ :
R — R/Q. What is the quotient topology on R/Q (from the usual topology
on R)? Here R/Q is the usual quotient group, the set of cosets {x+Q | = €
R}. In other words, the equivalence relation on R is z ~ y if and only if

r—yeqQ.
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On

(24

FIGURE 22. A Hausdorff Identification

4.4. Surfaces as Identification Spaces. We now apply Theorem 4.21 to
define various surfaces. The procedure is in some cases similar to what we
saw in Example 4.14 when we saw the circle could be described either as
a quotient of R or as a quotient of [0, 27]. See Chapter 4 of [6] for more
discussion (and pictures) of this procedure.

Example 4.25. We can picture the torus (= surface of a doughnut) as a
surface of revolution in R?, obtained by rotating a circle of radius one
centered at (2,0,0) about the z-axis. As such it has parametric equations
(z,y,2) = ((2 4+ cos ) cosB, (2 + cosp)sinf,sing), 0 < 0, ¢ < 27. In
the same way that we showed in Example 4.14 that S! is an identification
space of R, we can show that the torus is an identification space of R?,
where the equivalence relation on R? is (z,y) ~ (z + 27m, y + 27n) for all
m,n € Z. We can picture the equivalence classes as translating (x,y) by
any element of 2772, where Z* C R? is the integral lattice. From now on
it would be convenient to reparametrize to get rid of the factors of 27, and
let’s agree that by forus we mean the quotient of R? by the equivalence rela-
tion (z,y) ~ (x+m,y+n) forall m,n € Z. This quotient space is denoted
R?/Z2, and we write p; : R? — R?/Z? for the natural map (“projection”)
that to (z,y) assigns its equivalence class (x,y) + Z.

Now, there is a more economical way to represent the torus, just as we did
with S' in Example 4.14. Namely, let S = [0, 1] x [0, 1] be the unit square.
Then the composition of the inclusion of S in R? with the projection of R?
to R?/Z? is surjective, and identifies certain points on the boundary of S:
let ~ be the equivalence relation (x,0) ~ (z,1) and (0,y) ~ (1,y) on S
(meaning that these are the equivalence classes with more than one element,
the points (z,y) with 0 < z,y < 1 are equivalent just to themselves). Note
also that (0,0) ~ (0,1) ~ (1,0) ~ (1,1), thus this one equivalence class
has 4 elements, while the equivalence classes (z,0) ~ (z,1) for0 < z < 1
and (0,y) ~ (1,y), for 0 < y < 1 have two elements. We write p : S —
S/ ~ for the natural map that to (x, y) assigns its equivalence class.
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The conventional way of describing this identification space is to draw a
square and indicate by arrows which sides are identified and how. Sides
with similar arrows are identified, imagining that we travel at the same
speed on both sides in direction of the arrow, and identify corresponding
points. The identfication space T = S/ ~ just defined would be indicated
as follows:

(0% - (n1

@,0) - (L
FIGURE 23. Torus

We will see more examples below of how these conventions are used to
define identification spaces.

The above convention describes the set S/ ~. The topology on this set is
the identification topology resulting from the topology on S. This just fol-
lows from the definitions, but, if we want to picture the topology explicitly,
we picture the sets p~*(U). It is enough to give a basis. If (z,y) € S°, the
interior of S, then we can take balls B((z,y),e) C S° for small enough e.
If we take a point (z,0) with 0 < z < 1, then any set p~*(U) that contains
(x,0) must also contain the equivalent point (x, 1) and a neighborhood of
that point. So in our basis we could choose neighborhoods of p((z,0)) to
have pre-image Bs((x,0),€) U Bg((x,1),€) for ¢(x) sufficiently small. By
Bg we mean a ball in the metric space S as a subspace of R2. Similarly for
(0,y) we could choose Bs((0,y),¢) U Bs((1,y), €). The picture is:

Lo

FIGURE 24. Neighborhoods in Identification Space

Finally for a corner we get Bg((0,0)e) U Bg((1,0),€) U Bg((0,1),¢) U
Bs((1,1),¢€):

The two description we have given of the torus 7' can be summarized in
the following commutative diagram
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FIGURE 25. Neighborhood of the Corner

s 25 Rrzp
pi L
T=5~ -4 R?7Z

By Theorem 4.21 we see that g is continuous. Moreover, from the very
definition of S/ ~, we see that g is a bijection: each point of S contains at
least one member of each equivalence class in R?/Z?, thus g is surjective.
And two points in S are equivalent under ~ if and only if they are equivalent
in R? under translation by the integral lattice Z?2, so g is injective. From the
definitions of the topologies we see that g is an open map: The images of
the basic open sets just described for 7" are the sets whose pre-image under
p; are the sets U{B((z + m,y + n)e) : m,n € Z}, which are open in R2.
Since an open continuous bijection is a homeomorphism, we see that g is a
homeomorphism.

Since we have these two descriptions of the torus, we choose the more
economical one as the official definition:

Definition 4.26. The torus T is the identification space T = S/ ~ of the
unit square S as just defined in the previous example.

We can use the same pattern to define other surfaces. For example:
Definition 4.27. The Klein Bottle K is the identification space K = S/ ~

of the unit square S where (x,0) ~ (z,1) and (0,y) ~ (1,1 — y), with the
quotient topology.

Thus using the convention we explained above when describing the torus,
K can be described by the diagram

Note that the horizontal arrows go in the same direction indicating (x, 0) ~
(x, 1) while the vertical arrows go in the opposite direction indicating (0, y) ~
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~
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A 4

FIGURE 26. The Klein Bottle

(1,1 — y). The quotient topology can be explicitly defined and illustrated
in a fashion analogous to the discussion of the torus in Example 4.25.

While the identification of the torus 7" with a surface in R3 is easy to
visualize (see, for example, p. 300 of [7]), the Klein bottle can only be
realized as a surface with self-intersections. See p. 308 of [7] for pictures
and explanation.

Here’s a more familiar surface. Make sure you make a paper model to
make the definition concrete.

Definition 4.28. The Mobius Band M is the identification space M =
0,1] x [=1,1]/(0,y) ~ (1, —y), with the quotient topology. (This is also
called the closed Mobius band. A variation of the definition would be the
open Mdbius band, the quotient [0,1] x (—1,1)/(0,y) ~ (1,—y))

Thus the identification picture for M would be

FIGURE 27. The Mo6bius Band

Follow the identifications to verify that the top and bottom line combine
to give a closed curve (homeomorphic to a circle). In fact, the horizontal
line in the middle, {(z,0) : 0 < x < 1}, is a circle, and every pair of
horizontal lines equidistant from this central line also gives a circle (twice
as long as the middle one). Verify this in the identification picture, and also
in a paper model.
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Finally, as a more challenging exercise in visualization, we could define
the surface of genus two as the quotient of an octagon in the plane by the
identifications in the boundary indicated in Figure 28. See the pictures in

FIGURE 28. A Surface of Genus Two

pp. 300-301 of [7] to see in more detail how the identifications on the
boundary of the octagon indicated on the top picture leads to the surface in
the bottom picture.

5. CONNECTED SPACES

A topological space X is said to be disconnected if there exist open sets
U,V C X, both non-empty, so that U NV = () and X = U U V. If such
open sets exist, we say that U, V' disconnect X . A topological space is said
to be connected if it is not disconnected, in other words:

Definition 5.1. A topological space X is connected if and only if, whenever
U,V C X are disjoint open sets such that X = U UV, then either U = ()
orV =1).

Theorem 5.2. The following conditions on a topological space X are equiv-
alent:

(1) X is connected.

(2) If E, F C X are disjoint closed subsets so that X = FE U F, then
either E = () or F = ().

(3) The only subsets of X that are both open and closed are X and ().

(4) Every continuous map f : X — {0,1}, (where {0, 1} has the dis-
crete topology) is constant.
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Proof. By taking complements it is clear that (1) and (2) are equivalent. A
subset A C X is both open and closed if and only if both A and X \ A are
open, and these two sets are disjoint and their union is X, so (1) and (3) are
equivalent. If f : X — {0, 1} is a continuous function, then U = f~1({0})
and V = f~!({1}) are disjoint open sets whose union is X, and if U,V
are disjoint open sets whose union is X, then the function which is 0 on U
and 1 on V' is a continuous function from X to {0, 1}, so (1) and (4) are
equivalent. U

One reason for the choice of definition of connectedness is to make the
following theorem clear:

Theorem 5.3. Let XY be topological spaces and let f : X — Y be a
surjective continuous map. If X is connected, then Y is connected.

Proof. Suppose Y is not connected and suppose U, V' disconnect Y. Then
F~HU) and f~1(V) disconnect X, since they are disjoint open sets whose
union is X, and the surjectivity of f guarantees that they are both non-
empty. U

Corollary 5.4. Suppose f : X — Y is a homeomorphism. Then X is
connected if and only if Y is connected.

Example 5.5. It is easy to give examples of disconnected spaces: A discrete
space with more than one point, R \ {0} = (—00,0) U (0,00), etc, are
disconnected spaces. It is harder to give examples of connected spaces.
One non-trivial example of a connected space would be the space (R, 7)
of Example 3.36, because, as we saw in Example 3.51, any two non-empty
open sets in (R, 7;) have non-empty intersection, so we cannot possibly
disconnect this space.

The main non-trivial example of a connected space is the unit interval.
Note that the proof of connectedness has to use the completeness of R,
which we do in the form of the existence of the infimum of a non-empty set
which is bounded below.

Theorem 5.6. The interval [0,1] C R is connected.

Proof. Suppose [0, 1] = UUV where U, V' are disjoint open sets with union
0, 1], and label them so that 0 € U. If V' # (), then a = inf(V') € R exists.
Moreover, a must be a limit point of V' (if this is not a familiar fact, prove
it as an exercise in the definitions). In particular, since [0, 1] is closed in R,
a € [0,1] We cannot have a € U because U would be a neighborhood of a
disjoint from V', contradicting that « is a limit point of V. We cannot have
a € V because, if so, we would first have ¢ > 0 because 0 € U, and then,
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since V' is open, there would be an € > 0 so that (a—e, a| C V/, contradicting
that a is a lower bound for V. Thus V' = () and [0, 1] is connected. O

Once we have this example of a connected space we can derive many
others. In order to do this, it is useful to use the following concept:

Definition 5.7. A topological space X is said to be path connected if and
only if, for all x,y € X there exists a continuous map ¢ : [0, 1] — X with
#(0) = x and ¢(1) = y. We call such a map ¢ a path from z to y.

Theorem 5.8. Suppose X is path connected. Then X is connected.

Proof. Suppose X is not connected, and let U, V' be disjoint, non-empty
open sets whose union is X. Pick x € U and y € V. If X were path
connected there would be a continuous map ¢ : [0,1] — X with ¢(0) =
r € Uand¢(l) =y €V, thus ¢~ (U) and ¢~ (V') would be non-empty,
disjoint open sets with union [0, 1], contradicting the connectedness of [0, 1].
Thus X is not path connected, proving the theorem. U

Examples of path connected spaces are plentiful, so we get many exam-
ples of connected spaces.

Definition 5.9. A subset C' C R" is called convex if and only if, for all
x,y € C, the straight line segment Ty C C.

Theorem 5.10. Let C' C R" be convex. Then C' is path connected, in
particular, C'is connected.

Proof. Let z,y € C. Since Ty C C, the map ¢ : [0,1] — R™ defined by
o(t) = (1 —t)x + ty has image contained in C' and is therefore a path from
rtoyin C. O

This gives many examples of connected subspaces of R™:
Example 5.11. The following spaces are convex, hence connected:

(1) R™ for any n

(2) Any interval in R.

(3) Any half-space in R™: let [ : R” — R be any linear function and
ce R, then {z:l(x) > c}aswellas {z : l[(z) > c}.

(4) Any ball (open or closed) in any of the metrics dy), d(2), d() Of
Definition 1.26.

The class of convex sets is relatively small, we can visualize many other
path connected spaces. In order to systematically do this, it is useful to have
a concept of concatenation of paths. There are many ways to do this, for
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instance, for many purposes we do not need the domain of our paths to be
0, 1], any interval would do. For other purposes we will see later, it is useful
to always use the domain [0, 1]. Let us make the following definition:

Definition 5.12. Ler ¢,¢ : [0,1] — X be continuous maps, and assume
that ¢(1) = 1)(0). We define the concatenation of ¢ and v, (also called the
composition of ¢ and v), denoted ¢ - 1), to be the map [0,1] — X defined
by

2t if 0<t<?l
wRt—1) if 1<t<1.
Also, let the inverse path of ¢ to be the map ¢~ : [0,1] — X defined by

670 = o1 1)
In particular, =" is a path from ¢(1) to $(0).

Warning: The meaning of inverse path is different from the meaning of
inverse function, even though the same notation is used. It should be clear
from the context what is meant.

This definition is easy to visualize. Say ¢(0) = z, ¢(1) = ¢(0) = y and
(1) = z. Then we are saying that a path from z to y can be followed by
a path from y to z to form a path from z to z. Note that this is the same
construction that we used in Example 1.14 to define a distance function of a
surface in R?, except that now we are making the construction more precise.
Since we choose to parametrize the paths by [0, 1], in order to concatenate
the two paths, we re-parametrize ¢ to have domain [0, %] and ¢ to have
domain [%, 1] and then literally put the re-paremetrized paths next to each
other. The inverse path means running along the same path in the opposite
direction. Clearly the inverse path is continuous, and for the continuity of
the concatenation we just need to check the following:

Lemma 5.13. If ¢,v¢ : [0,1] — X are continuous, and $(1) = 1)(0), then
¢ -1 :[0,1] = X is also continuous.

The proof follows immediately from the following useful general princi-
ple, that we state explicitly for future use:

Lemma 5.14. Suppose X,Y are topological spaces, X = A U B, where
A and B are closed subsets. Suppose we are given maps f : A — Y and
g: B — Y such that f|snp = g|lanp. Defineamap F : X —Y by

o Jf@) i zed
F(z) {g(a:) if x€B.
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Then F' is well defined, and it is continuous if and only if f and g are both
continuous (in the subspace topology). The same statement holds if A and
B are both open sets.

Proof. 1t is clear that F' is well-defined, since f and g agree on A N B.
Since F'|A = f and F|B = g, the continuity of F' implies that of f and
g. Conversely, if f and g are both continuous and C' C Y is a closed set,
then F71(C) = (FY{(CYNA) U (FY{C)n B) = f7Y(C)uU g 1(O).
By Theorem 4.5 we have that f~!(C') and ¢~*(C), which by hypothesis
of continuity are closed in A, B respectively, are also closed in X. Thus
F~1(C) is closed in X, so F' is continuous. The proof for the case in which
A and B are open sets is similar.

O

Lemma 5.13 follows immediately by taking X = [0,1] = [0, 1]U[3.1] =
AU B and f, g the restrictions of the definition of ¢ - v to the two subinter-

vals.

Example 5.15. The space (R?, drg) of Example 1.13 (the French railway
metric) is clearly path connected: given x,y € R? if they are in the same
ray from the origin the straight line segment joining them gives a path be-
tween them, otherwise we concatenate the path from x to 0 with the path
from 0 to y to join them by a path.

Example 5.16. A simple application of Lemma 5.13 is to show that for
n > 2, R™\ {0} is path connected. Let x,y € R™ \ {0}. If 0 ¢ Ty, then
o(t) = (1 — t)x + ty is a path from z to y. If 0 € Ty, then y is a (negative)
multiple of z. Since n > 2, we can choose a vector z linearly independent
from x, hence also linearly independent from y. Let ¢(t) = (1 — )z + tz
and let ¢(t) = (1 — t)z + ty. Then ¢(t) and ¢ (), being linear non-trivial
combinations of x and z, are never 0, so these are paths in R \ {0} from
x to z and from z to y respectively, so by Lemma 5.13, ¢ - v is a path in
R™ \ {0} from z to y, thus this space is path connected.

Question: Why doesn’t the above argument work for n = 1?

We finally have a way to distinguish some topological spaces that should
“obviously” not be homeomorphic :

Theorem 5.17. There is no homeomorphism between R and R™ for n > 2.

Proof. Suppose f : R® — R were a homeomorphism, n > 2. Then
FIR™\ {0} : R\ {0} — R\ {f(0)} would be a homeomorphism. But
R™\ {0} is connected for n > 2 while R\{ f(0)} = (—o0, f(0))U(f(0), c0)
is disconnected, contrary to Corollary 5.4. U
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Remark 5.18. It is more difficult to prove that R” and R™ are not home-
omorphic for m # n, m,n > 2. More subtle topological invariants are
needed to distinguish these spaces.

Remark 5.19. Using the same ideas as in the proof of Theorem 5.17 it
is not hard to prove that [0, 1] and [0,1] x [0, 1] are not homeomorphic.
This of course means that a segment and a rectangle are not homeomor-
phic. This can be used, together with the calculations of the equality sets
in the triangle inequality for the Euclidean and Taxicab distances in R? (see
Examples 1.3 and 1.5) to complete a proof in the homework problems that
these two metric spaces are not isometric (since the equality sets Fy(z, 2)
are not homeomorphic, see the discussion in Example 1.43).

5.1. Connected Components. Let X be a topological space. Define a re-
lation on X by x ~ y if and only if there is a connected subset C' C X
sothat z € C and y € C. This is an equivalence relation: It is clearly
reflexive (z ~ x since {x} is connected), it is clearly symmetric (z ~ y
if and only if y ~ x). It requires a proof to show that it is transitive. To
show that z ~ y and y ~ z implies x ~ z, it would be natural to take con-
nected subsets C';, Cy C X sothat z,y € C} and y, 2 € (5 and argue that
C1UC(C5 is connected. The first part of the following lemma (for a collection
of two connected sets) shows that this is indeed the case, proving this is an
equivalence relation:

Lemma 5.20. (1) Let {C,}aeca be a collection of connected subsets of
X, and assume that NC,, # (). Then UC,, is connected.
(2) Let C C X be connected. Then its closure C'is connected.

Proof. We use the fourth characterization of connectedness from Theo-
rem 5.2. L For the first part, let UC,, — {0, 1} be continuous, and = €
NC,. Then f|c, is a constant, which must be f(zo). Thus f(z) = f(x¢)
for all z € UC,, thus f is constant and UC,, is connected.

For the second part, suppose f : C' — {0, 1} is a continuous function, let
x € C,andleta = f(z). Then f~!({a}) is an open set containing x, thus,
by part (2) of Theorem 3.53, f~'({a}) N C # 0. Lety € C' N f~'({a}).
Then f(y) = a. Since C'is connected, f|¢ is constant, so this constant must
be a, so f(r) = a for any x € C, thus C is connected. O

We are therefore justified in making the following definition:

Definition 5.21. Let X be a topological space. Define two equivalence
relations on X :
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(1) Let x be equivalent to y if and only if there is a connected subset
C C X containing x and y. The equivalence classes are called the
connected components of X.

(2) Let x be equivalent to y if and only if there exists a path in X from

x to y. The equivalence classes are called the path components of
X.

For the second part of the definition, note that the relation in question
is clearly reflexive. The inverse path shows that it is symmetric, and con-
catenation of paths shows that it is transitive. Thus it also is an equivalence
relation. It is clear that path components are contained in connected com-
ponents, and in many, but not all, situations they coincide. See Chapter 4,
Section 6 of [8] for an example where the two notions differ.

Example 5.22. Connected components (and path components) can be used
to distinguish topological spaces. It is clear that homeomorphic spaces have
the same number of connected components, and the same is true for path
components. This can be used, for example, to prove that the subsets of
R? in the shape of the letter X and the shape of the letter Y are not home-
omorphic. There is a point p € X with the property that X \ {p} has 4
connected components, while for every ¢ € Y, Y \ {¢} has at most 3 con-
nected components. So there could be no homeomorphism between X and
Y. Itis a standard exercise to use similar reasoning to classify the letters of
the Roman alphabet up to homeomorphism.

Example 5.23. Connected components can also be used to derive proper-
ties of homeomorphisms of spaces. Continuing with the previous example,
look again at the subset of the plane in the shape of the letter X. It has 5
distinguished points:

e The point p, at the center or the letter X. It is the unique p € X
with the property that X \ {p} has four connected components.

e The points ¢, g2, q3, q4 the extremities of the four edges emanating
from pg. They are the only p € X with the property that X \ {p} is
connected.

Thus, if f : X — X is a homeomorphism, then f(py) = po. Thus
Do 1s a fixed point of every self-homeomorphism of X. Similarly, the 4
points q1, . ..q, must be permuted by any homeomorphism f : X — X.
In particular q, . ..qy are periodic points of f, meaning f*(p) = p for
p € {q,...q4}. The period of a periodic point p of f is defined to be the
smallest k& € N such that f*(p) = p. The possibilities for the periods of
q1, - - -, qs are the divisors of 4, namely 1,2, 4.

Here are some general properties of connected components:
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Theorem 5.24. Let X be a topological space and let x € X, and let C,
denote the connected component of X containing x.

(1) C, is the largest connected subset of X containing x: If A C X is
connected and v € A, then A C C,.
(2) C, is closed in X.

Proof. By definition, C,, = {y € X : there exists a connected set B such that
z,y € B} = U{B C X : Bisconnected and z € B} is a union of con-
nected sets with non-empty intersection. By Lemma 5.20, C, is connected.
Moreover, if A is any connected set containing x, then A is an element of
this collection, so A is contained in its union, in other words, A C C,, as

asserted. To prove the second part, use the second part of Lemma 5.20: C,
is connected, hence C, C C,, hence C,, is closed.

0

5.2. Locally Path Connected Spaces.

Definition 5.25. A ropological space is called locally path connected if it
has a basis consisting of path connected open sets.

Remark 5.26. We could state the condition more explicitly as follows: X
is locally path connected if and only if for every x € X and every open
subset U C X with x € U, there exists a path connected open set V' such
thatz € V C U.

Remark 5.27. In general, given any property P of open sets, a space X is
said to be locally P if and only if it has a basis of open sets with property
‘P. For example, a space is locally connected if it has a basis of connected
open sets.

Example 5.28. (1) If X C R" is an open set, then it is locally path
connected since the balls B(x,r) contained in X form a basis, are
convex, hence path connected.

(2) Let A = {(z,sin(2) : 0 <z < 5=} C R? andlet X = A. Then
X = AU B where B = {(0,y) : —1 <y < 1}. X is connected
since A is connected, but it is not locally connected, hence not lo-
cally path connected. Small neighborhoods in X of points in B are

not connected. See Chapter 4, Section 6 of [8] for more details.

Theorem 5.29. Suppose X is connected and locally path connected. Then
X is path connected.

Proof. Let x € X. Let U = {y € X : there exists a path ¢ : [0,1] —
X from z to y}. We will show:
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(1) U is open: For any y € U there exists an open, path connected
set V C X sothaty € V. If z € V, then there exists a path
Y [0,1] — V with¢(0) = yand (1) = z, Then ¢ : [0,1] — X
is a path from z to z, thus z € U, thus given any y € U there exists
an open set V. C X sothaty € V C U, therefore U is open, as
claimed.

(2) X \ U is open: Suppose y € X \ U. There exists a path connected
openset V C X sothaty € V. Let z € V. Then there exists a path
¥ :[0,1] — V from y to z. If there were a path ¢ : [0, 1] — X from
x to z, then ¢ - ¢~ would be a path from z to y, contradicting the
choice of y. Thus z € X \ U, so by the same reasoning as above
X \ U is open.

Finally, since x € U we know that U # (). Since X is connected we must
have X \ U = (), in other words, X = U, thus X is path connected. O

Remark 5.30. The proof of Theorem 5.29 can be applied to connectedness
by other classes of paths, not necessarily the same as the class of continuous
paths. All that is needed is that the class of paths be closed under concate-
nation and inverse. If X C R" two such classes of paths are the piecewise
linear paths, meaning continuous paths ¢ : [0,1] — X C R” so that there
exists a subdivision of [0, 1] into subintervals so that the restriction of ¢ to
each subinterval is a linear map to R". The class of piecewise differentiable
paths is defined in exactly the same way. Then we can make the following
definitions:

Definition 5.31. Let X C R". We say that X is

(1) piecewise linearly connected if given any x,y € X there exists a
piecewise linear path ¢ : [0,1] — X from x to y. It is locally
piecewise linearly connected if it has a basis of piecewise linearly
connected open sets.

(2) piecewise differentiably connected and locally piecewise differen-
tiably connected are defined in exactly the same way.

Theorem 5.32. Let X C R”

(1) Suppose X is connected and locally piecewise linearly connected.
Then X is piecewise linearly connected.

(2) Suppose X is connected and locally piecewise differentiably con-
nected. Then X is piecewise differentiably connected.

Proof. Same as the proof of Theorem 5.29. U

Corollary 5.33. Let U C R" be open and connected. Then U is piecewise
linearly connected.



84 TOLEDO

Proof. Since balls in R™ are convex, hence piecewise linearly connected, U
is locally piecewise linearly connected. Apply the theorem. U

5.3. Existence Theorems. One application of connectedness is to prove
existence theorems for solutions of equations. One familiar theorem from
real analysis is the intermediate value theorem, that we can formulate in
more generality:

Theorem 5.34. Let X be a connected space and let f : X — R be con-
tinuous. Suppose for some x,y € X we have that f(x) = a < f(y) = b.
Then, given any number ¢ € (a,b), there exists z € X with f(z) = c.

Proof. Suppose not: there is ¢ € (a,b) so that ¢ ¢ f(X). Then f(X) =
(f(X) N (—o0,¢)) U (f(X) N (c,00)) is the disjoint union of two non-
empty open sets, contradicting the fact that f(.X), as the continuous image
of a connected space, must be connected (Theorem 5.3). ]

As application of the intermediate value theorem we will prove the ver-
sion of the implicit function theorem that we need. We note that the same
proof would work for the zero set of any smooth function from an open set
U C R to R, but we will be mainly using the case n = 2, so we will
just state this case. The theorem is easier to visualize when n = 1, and it
would be useful to do this when looking at the theorems, proofs, and ex-
amples. There is also a version of the theorem for functions with target R™
for m > 1, but the proof is more involved in this case; it would require the
inverse function theorem where we use the intermediate value theorem.

By a smooth function we mean a C*°-function, although C* would be
enough in this theorem. Using C'*° is often an expedient way of avoiding
counting how many derivatives are used in a proof.

Theorem 5.35. Let U C R? be open and let f : R? — R be a smooth
function. Let S = {(x,y,2) € R : f(x,y,2) = 0} be the zero set of f.
Suppose (xo, Yo, 20) € S and suppose that g—ﬁ(mo, Yo, 20) # 0. Then there
exist €,0 > 0 and a smooth function g : B((zo,v0),9) — (20—¢, z0+€) C R
so that S N (B(x0,40),0) X (20 — €, 20 + €)) = {(z,y,9(z,y)) : (x,y) €
B((z0,90),9)}-

The theorem says that, under the hypothesis of the non-vanishing of ‘3—J;
at (g, Yo, 20), there is a neighborhood of the form B; x By, where By and
B are balls in R?, R respectively, so that S N (B; x By) is the graph of a
function g : B; — Bs. In other words, the relation f(z,y, z) = 0 defines z
“implicitly” as a function of x and y for (x, y) close enough to (¢, yo)-
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Proof. We may assume af L (20,90, 20) > 0 (otherw1se change f to —f). Let

c= ; ‘gi (o, Yo, 20) > 0 By continuity of there exists a neighborhood of
(20, Yo, 20) ON which 2 (a: y,z) > ¢ and we may take this neighborhood
to be of the form B((xo,yo) do) X (20 — €,20 + €) for some dg,e > 0.
In particular for each (z,y) € B((zo,¥0),61) we have that f(z,y,2) is a
strictly increasing function of z for zp — € < z < zy + €. It follows that
f(xo, 90,20 +€) > 0, f(xo, 0,20 — €) < 0, and, by continuity of f, there
exists 0 > 0 so that f(z,y, 20+ €) > 0and f(x,y, 29 — €) (choose a ¢; the
works for f(z,y, zo + €), a d9 that works for f(x,y, zo — €), both smaller
than dg, and let o be the smaller of &1, d).

By the intermediate value theorem (Theorem 5.34), for each (x,y) €
B((z0,0),0) there exists a z € (zy — €, 29 + €) so that f(z,y,2z) = 0.
Since f is a strictly increasing function of z, this value of z is unique, call
it g(x,y). This gives us the desired function g : B((zo,v0),0) — (20 —
€, z0 + €), since, by construction of g, we have that S N (B((zo,y0),d) X
(ZO — €20+ 6)) = {(x,y,g(w,y) : (IL‘, y) S B((an yO)v 6)}

It remains to prove that g is a smooth function. It is easy to see that
g is continuous. This is an easy consequence of the uniqueness: given
(x1,91,21) € B((wo,%0) X (20 — €, 20 + €) and given ¢ > 0 sufficiently
small, repeat the same construction to find a 9 > 0 and a function, say h,
sothat SN (B((z1,91),0") X (21 — €, 21 +€)) ={(x,y, h(z,y) : (z,y) €
B((x1,y1),d")}. By the uniqueness of the solution, we must have g = h
on B((z1,11),d"), hence g((B((z1,v1),9") C (21 — €, 21 + €). Since z; =
g(x1,y1) and € > 0 is arbitrary, this is exactly the statement of continuity
of g at (21, y1).

We will next check that g is differentiable. We need to use the differen-
tiablity of f, in fact, let’s use that f is continuously differentiable. We need
the following basic lemma on differentiable functions. We state it for R3,
but the same proof works for R", any n.

Lemma 5.36. Let U C R® be open, let f : U — R be of class C* (its
partial derivatives exist and are continuous on U). Suppose (r,y,z) € U
and let N = N, .y be a convex nbd of (0,0,0) so that (v,y,z) + N C U.
Then there exist functions €., €,, €, of (z,y, z, Ax, Ay, Az) defined for all
(Az, Ay, Az) € N so that

~of of N
flz+Azy+ Ay, 2+ Az) = flz,y,2) = oA o, Ay + oAz

+ Az + e, Ay + e, Az

where the partial derivatives are evaluated at (x,y, z) and €, €,, €, — 0 as
(Az, Ay, Az) — (0,0,0).
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Proof. Since f is continuously differentiable, the fundamental theorem of
calculus gives us

1
flx+Az, y+Ay, z+Az)—f(x,y, 2) = / %f(x+tAx,y+tAy, z4+tAz)dt
0

Applying the chain rule to the integrand we can rewrite the integral as

1
of of af

27 (F2az+Lay+ 22az)a

@7 /0 ox x+8y y+8z ©

where the partial derivatives %, g—g, % are all evaluated at the point (z +

tAx,y + tAy, z + tAz).

Now each term in this integral can be rewritten as

1
0
(28) (/0 (a—i(x, Y, 2) + d(x + tAx,y + tAy, z + tAz))dt) Ax

where
of af
o(r+tAx, y+tAy, z+tAz) = 91 (r+tAz, y+tAy, z+tAz) 92 (x,y, 2).

Since g—i is continuous, ¢ is continuous. The continuity of ¢ implies that

the functions ¢(x +tAz, y+tAy, z+tAz) of t € [0, 1] converge uniformly
to ¢(z,y,2) = 0as (Az, Ay, Az) — (0,0,0). Therefore

1
/ oz + tAx,y + tAy, z + tAz)dt — 0as (Az, Ay, Az) — (0,0,0).
0

Letting €, (z,y, z, Az, Ay, Az) = fol oz + tAz,y + tAy, z + tAz)dt, we
can rewrite (28) as
of

(29) a—(fr, Y, 2) Az + €;(x,y, 2, Az, Ay, Az) Az
X

where €, (x,y, z, Az, Ay, Az) — 0 as (Az, Ay, Az) — (0,0,0).
Reasoning in the same way with the other two terms of (27), we derive
the formulas that correspond to (28) and (29). If we rewrite (27) as a sum

of terms similar to (29) and go back to the source of (27), we finally arrive
at the desired formula

_of of of
flx + Az, y+ Ay, z+ Az) — f(z,y,2) = 3xAx+ayAy+8zAZ
30) + AT+ e Ay + e Az
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We now resume the proof of Theorem 5.35. Recall we have proved exis-
tence and continuity of our function z = g(z, y) satisfying f(z,y, g(x,y) =
0. To prove differentiability of g, we evaluate (30) on the graph of g. The
left hand side of (30) become

flx+ Az, y+ Ay, g(x + Az, y + Ay)) — f(2,y,9(z,y)) =0
since both terms vanish. Therefore (30) becomes
0= (8_ af af

f ! / /
A - A - A
5r HeAT+ (L @Ay + (57 + Ay

where Ag = g(z+ Ax,y+ Ay) — g(z,y) and where the ¢ (x, Az, y, Ay) =
e(z, Az,y, Ay, g(x,y), Ag). Since g is continuous, Ag — 0 as (Azx, Ay) —
(0,0), thus the three ¢ — 0 as (Ax, Ay) — (0,0).

Solving the above equation for Ag we get

of ’ of /

L 4e oy 1€

Ag=—-2 Az 2L —UNy
5, T € 35 T €

which makes sense since % > ¢ > (, so there is no problem in dividing by
% + €. Moreover this can be re-written as

o i
Ag = —(g:; +eNAz — (é + e’y’)Ay
0z 0z
where €, €/ — 0 as (Az, Ay) — (0,0), thus g is differentiable and
of

dg & of &
(31) %Z_?(xvyag(xvy)) and%:_gjg(‘ray?g(may))
from which it is clear that the partial derivatives 99 99 qre continuous, thus

oz’ 0
g is of class C'*. This procedure can be continued to sﬁow that gis C*°. [
Example 5.37. Let f(z,y,2) = 2° + y? + 2° — 1. Then the set {(x,y, 2) :
f(x,y,z) = 0} is the unit sphere S? C R3. Let (o, yo,20) = (0,0, 1),
the north pole. Then %(0, 0,1) = 2 # 0, and we can see visually that we
can choose 0 = € = 1 in the statement of the implicit function theorem
(although our proof requires a smaller €) , and g(z,y) = /1 — 22 — 2. If
(x0, Yo, 20) is any other point of the upper hemisphere, that is, if z, > 0, then
g(z,y) = /1 — x? — y? also works, but the largest § we can take is 1 —
V23 + y2 (and we could choose € = z). If (g, 4o, 20) is in the lower hemi-
sphere, that is, zp < 0, then we must choose g(z,y) = —y/1 — 22 —y?
and the largest size of the 6 would be 1 — /2 + y2 (and we could take
€ = |zo|). Finally, if (¢, yo, 20) is on the equator, that is, if zo = 0, then for
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all § > 0 and € > 0, whenever (z,y,2) € S* N (B((%o,%0),0) X (—¢,¢)),
so is (z,y, —z), so this intersection cannot be a graph z = g(z,y). This
does not contradict the implicit function theorem, because at these points
%(aco, Y0,0) = 0, so the implicit function theorem does not apply. This

also shows the necessity of the condition %(xo, Yo, z0) 7 0 in the statement
of the theorem.

6. SMOOTH SURFACES

We now define what is meant by a topological surface and a smooth (or
differentiable) surface. The same concepts can be defined in any dimension,
they are called topological manifold and differentiable manifold or smooth
manifold.

Definition 6.1. A ropological space S is called:

(1) A topological surface if it is a Hausdorff space with a countable
basis and it has the property that every x € S has a neighborhood
U which is homeomorphic to an open set in R?, in other words, there
exists a covering {U, } e a for some index set A, and for each o € A
there exists a homeomorphism ¢, : U, — V., where V,, C R?
is open. These homeomorphisms are called coordinate charts or
simply charts.

(2) A smooth surface (also called differentiable surface) if it is a topo-
logical surface and the above homeomorphisms can be chosen to
have the following property: whenever U, N Ug # (), the homeo-
morphism ¢, o gzﬁ/gl : 95(Ua NU) = ¢a(Uy N Ug) is smooth. The
maps Qg © qbgl are called the transition maps between charts. Ob-
serve that the inverse of ¢, o qbgl is ¢ o ¢ 1. Thus the requirement

that all the transition maps ¢, o qﬁgl be smooth includes, as a con-
sequence, the statement that all the transition maps are smooth and
their inverses are also smooth.

Remark 6.2. Some clarifications are in order concerning these definitions:

(1) In afirst reading ignore the conditions that .S be Hausdorff and have
a countable basis. These conditions are needed for correctness of
the definition, but will be automatic in all the examples we will see.

(2) The important condition for us is that S look locally like the plane
R2. It is clear how to state this topologically. The terminology of
charts comes from the usual picture we have of maps of the earth,
where we take small pieces of the surface of the earth and consider
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them as part of a plane. The collection of charts is usually called an
atlas.

(3) In IR? there is a notion of differentiable function. More generally,
given two Euclidean spaces R™ R", an open set U C R™ and a
function f : U — R", we can define what it means for f to be
smooth. This uses more than just the the topology of R™ R". It
uses the linear structure (that is, the vector space structure) in an
essential way. It is not clear how to transfer this concept to a more
general space. The point of the definition of smooth surface is that
it allows us to define a good concept of smooth function, as we will
see in the Definition 6.3.

(4) Recall that the work smooth means infinitely differentiable, equiv-
alently, class C*°. We restrict ourselves to this class of functions
mostly as a matter of convenience. This way we do not have to
count how many derivatives we need in various situations.

Definition 6.3. Ler S be a smooth surface with atlas {Uy, ¢o aca, and let
f 8 — R be a function. We say that f is smooth if and only if for all
a € A, the functions

fodr':¢aUs) = R

are smooth.
Remark 6.4. Two observations are in order:

(1) Since ¢,(U,) is an open subset of R?, it makes sense to ask that
f o ¢, be smooth.

(2) For this definition of smooth function to make sense, we need to
know that it is independent of the chosen charts. In other words, we
need to know that when the domains of two charts intersect, they
give the same definition of smoothness at points of their intersec-
tion.

More precisely, we need to know that if U, N Uz # (), then
foot i ¢a(UyNUs) — R is smooth if and only if f o gzﬁgl :
¢a(Us NUz) — R is smooth. This follows from the smoothness of
the transition functions:

foda'=folgz odsod,’)=(fodz")o(dsod,)

Therefore, since pgo ' : ¢o(UsNUsg) — ¢5(UsNUp) is a smooth
bijection with smooth inverse ¢, ngEI, we see that fo¢, ! is smooth
on ¢o(Us N Ug) if and only if f o ¢ is smooth on ¢3(U, N Ug).

Examples are in order:
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Example 6.5. Let U C R? be an open set. Then it is a smooth surface:
we know it is Hausdorff, has countable basis, and it can be covered by one
chart id : U — U, so the conditions of the second part are automatic.

Example 6.6. The implicit function theorem, Theorem 5.35, gives us many
examples of smooth surfaces. Let U C R* be open and let f : U — R
be smooth. Let S = {(z,y,2) € R3 : f(x,y,z) = 0} be the zero set
of f and finally make the most important assumption: at every point of S,
the gradient Vf # 0. Recall that Vf = (g—i, g—g, g—ﬁ), so an equivalent
formulation of the assumption is that at each point of S at least one of the
partial derivatives of f does not vanish. We have the following theorem:

Theorem 6.7. Under the above hypothesis, the space S is a smooth surface.

Proof. Let p* : R® — R? be the projection with kernel the z-axis, that is,
p*(z,y,2) = (z,y), and define p*, p¥ similarly. Given any (xo, yo, 20) € S
at least one partial derivative does not vanish at this point. Suppose, say
a—i(a:o, Yo, 20) # 0. Then the implicit function theorem gives a neighbor-
hood N() of (ZE(),y(), Zo), of the form N() = B((l’o,yo),é) X (ZO —€,20 +
€), and a smooth function g : B((zo,%0),0) — (20 — €, 20 + €) so that
SN Ny = {(z,y,9(z,y)) : (x,y) € B((z0,v0),6)}. In particular we
see that p®|snn, : S N No — B((zo,y0),9) is a chart, with inverse map
G(z,y) = (z,9,9(,y)).

If (x1,11,21) € S is another point, we can use the same reasoning. If
%(wl, Y1, 21) # 0, we obtain a similar chart p*|gny, where N; is a product
Nl = B((l’l,yl),él) X (Zl — €1,21 + 61). If they intersect, that is, NO N
N1 NS # (, then, by the uniqueness of the function g constructed in the
proof of Theorem 5.35, Ny N Ny N S is the graph of the same function g
over B((zo,%0),9) N B((z1,41), d1). Over this intersection the inverse of p*
is also G, so the transition function is p* o G = id is smooth.

If (22, Y2, 22) is a point where % = 0, then some other partial derivative
does not vanish at this point. Suppose, say %(xg, Y2, 22) # 0. Then the

implicit function theorem gives us a neighborhood Ny = B((x2, 22), d2) X
(y2 — €2,y + €2) and a smooth function h : B((x2, 23),02) — (y2 — €2, yo +
€9) so that S N Ny = {(z,h(z,2),2)) : (x,2) € B((x2,22),02)}. There-
fore p¥|snn, : S N Ny — B((x2, 22), d2) is a chart, with inverse H(z, z) =
(x,h(x, z),z). If this neighborhood S N Ny of (3, ys, 22) intersects the
neighborhood S N Ny of (g, 4o, 29) considered above, then the transition
maps associated to this intersection are p¥ o G(x.y) = p¥(z,y,g(x,y)) =
(x, g(z,y)) and its inverse map p*oH (z, z) = p*(z, h(z, 2),y) = (x, h(x.2))
which are smooth maps. Since S can be covered by charts of these forms
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and we have checked that the transition functions that can occur are smooth,
we see that S is indeed a smooth surface.

U

Example 6.8. We now specialize the general principle of Theorem 6.7 and
its proof to the case of the unit sphere S? C R? defined by f(z,y,2) =
2® +y* 4+ 2> — 1 = 0. Let us cover S” by the six sets U, U7, Uz" defined
by U =5 N{z>0},U; = 5*n{z <0}, U = S>n{y > 0}, and so
on. See Figure 29 for the sets U}, U,f and UF N U,

FIGURE 29. The Sets U, U; and Their Intersection

Write p®, p¥, p* for the restrictions to S? of the orthogonal projections
of R* — R? with kernel the corresponding axis, so p*(z,y,2) = (y,2),
pY(z,y,2) = (x,z) and p*(x,y,z) = (z,y). Let D be the open unit
disk in R? and define charts ¢= : UF — D by ¢F = p*[,=, and define
¢y - Uy — Dand ¢7 : UF — D in the similar way using the pro-
jections pY, p* respectively. These maps are indeed charts, because there
inverses are given, as in the proof of Theorem 6.7, by the graph of the im-
plicit function. Thus (¢7) ! (z,y) = (x,y, /1 — 22 — y?), (¢ )" Hz,y) =
(z,y, =1 =22 =y?), (o)) (z,2) = (x,V1— 2% — 22,2), etc. Figure
30 shows another view of the sets U, U; pulled apart from the sphere. It
should be clear that U is the graph of a function of (x,y) while U’ is the
graph of a function of (z, z).

From this it is easy to compute the transition maps. For example, for
U nU,; we have

¢F o (qﬁ;)_l(x,z) =p°((x,V1—22—22,2) = (z, V1 — 22 — 22),

which is smooth. In fact, we know that it must be a diffeomorphism of
oy (U NUS) ={(2,2) € D:2z>0}onto . (U NUS) = {(z,y) € D :
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{ril, r2, r3}

FIGURE 30. Another View of the Sets U and U,

y > 0}. To check this directly, observe that, since this map is
(2, 2) = (z,V1—2? = 22),

which is the identity on the first coordinate, it is a diffeomorphism if and
only if the map z — /1 — 22 — 22 of the second coordinate is a diffeo-
morphism of the interval (0, /1 — x?) to itself. This is indeed the case by
the restriction imposed on the interval. Without this restriction the map on
the second coordinate would not be injective, for instance, it would fail on
(—v1 — 22,4/1 — 22) where it is two-to-one from this interval onto half
the interval.

In the same way we can check that all other transition maps are diffeo-
morphisms. Thus S? is a smooth surface.

Example 6.9. To show that the condition V f # 0 at every point of .S is
needed, let’s look at a few examples:

(1) f(x,y,2) = zyz. Then Vf = (yz,2z,2y) = (0,0,0) when at leat
two of x, y, z vanish. The zero set S is the union of the coordinate
planes, is not locally homeomorphic to the plane along any of the
coordinate axes. The origin is also a singular point, looking more
complicated than the others. See Fiigure 31

) f(z,y,2) = 2+ y*> — 2% Then Vf = (2z,2y,—22) = (0,0,0)
exactly at the origin, which is lies on S and is a singular point. S is
a cone with vertex at the origin, see Figure 32

(3) f(z,y,2) = 2% +y* — 2> — 1 = 0. If is instructive to compare this
with the last example. The gradient V f = (2z, 2y, —2z) vanishes
only at (0,0,0) and f(0,0,0) = —1 # 0, so Vf never vanishes
on the set f(x,y, z) = 0, which is smooth by the implicit function
theorem. f = 0 is in fact a hyperboloid of one sheet, see Figure33.

@ f(x,y,2) = 2® — y?2. Then V[ = (2z, —2yz,y*) = (0,0, 0) pre-
cisely on the z-axis © = y = 0. The zero set S is the union of the
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FIGURE 31. The Surface zyz = 0

3
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e

FIGURE 33. The Surface 22 + y?> — 22 —1=0

z-axis and the surface shown in Figure 34, called the Whitney um-
brella, because the negative z-axis (not shown) would be its handle.
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FIGURE 34. The Whitney Umbrella

Example 6.10. So far all the examples (except for Example 6.5) of smooth
surfaces that we have considered have been surfaces in R? defined by an
equation f(z,y,z) = 0. But there are many other ways to define smooth
surfaces. For instance, the description in Example 4.25 of the torus and
Klein bottle can be used to define coordinate charts with smooth transition
functions.

ooy P\ ] SR e
R ‘ - J 1 (mer
e y ‘ y’

?,(0.aU) - (0T s (u?’
?, (0,00) *(,U) o
g e (U7 o) AT, U ey
A (’)J) ,§(r,;u) o (r,,;s@-;o
@y ¢ Gyelb’

FIGURE 35. Charts for the Torus

For example, for the Torus defined as an identification space of the square
[0,1] x [0,1] C R? by identifications by identifying the sides as in Figure
23 or Figure 35, we can cover the torus by 4 charts as shown in Figure 35,
that is
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(1) Uy = interior of the square [0, 1] x [0, 1],
(2) U; = image in torus of the sets U, , U;"

(3) U, = image in torus of the sets U, , U,

(4) U, = image in torus of a nbd of the corners.

The figure shows in detail the transition function

¢10 <Z561 tpo(Uo N UL) — ¢1(Up N L)

This intersection has two connected components, and
¢rody"  (UT)" U(US)" — (T (Ur)") U (UF)°,

(where T(g 1 is translation by (0,1), that is, T(o1)(z,y) = (z,y + 1)) is
given by

(z,y+1) if (z,y) € (U7)°,
(x,y) otherwise.

(bl © ¢El(l’>y> = {

In a similar way one can work out all the other transition functions for this
atlas in the torus. Observe one special feature of these transition functions:
they are translations on each connected component of their domain. An-
other way of saying the same thing: the differentials d(¢,, o gb? are always
the identity (whenever defined).

In the same way we can work out the transition functions for a similar
atlas for the Klein bottle, see figure 36

FIGURE 36. Charts for the Klein Bottle

The main difference between the torus and the Klein Bottle is in the
chart Us. While on the torus it is U;” U T(1,0)Us; , for the Klein bottle it
is Uy U R(Uy ), where R(z,y) = (z + 1,1 — y). This also requires some
changes in the chart centered at the corner, see Figure 36. This time the
transition functions are either translations of glide reflections on each con-
nected component. The differentials are either the identity or a reflection.
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6.1. Smooth maps involving surfaces. We have motivated the definition
of smooth surface, Definition 6.1, by examining what a smooth function
f S — R should be. Since we need a linear structure for the definition
of smooth maps, the only reasonable way to define smooth function f :
S — R is as in Definition 6.3, by requiring that f be smooth in every chart
(Us, ¢o) of an atlas. We saw in Remark 6.4 that for this definition to make
sense we need the transition functions ¢, o (bgl to be smooth.

Now the same principle can be applied to define smoothness of other
maps. That is, a map is smooth if and only if it is smooth in all possible
way of describing it using local coordinates, in the domain or target or both,
as appropriate. Similar arguments to Remark 6.4 show that smoothness of
the transition functions guarantees that these definitions make sense.

Definition 6.11. Let S, T be smooth surfaces with atlas {U,, o }aca and
{Vis,3} se respectively.

(1) Amap f : S — R" is smooth if and only if for all o € A, the maps
foda!: da(lUa) » R

are smooth.

(2) If I C Risaninterval, a continuous map vy : I — S is smooth if and
only if I can be covered by a collection {1;} of open subintervals of
I (in the subspace topology of I C R) so that
(a) For each j there is an a(j) so that y(I;) C Uqyjy.
(b) For each j, ¢ojyoy : I; — R? is smooth.

Q) If f S — T is continuous, and the atlas {U,, ¢o}aca is fine
enough so that for each o € A there is 5(«) € B so that f(U,) C
VB(a), then f is smooth if and only if for all o € A the maps

wb’(a) ° f o ¢;1 : (ba(Uoz) — RQ
are smooth.

Remark 6.12. (1) The first part of the definition is the natural extension
of Definition 6.3. It says f : S — R" is smooth if and only if all of
its components f : S — R are smooth.

(2) For the second part, the continuity of « imples that all sets v~(U,)
are open, so each is a union of open intervals (except for the inter-
vals that contain an endpoint of 7, if any, but in this case an interval
containing and endpoint is open in /)

(3) Similarly, for the third part, by the continuity of f we see that
{71 (V) e} is an open cover of S and we can replace the original
atlas {U,, ¢, } by the open sets (the connected components of) the
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non-empty intersections {U, N f~*(V}3)} and the coordinate maps
by the restrictions of the ¢, to these open sets.

Example 6.13. Here are some examples of smooth maps that we will need:

(1) Let S C R3 be a surface given by an equation f = 0 where Vf # 0
at all points of S, as in Theorem 6.7. Let ¢ : S — R? be the
inclusion. Then ¢ is smooth.

Proof. As in the proof of Theorem 6.7, .S can be covered by charts
U, ¢o wWhere the domain of U, is the graph GG, of a function g,, :
N, — R expressing one variable in terms of the two others: G, =
(2,9, 9a(x,9y)), (x,y) € Ny or G, = (x,9a(, 2),2), (x,2) € N,
or Go = (94(y,2)), (y,2) € N, as the case may be. In all cases
bo : Go — N, is projection, ¢! : N, — G, is the graph map,
and ¢ o ¢;1 = (.T, yvga<x7y) or (‘rvga(xv Z)) or (ga(y7 Z)7y7 Z)’ as
the case may be. In all cases it is smooth.

t

(2) Let ¢ : S — RR3 be as above, let / C R be an interval, and let
~v : I — S be continuous. Then v : I — S is smooth if and only if
to~: I — R3is smooth.

Proof. Since the composition of smooth maps is smooth, v smooth
= (o is smooth. Conversely, if ¢ o 7y is smooth, following the
notation of the last proof, let, for each o, V,, C R? be an open set,
as in the proof of Theorem 6.7 in which { f = 0} NV,, = G, and V,
is a product of N, with an open interval in R. Let 7, : V, — N,
be the resulting projection. Then, since v : I — R? is continuous, 1
can be written as a union of subintervals /; so that c o y([;) C Vy(j).
Since y(I) C S, v(I;) C Ga)- Therefore 7y ;) 0107 = Pu(;) 07 0N
I;. Since the first is smooth, by the assumption that ¢ o v is smooth,
if follows that the second is smooth. Therefore v is smooth, as
desired.

O

6.1.1. Local connectedness of smooth surfaces.

Theorem 6.14. Let S be a smooth surface. Then S is locally piecewise
smoothly path connected. In particular, if S is connected, then S is piece-
wise differentiably path connected.

Proof. Give S an atlas {U,, ¢, } in which all sets ¢,(U,) are piecewise
smoothly path connected, for example, convex. This shows that S is lo-
cally piecewise smoothly path connected. Therefore, by the argument of
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Theorem 5.29, if S is connected, it is also piecewise smoothly path con-
nected. U

6.2. Smooth surfaces in R? as metric spaces. In Example 1.14 we started
the discussion of how a smooth surface S = {f = 0} C R3, where Vf
never vanishes on S, can be made into a metric space with its intrinsic
distance. We can now finish the discussion that shows that this metric is
defined for all connected smooth surfaces. First of all, if S is connected, we
have just seen in Theorem 6.14, that .S is piecewise smoothly path connected

Therefore, if S is a connected smooth surface in R?, we can define the
intrinsic distance d : S x S — R as in Example 1.14:

(32)  d(z,y) = inf{L(y) : v a piecewise smooth path from x to y}.

This infimum is defined, since x and y can always be connected by a piece-
wise smooth path. But this infimum need not be attained. For example, if
S = R?\ {0}, then the infimum defining d(z, —z) = 2|z| is not attained
by a path in S. But in many situations it is attained. We will show some
examples in section 6.2.2 below.

6.2.1. Arc Length. Let S C R3 be a smooth surface and let~y : [0,1] — S
be a piecewise smooth path. Recall (see Example 6.13) this means that
the composition «y : [0,1] — S C R? is piecewise smooth. Write y(t) =
(x(t),y(t), z(t)). Then the length of ~, L(-y) is defined to be

1 1
63 L) = [ Wold= [ V@ a0
0 0
which we could also write as

(34) L(7) :/ Vdx? + dy? + dz? :/ ds,
v v

where traditionally we write ds®> = dz? + dy? + dz?. If ~y is piecewise
differentiable then this integrals are always defined.

It will be important for calculations to be able to change coordinates. If
our curve lies in the domain of some coordinate chart, as in Definition 6.1,
then the inverse of this chart gives a differentiable map from an open set
U C R? to S, in other words, we can express (x,y,2) in this chart in
S as functions of two variables, say (u,v) € U. Then 7 corresponds to
a curve (u(t),v(t)), 0 < ¢t < 1, and we can work out the length of ~
by the chain rule. It would be convenient to write x = (z,y,z). Then
Y(t) = x(u(t),v(t)), v (t) = x,u'(t) +x,0'(t) (Where the subscripts denote
partial derivatives) and 7'(t) - 7/(t) = (x,u' + x,0") - (x,u' + x,0") =
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(% - X)u? + 2(x,, - X,)u"V + (%, - x,v)v"%. This last equation is usually
written symbolically in differential form as

(35) ds® = (%, - X, )du® + 2(x, - X, )dudv + (x, - X, )dv?,
or as
(36) ds? = g11du® + 2g1odudv + goodv?,

where the g;; are the coefficients of Equation 35: g11 = X,,- Xy, g12 = Xy X,
and g, = X, - x,. They are smooth functions of u,v and geometrically,
g11(u,v) = x, - X, is the magnitude squared of the tangent vector at (u, v)
of the curve obtained by varying u and holding v constant, gso(u, v) has the
same interpretation with v and v interchanged, while gy, is the dot product
between the tangent vectors of the two curves just considered.

Example 6.15. One familiar example is the use of polar coordinates in R*:
x =rcosf,y =rsinf. Then dv = cosf dr — rsinf db, dy = sin 0 dr +
rcosf df and ds* = dz® + dy? = (cos0 dr — rsinf df)? + (sinf dr +
r cos 6 df)? which simplifies to

(37) ds* = dr* + r* db?,
which is the familiar formula for arclength in polar coordinates.

We should be a bit careful when using polar coordinates, since they do
not follow the assumption we made above that it be the inverse of a chart.
The transformation (r,0) — (rcosf,rsin#) is not invertible unless we
carefully restrict its domain, and its image does not cover all of R? in an
invertible way. But, with our knowledge of the identification topology, we
can say, for instance, that polar coordinates give a map [0, co] x [0, 27] —
R? which identifies 0 x [0, 27] to a point, and identifies (7, 0) with (r, 27) for
each r € [0, 00). It is an instructive exercise to show that polar coordinates
give a homeomorphism of this identification space to R?. There are other
convenient identifications we could use to explain polar coordinates, for
example, we could take [0, 0o) x R and identify 0 xR to a point, and identify
(r,8) with (r, 0+2mn) for each integer n. Or we could use [0, 00) x I where
I C R s any interval of length 27 and use the appropriate identifications
on the boundary.

Example 6.16. Another example is the use of spherical coordinates on
the unit sphere S? C R3. If x = (z,9,2) € S?, let ¢ denote the an-
gle between x and the positive z-axis, and let ¢ be the angle between the
projection of x to the xy-plane and the positive x-axis. Then we have
x = singcosf, y = singsinf, and z = cos¢. Consequently doz =
cospcost dp — singsinf df, dy = cospsinf d¢p + sin ¢ cos df, and
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dz = —sin ¢ d¢. A short computation gives

(38) ds® = d¢? + sin® ¢ dh>.

6.2.2. Absolute Minimizers. We now give some examples of curves of
minimum length joining two points. The simplest example is of course a
line segment in the plane, say the segment (z,0), 0 < 2 < a for some fixed
a > 0. Suppose 7 is a piecewise smooth curve joining (0,0) and (a,0).
Then v(t) = (z(),y(t)), 0 <t < 1,and z(0) = 0, (1) = a. So

39 L) = fy VTR +y ) > [y /2 ()2t >
[} 2/ (t)dt = 2(1) — 2(0) = a,

which shows that any curve from (0, 0) to (a, 0) has length at least a. Since
the line segment has length a, this shows that the line segment is gives the
absolute minimum of the length of connecting curves.

Note that the calculation in (39) actually gave more: the length of any
curve connecting the y axis with the line z = a is at least a.

This calculation can also be done in polar coordinates (taking, perhaps,
some care with the identifications explained in Example 6.15 in the case
where the curve crosses the boundary of the chosen domain of the coordi-
nate system). If v is a curve from the origin to a point on the circle r = a,
in other words, v(t) = (r(t),6(t)), where (0) = 0 and (1) = a, then

@0) L(y) = [ /I +r0)20 ()2 dt > [ /r'({t)? dt >

Jo (&) dt = r(1) = r(0) = a,
which shows that the length of any curve from the origin to the circle r = a
is at least a. Since a line segment from the origin to this circle has length

a, this shows again that line segments minimize length between their end-
points.

Finally, let’s discuss the case of the unit sphere S? C R3. Let’s take
curves ~y from the north pole N = (0,0, 1) to a point other than the south
pole, in other words, to a point with ¢ = «, where 0 < o < 7, say the point
(0, sin @, cos av) corresponding to ¢ = 7 and ¢ = « in spherical coordinates
of Example 6.16. As before, we take a curve y(t) = (¢(t),0(t)) with
»(0) = 0 and ¢(1) = o and compute:

@) Ly) = [y /o) +81n2¢ 0(t)2dt > [ \/9(t)? dt >
fg (Zﬁl t = (b(l) - (b(O) = qQ,

showing that any curve from the north pole N (corresponding to ¢ = 0) to a
point on the parallel z = cos « (corresponding to ¢ = «) has length at least
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alpha. Since the great circle arc from the north pole to this point has length
a, this shows the following theorem. In the statement of the theorem, by the
shortest great circle arc joining X and 'y, y # +x, we mean the following.
First, the great circle determined by x and y we mean the intersection with
S? of the plane < x,y > determined by x and y (the span of x and y on the
language of liner algebra). They determine a plane because x # +y. This
intersection is a circle of radius 1 containing x and y, and by the shortest
great circle arc we mean the shorter of the two arcs in this circle joining x
and y. There is a shorter one again because x # +y.

Theorem 6.17. Let x,y € S? y # +x, and let -y be the shortest great
circle arc joining x and'y. Then -y is the shortest curve on S? joining x and

y.

Proof. If x = N the north pole, then y would be different form the south
pole, and we have just proved that the shortest great circle arc minimizes
length. If x is any other point on S, then there is a rotation R of R that
takes x to N: R(x) = N. Then R(y) is different from the south pole, thus
the shortest great circle arc from R(x) to R(y) minimizes, so does R~ of
this arc, which is the shortest great circle arc joining x and y. U

Remark 6.18. If y = —x, say if we take N and the south pole N, then
the computation of Equation 41 with o = 7 shows that any great circle arc
passing through N and —N is still length minimizing, its length is 7. But
there are infinitely many such arcs, one for each value of . So minimizers
exist, but are not unique. But this is good enough to give us the following
theorem:

Theorem 6.19. The spherical metric of Example 1.8 is the same metric on
S? as the intrinsic metric of Example 1.14.

Proof. We have seen that for any x,y € 52,
cos '(x - y) = inf{L(v) : v a piecewise differentiable path from x to y},

since, for x the north pole, the left hand side is ¢, where (¢, 0) are the
spherical coordinates of y, and so is the right hand side. U

6.3. Geodesics. We now study length minimizing curves in the general
smooth surface, generalizing the discussion in the plane and sphere. A look
at the sphere shows that the concept of length minimizing is more subtle
than in the plane. Experience has shown that it is easier to look at these
curves from the point of view of differential equations. We begin by deriv-
ing this equation as a necessary condition for minimizing length.
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6.3.1. The First Variation Formula for Arclength. Let S C R? be a
smooth surface and let v : [0, Lg] — S be a smooth curve, parametrized
by arclength, of length L. To derive a necessary condition for 7 to be the
shortest curve joining its endpoints P = 7(0) and ) = ~y(1), it is natural to
consider variations of vy, meaning smooth maps

3 : 0, Lo] x (—¢,€) = S with 3(s,0) = ~(s) for all s € [0, Lo].
If, in addition, we have that
7(0,t) = P, (Lo, t) = Q forall t € (—¢,e),

we say that 7 is a variation of -y preserving the endpoints. Thus a variation
of 7y is a one parameter family of curves, depending on at € (—e¢, €), where
the curve ¢t = 0 is . A variation of v preserves endpoints if all these curves
join P and (). Moreover, it is assumed that this family is a smooth map of
the rectangle [0, Ly| X (—¢,€) to S. Note that s is arclength on + but not on
the other curves. Let

L(t) :/0 O (Fs(s, 1) - As(5,1)) /2 ds

be the length of the ¢-th curve of the variation s — (s, t). A necessary
condition for v to be length minimizing is that for every variation of ~y pre-
. . dL () —
serving the endpoints, <2 (0) = 0.
Let’s compute this derivative for an arbitrary variation (not necessarily
preserving endpoints), and then specialize to endpoint preserving. First,

differentiating under the integral sign we get

dL Poop N 120 = -

E - / 5(73(37 t) ' 78(87 t)) 1/2<2 ’ySt(Sa t) : 78(57 t)) ds.

0
Evaluating at ¢ = 0 and using the fact that §(s,0) = ~(s) is parametrized
by arclength, equivalently, J(s,0) - §5(s,0) = 1, we get
dL fo N
d—(O) = / Fst(8,0) - s(s,0) ds.
t 0

Next, integrate by parts, using the formula

(&t<57 0) ’ 5/8(87 0))8 = ﬁ/ts(sa O) ’ :YS(S? O) + ’%(8, O) ’ :}/88(57 0)
and noting that, by the smoothness of 7, we have equality of mixed partials:
;?st = f?ts:
dL

O = G50 A0 = [ 5(5.0) - (s.0) ds
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Let us simplify this formula. First recall that ¥(s, 0) = v(s), thus Y,(s,0) =

7' (s) and 55(s,0) = 7"(s). Next, define a vector field V (s) along v by
V(s) = (s, 0).

This is called the variation vector field. It tells us how we are moving away

from ~ at t = 0. More precisely, V (s) is a vector based at y(s) and is the

velocity vector of the curve t — J(s,t) at t = 0, so it is telling us the

velocity at which 7(s) initially moves under the variation. Observe that if

the variation preserves endpoints, then V' (0) = 0 and V(L) = 0, since
these point do not move at all.

Using this notation, we can rewrite the above formula as

FO=VE Ol -~ [ Ve s

Noting that V'(s) is a vector tangent to .S at the point ~y(s), the inner product

under the integral sign is the same as V' (s) - v”(s)?, where v”(s)” denotes

the rangential component of 7" (s). So we can finally rewrite the formula as
dL Lo

(42) - (0)=V(s)- /()" - i V(s)-7"(s)" ds.

This is called the first variation formula for arclength.

6.3.2. The Geodesic Equation. Let us now see what the first variation for-
mula implies for our original problem, where the variation preserves end-
points. Then the first term of formula 42 vanishes, we get just the second
term, which must vanish for all possible variation vector fields V.

Theorem 6.20. fOLO V(s) - ~"(s)T ds = 0 for all possible variations of
v with fixed endpoints if and only if the tangential component ¥"* of "
vanishes: " (s)T = 0 forall s € [0, Lo).

Example 6.21. Before proceeding to the proof of the theorem, let us look
at the example of the sphere S2. Using spherical coordinates, let v be the
curve, depending on ¢, given by holding ¢ constant, in other words, for
fixed ¢, 0 < ¢ < m, the curve

~(0) = (sin ¢ cos , sin ¢ sin 6, cos ¢),

which is a “parallel” on the sphere. It is parametrized proportional to ar-
clength s, thus v”(6) is a constant multiple of 7”(s). Then

v"(0) = (—sin ¢ cos B, —sin ¢ cos 4, 0),

which is perpendicular to the sphere if and only if it is a multiple of the
vector v(6), which happens if and only if cos¢ = 0, that is, ¢ = /2,
in other words, 7y is the equator. Thus the only parallel that satisfies the
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equation 7" (s)T = 0 is the equator, which is the only parallel that is a great

circle.

FIGURE 37. Equator and Meridians are Geodesics

This confirms that our differential equation does characterize great cir-
cles, which our intuition tells us are the geodesics on the sphere. (Note also
that in this variation of the equator, the equator is a local maximum, rather
than a local minimum. In fact, as a function of the parameter ¢ in the vari-
ation, L(¢) = 27 sin ¢ which has a maximum at ¢ = 7/2.) In the same
spirit we can readily verify that all the meridians § = const are geodesics.
Note that ¢ is arclength along the meridians.

Proof of the Theorem. Let us begin with two observations:

(1) Let ~ be any smooth curve on S parametrized by arc-length. Since

7" -4 = 0 (because ' - 7' is a constant), if we let N(s) be a unit

vector field along v tangent to S and perpendicular to 7/(s), then
7T (s) is a multiple of N(s). This multiple is traditionally written
Kkq(s) and (up to sign) is called the geodesic curvature of ~. This
terminology will be discussed later, for the moment let’s just write
7"(s)T = ky(s)N(s) for some smooth function .

(2) It suffices to take V() to be a multiple of N(s): V(s) = f(s)N(s)

for some smooth function f on [0, Lo]. Then the integral in question

becomes fOLO f(s)ky(s) ds and we need to prove that if this integral
is 0 for all f arising from variations of v, then x,(s) = 0 for all
ERS [0, Lg]

We need the following lemma:

Lemma 6.22. Let (a,b) C R be an interval. Then there is a smooth function
¢ : R — R that is positive on (a,b) and vanishes on R \ (a, b).
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Proof. First check that the function defined by
e Veifx >0,
fe) = {Oifx < 0.

is smooth (of class C'*°). In fact, all its derivatives are defined and vanish
at 0. Then, if @ < b, the function ¢(x) = f(x — a)f(b — z) satisfies the
requirements of the lemma. This is the picture for (a,b) = (0, 1):

FIGURE 38. Smooth “Bump” Function
O

Now we can prove the theorem. Following observation (2) above, sup-
pose ky(so) # 0, say ry(sg) > 0 for some sy € (0, Ly). Then there exists
an interval (a,b) C (0, Ly) containing s, on which x, > 0. We may also
assume that y|(, ) : (a,b) — U C S where one of the projections p”, p¥, p?,
let’s call it p, maps U diffeomorphically to its image V. Let g : V' — U be
the inverse of p|y, as in the proof of Theorem 6.7. Let ¢ be as in the Lemma
and let f = ¢|o,1,,). Then fOLO f(s)kg4(s) ds > 0, contradicting the assump-
tion, provided that the field f(s)N(s) is a variation field, that is, provided
that there exists a variation 4 : [0, Lo] X (—e¢,€) — S, written (s, t), of ¢
with 3:(s,0) = f(s)N(s). But this is indeed the case. For example, we can
define ¥ by

c(5.) = {g(p(v(s) +1f(s)N(s))) if s € (a,b),

~(s) otherwise.

in other words, form the variation (s) + tf(s)N(s) by curves in R? that
give the desired variation vector field f(s)/N(s) but need not lie on S, and
force them to lie on S by projecting to S'in the indicated manner. This uses
that p is defined on all of R?, so that p(y(s) + ¢ f(s)N(s)) makes sense. To
get the correct derivative with respect to ¢ at t = 0 we use that for ¢ = 0 we
are on S. Since g and p|; are inverse to each other, one gets from the chain
rule that
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Yi(5,0) = (dp(y(s9 © dy(s)p)(%(v(S) +tf(s)N(s))]=0)
(dpy(s))9 © dysyp) (f(5)N(5))

= [f(s)N(s),
because d,;)g © d,p = id on the tangent space to S atany x € U C S, and
dg, dP denote, as usual, the differentials of ¢ and p. 0

Definition 6.23. A smooth curve 7y : (a,b) — S is called a geodesic in S if
it satisfies 7" (s)T = 0 for all s € (a,b).

Note that if 7 is a geodesic, then |y/(s)| is constant, that is, 7 is a con-
stant speed curve, equivalently, parametrized proportional to arclength. The
reason is that (7 - 7/) = 2" -+ = 29T . 4" = 0 if 7 is a geodesic.

There are several notations used for +/7". For instance,

Definition 6.24. Let v : (a,b) — S be a smooth curve and V : (a,b) — R3
a smooth vector field along ~, meaning that V' is a smooth map and for all
s € (a,b), V(s) € TyS, the tangent plane to S at (s).

(1) The tangential component V'(s)T is called the covariant derivative
of V and is denoted DV / Ds.
(2) v is a geodesic if and only if D'/ Ds = 0 for all s € (a,b).

Other notations for D’/ Ds are commonly used, for example D?y/Ds?,
D.,+/, and some others.

6.3.3. The Geodesic Equation in Local Coordinates. To study the geo-
desic equation 7”(s)” = 0 in more detail, we restrict ~y to an interval that
lies in the domain of some chart, and we use the notation of the second
paragraph of Subsection 6.2.2, namely we have the smoothmapx : U — S
which is the inverse of the chart, where U C R? is open and we use u, v for
the coordinates on U.

For each point P € S we write TpS for the tangent plane of to S at P.
This is the two-dimensional subspace of R? of vectors which are tangent to
S at P. For each (u,v) € U, the vectors x,,(u, v) and x,(u, v) form a basis
for Ty (u,:)S. The curve y(s) = x(u(s), v(s)) for some curve (u(s),v(s)) in
U. We compute ~”. First, by the chain rule, 7' = x,u'+x,v/, differentiating
once more using the product rule and chain rule, and combining some terms,
we get

" " " N2 ! N2
v = xu" + x,0" 4 Xy (U')7 F 2x,u' 0"+ X (V)7
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Notice that the first two terms are tangential. So, to find v7 we need to find

the tangential component of the sum of the last three terms. We do not need
to do this explicitly at this moment (more will be said later), all we need is
the general shape of the formula. The tangential component of the sum of
the last three terms is of the form

q1 (U, v, ulv U,)Xu + C]Q(Ua v, Ul, U/)Xva

where ¢; and ¢, are quadratic functions of u, v" with coefficients smooth
functions of u, v, written more explicitly below. Putting this together we see
that the equation 7”7 = 0 is equivalent to a system of second order ODE’s

(43) o 4+ T 4 20y + Th,u? =0
v + THu® + 20,0V + Tav™ = 0
where the six coefficients I}, = I'’; (u, v) are smooth functions on U.

We will later discuss how to obtain formulas for the coefficients. For
the time being all we need is that it is a system of second order ODE’s
where the coefficients of u”,v” are 1. There is a standard existence and
uniqueness theorem for the initial value problem, together with a theorem
on the smooth dependence of the solution on the initial conditions. Let us
write u = u(s) = ((u(s),v(s)) for a solution of the system 43. Let us write
p for a point in U and v for a vector in R?, which we think of as a tangent
vector to U at p.

Theorem 6.25. Given any py € U and any vo € R? there exists a neigh-
borhood W of (po, Vo) in U x R? and an interval (—a,a) C R so that
for any (p,v) € W there exists a unique solution u(s) = (u(s),v(s)) of
the system 43 satisfying the initial conditions u(0) = p and u'(0) = v.
Let u(s, p,v) denote this solution. It depends smoothly on the initial con-
ditions p,v in the sense that the map u : (—a,a) X W — U given by
(s,p, V) +— u(s,p, V) is smooth.

A proof of this theorem, stated for a system x'(¢t) = f(¢,x(t)) of first
order equations, where U C R" is an open set, / C R is an open interval,
and f : [ x U — R" is a smooth map, can be found in any rigorous text on
ODE’s, for example, in Chapter 2 of [2] or Chapter 4 of [1]. (See also Chap-
ter 4 of [3], particularly sections 4.6 and 4.7 for a discussion of the geodesic
equation.) A second order system in n unknown functions is equivalent
to a first order system in 2n unknown functions. Note that our system is
equivalent to a first order system of a more special form, x'(¢) = f(x), an
autonomous system (f does not depend on t).

Our solution u(s, p, v) satisfies the identity

(44) u(rs,p,v) =u(s,p,rv) forany r € R
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because both sides are solutions of the ODE with value p and first derivative
rvats=0.

Fix p € U. To simplify the calculations, we may make a linear change
of coordinates (u, v) so that p = (0,0) = 0 (by translating the coordinates)
and so that, at 0, the differential of our parametrization x of S , dyx :
R? = TyR?* — Tx()S, is an isometry. This last requirement is achieved
as follows. The set {v € R? : |dox(v)| = 1} is an ellipse. If it is a
circle, multiply by a factor to make the circle of radius one. If it is not
a circle, apply the linear transformation with eigenvectors pointing in the
direction of the axes and eigenvalues the inverses of the semi-axes, to take
this ellipse into a circle of radius one. Another way of saying this is that, at
0, dz? + dy? + dz* = du® + dv?, equivalently, that the coefficients g;; of
Equation 36 satisfy ¢11(0) = ¢22(0) = 1 and ¢12(0) = 0.

By Theorem 6.25, for any vy so that |vy| = 1, there exists a neighborhood
V of vg and an a > 0 so that the solution u(s, 0.v) exists for all (s,v) €
(—a,a) x V. By the compactness of the circle S* = {|v| = 1}, it can
be covered by finitely many such V/, and taking b to be the smallest of the
corresponding a’s, we get the following lemma:

Lemma 6.26. There exists b € (0, 00] so that the solution u(s,0,Vv) of the
geodesic equation (43) is defined for all (s,v) € (—b,b) x S™.

In other words, for any fixed length ¢ < b all geodesics through 0 in all
directions v € S' are defined up to c. Note that b = oo is possible, in fact,
it is the ideal situation.

The reason for requiring that dyx be an isometry is to insure that s is
arclength along these solutions u(s,0,v) with |v| = 1, where |v| is the
Euclidean length in R2. Otherwise we would have to use the length mea-
surement |dox(v)| = \/g11(0)v? + 2g12(0)v102 + g22(0)vZ where g;; are as
in Equation 36 and v = (vy, vg).

Using the formula 44, for any v € R?, v # 0, we have u(1,0,v) =
u(|v|,0,v/|v]) is defined provided |v| < b, with b as in Lemma 6.26. In
other words, the map v +— u(1,0,v) is defined and smooth on the ball
{lv] < b}. Let us call this map f : B(0,b) — U, and let’s compute its
differential at 0, dof(v) = lim;o(f(tv) — f(0))/t = lim;o f(tx)/t =
lim; ou(1,0,tv)/t = limyou(t,0,v)/t = u'(0,0,v) = v, where the
second to last equality is Equation 44 and the last equality is the definition
of u(s,p,v) in terms of initial conditions. Thus we get dyf = id. By the
inverse function theorem we get that there exists an € > 0 so that f|p ) is
a diffeomorphism of B(0, €) onto its image.
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6.3.4. Exponential Map and Geodesic Polar Coordinates. We transfer
the information just obtained in local coordinates back to the surface S.
Recall that 0 € U C R?, that x : U — S is a diffeomorphism onto its
image, P = x(0) and that dox : ToU = R? — TpS is an isometry.

For V € TpS, let v(s, P, V) be the solution of 7v"(s)7 = 0 satisfying
7(0) = P and +/(0) = V. Our discussion of the geodesic equation in the
the local coordinates (u,v) € U proves the following theorem:

Theorem 6.27. (1) Thereisb € (0,00] so that v(1, P, V') is defined for
allv e B(0,b) C TpS.
(2) Define a map expp : B(0,b) — S by expp(V) = (1, P, V). Then
the differential dp expp : TpS — TpS is the identity.
(3) There exists € > 0 so that expp | (o) is a diffeomorphism of B(0, €)
onto its image.

Proof. For any r < b, where b is as in Lemma 6.26, we have the following
diagram where the left half is the discussion in local coordinates just fin-
ished in subsection 6.3.3, and the right half is the map just defined. We have
just proved the three parts of this theorem for the left half of the diagram,
the diffeomeorphism x transfers the theorem to the right half. For part (1)
take r = b, for part (3) take r = € as in the last sentence of subsection 6.3.3.

0

The traditional notation and terminology for this map comes from the
fact that in some examples the matrix exponential could be seen as a special
case of this map:

Definition 6.28. The map expp : B(0,b) — S defined in (2) of Theo-
rem 6.27 is called the exponential map at P.

To make matters concrete, let’s keep in mind the example S = S? and
P = N the north pole. The rays through the origin in T.S? are mapped to
the meridians (great circles through V). Note that exp, is defined on the
whole tangent space (b = oo in Theorem 6.27), but its restriction to the ball
of radius r is a diffeomorphism only for r < 7.

The parametrization of a neighborhood of P € S by the ball B(0,¢) C
T,S turns out to be a very natural one. We will change notation, forget the
arbitrary parametrization x(u, v) of subsection 6.3.3 and for the rest of this
section we will use the convenient letters u, v for rectangular coordinates in
TpS with respect to some orthonormal basis eq, e;, and the convenient no-
tation x for the map expp : B(0,€) — S, thatis, x(u, v) = expp(ue;+ves)
for (u,v) € B(0,e) C R% A glance at Figure 39 suggests that we should
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FIGURE 39. Exponential Map for the Sphere

also use the associated polar coordinates (r,6) so that u = rcosf,v =
rsind). When doing so, we will use the usual abbreviated, if somewhat
inaccurate notation x(r, #) for x(r cos 6, r sin 0).

Definition 6.29. The parametrization x : B(0,¢) — S just defined will be
called a normal coordinates centered at P. When this parametrization is
expressed in polar coordinates, the coordinates r, 0 will be called geodesic
polar coordinates centered at P.

Figure 39 also suggests that the curves r = const and 6 = const should
be perpendicular to each other. This is indeed the case:

Theorem 6.30. (Gauss’s Lemma): In a geodesic polar coordinate system
x : B(0,e) — S, x, - xg = 0. Equivalently, in this coordinate system,
ds? = dr? + g(r,0)* d6* for some positive smooth function g.

Proof. This follows immediately from the first variation formula 42. For
fixed 7o < ¢, and any 0 € [0, 2], the curve (-, 0) : [0,7] — S given by
v(r,0) = x(r, 0) is a geodesic of length rg, so its length L(6) is independent
of 0. For any fixed 6y, v(r, ) is then a variation of (-, 6y) by geodesics
of constant length, keeping v(0,0) = P fixed, and variation vector field
V(r) = x4(r,0) Thus formula 42 reads

0 = L,(ig()) = Xg XT|:zgo = XQ(TQ, 60) . Xr(To, 90)

Since ¢, 0, are arbitrary, this means that x4-x,. = 0 everywhere, as asserted.
Recalling formulas 35 and 36, we see that x,. - x,, = 1 (since, for each 6,
x(r, 0) is a unit speed geodesic), X, - x4 = 0 (as just proved) and x4 - xg =
Ga22. Since gy is a positive smooth function, we can write gy = ¢* for some
positive smooth function g. U

Now that we have geodesic polar coordinates, we can repeat the reason-
ing we used in Equations 40 and 41 in any surface. First, Gauss’s Lemma
justifies the following terminology:
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Definition 6.31. In a geodesic polar coordinate system centered at P, the
curves 1 +— x(r,0), 0 < 6 < 2m, are called the geodesic rays through P.
The curves 0 — x(r,0) are called the geodesic circles centered at P.

Theorem 6.32. Let x : Br(0,¢) — S be a geodesic polar coordinate sys-
tem centered at P, where By denotes the ball in the Euclidean metric of the
tangent plane TpS.

(1) For any 0 < vy < r1 < € and any fixed 0, the geodesic segments
x(r,0), ro < r < ry are the shortest piecewise differentiable curves
in S joining a point in the geodesic circle r = r( to a point in the
geodesic circle r = ry.

(2) In particular, the geodesic rays through P are the shortest piece-
wise differentiable curves in S joining P to any other point () in
x(Br(0,€)). This length is ds(P, Q)), where dg is the intrinsic dis-
tance on S as defined in Example 1.14 or Definition 1.26(5).

(3) Let Bs(P, ) denote the ball of given center and radius in the in-
trinsic distance dg. Then, for any r < ¢, Bs(P,r) = x(Br(0,¢€)).

Proof. We argue as we did in polar or spherical coordinates in Equations 40
or 41. Consider first a smooth curve v(¢t) = x(r(t),0(t)), 0 < t < 1
lying in the image of the geodesic polar coordinate system, and suppose
that (0) = ro and (1) = r;. Then we have

S R R GCRY CON OO =

| V@R [ =) ) ==

Observe that the first inequality is strict unless 6’ = 0, that is, # is constant,
that is, -y lies on a geodesic ray. The second inequality is strict unless 7’ > 0,
that is, r is an increasing function of ¢, that is, we are covering a segment
x(r,0), 11 < r < ry, monotonically. Thus L(y) > ry — 7 unless 7y covers
a segment monotonically. Since the length of the segment is ry — rq, it is
an absolute minimizer among the curves considered: smooth curves lying
in x(Br(0,¢€)).

If 7 is just piecewise smooth, but still lies in the coordinate system, divide
[0,1] into subintervals by taking 0 = ¢y < t; < --- < t, = 1, where
Yilft:_1,t; is smooth. Let p; = r(¢;). The same reasoning as in Equation 45,
but refined to take into account the possibility that p; < p;_1, gives the more
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useful inequality

t: t; / _ :

: r'(t) dt = pi — pi1 ifpio1 < pi,
L(yi) > / V()2 de > < i .

tis ftti_l —r'(t) dt = pi_1 — p; if pi < pi_1.

By more useful inequality we mean that the first inequality is useless in
the second case, because it gives a negative lower bound, while the second
inequality is equally useless in the first case.

In either case we get the inequality L(~;) > |p; — pi_1|, with equality
if and only if ~; travels monotonically along a segment x(r, §;), for some
fixed 6;, and with p;,_; <r < p;, or p; < r < p;_; as the case many be. We
thus get

L(v) = ZL(%‘) 2 Z |pi — pi1| = Z(Pz — Pi=1) = Pn— Po =T1—To,

with equality L(vy) = r; — ro if and only of all these inequalities are equali-
ties and py < p; - - - < p,. In particular, each ; must be a segment traveled
in monotonically increasing fashion. Since v is a continuous path, all the
6; must be the same (modulo 27), hence 7 is a segment. Thus segments of
geodesic rays absolutely minimize length in the class of piecewise smooth
paths in the image of the geodesic coordinate system.

Finally, if v([0, 1]) does not lie on the image of the geodesic polar coor-
dinate system, then, for some R, r; < R < ¢, v does not lie in the image of
the closed ball By (0, R). By the continuity of 7 there is 7, 0 < 7 < 1 so that
v(7) lies on the geodesic circle of radius R and ([0, 7]) lies in the image
of Br(0, R). (This can be proved as follows: writing v(t) = x(r(t), 0(t)),
7 is a continuous function of ¢ with 7(0) = 0 and (¢) > R for some ¢. Thus
there exist t1, 0 < t; < ¢, so that r(¢;) = R. Let 7 = inf{t; : r(t1) = R}.
It is easily seen that 0 < 7 < 1 and has the required property.) Then
L(v) > L(7v|jps) = R — 19 > r1 — 79, S0 it cannot be length minimizing.
This proves the first statement of the theorem. See Figure 40 for a sketch of
what a geodesic coordinate system may look like. The wavy curves repre-
sent some of the possibilities we considered in the proof. The geodesic rays
realize the distance between geodesic circles.

The remaining two statements in the theorem are easy consequences of
the first.

U

Remark 6.33. (1) Observe that Theorem 6.32 says, in particular, that
sufficiently small balls B(P,r) in the intrinsic distance dg look
roughly like the balls in the Euclidean metric in the plane. In par-
ticular, there is a unique minimizing segment from the center P to
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FIGURE 40. Geodesic Rays Minimize Length

any other point () € Bg(P,r). This is in marked contrast with the
Taxicab metric of Example 1.5 or the Supremum distance of Exam-
ple 1.6 where there are uncountably many shortest curves joining P
and (), no matter how close P and () are.

(2) It follows easily from Theorem 6.32 that the topology of the intrin-
sic metric dg is the subspace topology on S C IR3. This fact can also
be proved from first principles, without using this detailed theorem.

6.4. A First Glance at Gaussian Curvature. We study in more detail the
function g(r, #) in the expression for ds? in geodesic polar coordinates given
by Gauss’s Lemma (Theorem 6.30). Recall the context: Given a smooth
surface S C R3 and a point P € S, there is an ¢ > 0 and a ballB7(0, €)
about the origin in the tangent space 7TpS to S at P so that the map x =
expp is a diffeomorphism of B (0, €) to a neighborhood of P in S. If r, 0
are polar coordinates in TpS centered at 0, then the expression of ds?> =
dx - dx is

(46) ds* = dr* + g(r,0)* do*
for some function g(r, §) defined for » > 0, positive and smooth for r > 0.

First of all, to see that it would be interesting to know more about g, here
are two geometric interpretations of this function:

Definition 6.34. Using the notation just established,

(1) The geodesic circle of radius 7y centered at P is, as in Def 6.31, the
curve C,, = {x(r0,0) |0 <60 < 27}

(2) The geodesic disk of radius r, centered at P is the surface D,, =
{x(r,0) |0 <r <rs0<60<2r}

Theorem 6.35. (1) The length (circumference) of C,, is fo% g(ro,0) db.
(2) The area of D,, is o% o g(r,0) drdd
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Proof. Since the length of the tangent vector to C,, at the point (r,,6) is
g(ro,0), the first statement is clear. For the second statement, we would
have to discuss area, which we are not going to do here. It can be done in a
manner totally parallel to the treatment for the plane and the sphere. U

We want to see what restrictions, if any, there are on the function g,
and what other information we can extract from this function. Recall that
we know two examples, the Euclidean plane, Example 6.15, and the unit
sphere, Example 6.16, given by the formulas (37) and (38):

dr® +r2d6?> and  dr? + sin®r d>.

In the second formula, we changed the notation in (38) from ¢ to r since ¢
is the same as geodesic distance from the north pole in S?. So we get two
examples of a function g:

7,.3

(47) g(r,0) =r and g(r,0) =sinr=r— o+ ...

These formulas clearly illustrate the following restriction on g:
Theorem 6.36. The function g(r,0) of (46) satisfies
g(r,0) =7 +cr® + O(r")

for some constant c and for r > 0, where O(r*) means a function f(r,0)
satisfying | f(r,0)| < Cr* for some absolute constant C, independent of .

Proof. We will see that this restriction on g(r, ) is just a consequence of
the fact that the formula (46) defines an object that is smooth at the origin.
In other words, we could use rectangular coordinates u, v on Tp.S, related
in the usual way: u = rcosf,v = rsinf. Under this correspondence we
have

(48) dr? + g(r,0)* d6* = g11 du® + 2915 dudv + g9y dv?

where g;; are smooth functions of u, v.

Recall that a function f(u,v) defined on R? \ {0} is said to be homo-
geneous of degree d if f(tu,tv) = t?f(u,v) holds for all ¢ > 0 and all
(u,v) € R*\ {0}. If d > 0, an example of a homogeneous function of
degree d is a homogeneous polynomial in u, v of degree d. In this case the
function extends to R2.

Since the coefficients g;;(u,v) are smooth functions in a neighborhood
of 0 € R?, the Taylor expansion of g;; at (0,0) gives a sequence g;; 4 of
homogeneous polynomials of degree d, d = 0,1, 2, ... so that for any fixed
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do,
do

9ij(u,v) = Zgij,d(ua v) +O(r®h),

d=0

where » = (u? + v?)/2. Consequently the right-hand side of (48) can be
written as a sum

do
(49) Z(gll,ddUQ + 2g12 gdudv + 922,dd7)2) + O(rdo+1>
d=0

To get a similar expansion of the left-hand side of (48), observe first that
the Taylor expansion of g(r, ) with respect to r, centered at (0, 6), with
coefficients functions of 6, gives a sequence of smooth functions ¢;(6), i =
0,1,2,..., periodic of period 27, so that for any integer £ > 0 there is an
expansion

(50)  g(r,0) = co(0) + c1(O)r + ca(0)r? + - - - + cu(0)r" + O(rFHY),

We will only need the case k£ = 3, that is
(51) g(r,0) = co(0) + c1(0)r + co(0)r* 4 c3(0)r® + O(r?),

But first we will assume that (50) holds for & = 4 (error O(r°). Then
g(r, 0)* has expansion, up to O(r®) as follows:

(52) ci+2cocir+(2coco+c7)r? 4+ (2cocs+2¢1 o)1+ (2cpcs+2¢1c3+c3)rt

where we have written simply ¢; for the functions ¢;(6). We will first show
that ¢g = 0. From this it follows that we only need (51) to get (52) with
error O(r).

Take the expression (46) and write it as a sum of terms in 7,6, dr, df,
that, under the change of variables © = rcosf,v = rsin# correspond to
linear combinations of du?, dudv and dv? with coefficients homogeneous
functions of a fixed degree d in u, v, as in (49 ). If all the coefficients in (50)
were arbitrary, we would find some homogeneous functions in u, v that are
not polynomials. This will give the restrictions on the coefficients ¢;(6).

To see the correspondence, note that » = v/u? 4+ v? is homogeneous of
degree 1. The function 6(u,v) is not real valued, it has values in R/Z ,
but as such satisfies 6(tu,tv) = 6(u,v), so formally this is the same as
homogeneos of degree 0. Any real valued function of  is homogeneous of
degree 0.
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Solving the equations

du = cos@dr —rsinf df
dv = sinf dr —rcosf do.

for dr, df gives

u v
(53) dr = (udu + vdv) /1 = ——=du + ——=dv

( = Jaratt Jare
B s U v
df = (udv — vdu) /7* = e L Uy S
Thus dr has coefficients homogeneous of degree 0 and df of degree —1. So
neither form is smooth at the origin, since the homogeneous forms are not
polynomial. This means that dr? and df? have coefficients homogeneous of
degree 0, —2 respectively. Explicitly:

wduduvdudv + v:idv?

54 dr? =
S " u? + v?
G — vidu? — 2uvdudv + u?dv?
N (u? 4 v2)?

Now use all this information in the expansion obtained by using the expan-
sion (52) in the formula (46)

Degree | terms Conclusion

—2 cadb? co=10

-1 2cocirdf? = 0 | nothing

0 dr? + (3r?)do? | ¢, = £1

1 cor3dl? co =10

2 c3rtdf? c3 constant, independent of 4
3 cyr°df? c4(0) = acosf + bsinf

In more detail:

(1) There can be no term of degree —2, so cg =0

(2) For degree —1 we get a coefficient 2cycq, but already know ¢y = 0,
no new information.

(3) For degree 0 actually get dr? + (2coco + ¢2)r?d6?, but already know
co = 0. The term of degree 0 is dr? + c2r?d#* which is

(u? + 220 du?® + 2(1 — A)uvdudv + (v + Au?)dv?
u? + v?

which is a polynomial if and only if ¢? = 1, in which case it reduces
to du? 4+ dv?. So ¢; = +1, and we should take ¢; = 1 since we’re
assuming g(r,0) > 0.
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(4) For degree 1, get cor3df? = co(0)(udv — vdu)?/r. Take any of
its coefficients, say cy(0)u?/r = co(0)r cos® 0. It homogeneous of
degree 1. Since it vanishes on the line § = 7/2, if it were a lin-
ear function, the only possibility would be au = ar cos @ or some
constant a. Thus ar cosf = cy(0)r cos® 0, that is c3(f) = a/ cosf
which is not a smooth function of # (blows up at = £+ /s). Thus
we must have ¢3(0) = 0.

(5) For degree 2 get c3ridf = c3(theta)ridd? = c3(0)(udv — vdu)?.
The coefficients can be polynomials if and only if c3 is a constant,
independent of 6.

(6) Degree 3 is beyond our expansion (52) , but we include it here since
the pattern is now clear. We get ¢(0)r(udvd — vdu)?, homogeneous
of degree 1. It is smooth at the origin if and only if it is a linear
function of u, v. This happens if and only if ¢4(f) = a cos 0+ bsin 6
for some constants a, b. This is the first time that this method allows
for a coefficient c;(0) that is not independent of 0.

O

Definition 6.37. The Gaussian curvature of S at P is the number K(P) =
—6¢, with c as in the theorem.

Remark 6.38. This is not the traditional definition of Gaussian curvature,
but it is a convenient one for us. Gauss’s original definition was extrin-
sic, and his Theorema Egregium was the statement that K is intrinsic. See
Subsection 6.5 below for the meaning of intrinsic.

Example 6.39. (1) If S = IR?, then geodesic polar coordinates are the
usual polar coordinates, ds*> = dr?+r2df?, g(r,0) = r and K (P) =
0 for all P € R?.

(2) If S = S? and N is the north pole, then we have seen that geodesic
polar coordinates are the same as spherical coordinates of Exam-
ple 6.16, with ¢ = r and ds* = dr? + sin®r db?, thus g(r,0) =
sinr = r —1r3/6 + ..., thus K(N) = 1 (this explains the factor
—6). Since there is a rotation of S? taking N to any other point P,
S?,K(P)=1forall P € 52

Remark 6.40. Theorem 6.35 gives a nice interpretation of the Gaussian
curvature K (P). Recall the meaning of geodesic circle and geodesic disc
from Definition 6.34.

) L(C,) = 2mr— @7’3 +0(r")

AD,) = mr® - @r“ +0(r°).
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Thus K (P) measures the deviation of the formulas for circumference and
area of a circle from the usual Euclidean formulas. For example, for R? we
get L(C,) = 27r while for S? we get L(C,) = 2rsinr = 27r — 713 /3 +
..., thus geodesic circles on the sphere are shorter than their counterparts
in R?, as suggested by Figure 39.

6.5. A Quick Glance at Intrinsic Geometry. Gauss discovered the intrin-
sic geometry of surfaces, and introduced the geodesic polar coordinates to
study it in detail. Intrinsic geometry means the part of the geometry of
S C R? that depends on intrinsic measurements on S, and not on its em-
bedding in R3. Intrinsic measurements are those that can be reduced to the
study of measurements within surface, such as length, angles, area.

We have seen one example in the homework problems. Consider the
cylinder C' = {z? + y*> = 1} C R3, parametrized by x : R? — C C R?
where

(56) x(u,v) = (cosu, sinu,v).

Since x(u + 2m,v) = x(u,v), we can view x as a map (R?/ ~) — C,
where (u,v) ~ (u + 2nm, v) for all n € Z. It is easy to check that this map
is a homeomorphism. But more is true: we saw in the homework that this
map takes geodesics u” = 0,v” = 0 in R? to geodesics in C (spirals and
vertical lines) and this map preserves the length of curves. So this map x is
an isometry between the intrinsic metrics of the surfaces R?/ ~ and C.

There is a quick way for checking that a smooth map is an isometry
between intrinsic metrics: check that it preserves ds?, thus it preserves
length of curves, thus preserves intrinsic metrics. More formally, to say
that a smooth map f : S; — S5 between smooth surfaces S;, .S, pre-
serves ds® is the same as saying that, for all P € S, the differential
dpf : TpS1 — Typ)S2 is an isometry between the two inner product
spaces TpS1, Trp)S2 C R*. In our example of x : (R?/ ~) — C this
is checked as follows:

dx-dx = dz*+dy* +dz* = (— sinu du)*+ (cos u du)? +dv* = du® +dv?,

thus the integrands for arclength correspond, thus lengths of curves corre-
spond, and this map is an isometry in the sense of metric spaces. (This is a
sufficient condition for isometry of metric spaces. It turns out that it is also
a necessary condition, but necessity is harder to prove.)

Another example, let et v : R — R? be any smooth curve parametrized
by arclength, periodic of period 27, and suppose 7y (u1) # Y(uz) if uy — ug
is not an integral multiple of 2. In other words, v descends to a map,
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still denoted +, defined on the circle: v : R/(27Z) — R2, and this map is
injective.
Write v(u) = (z(u), y(u)). Define a surface C., C R? by the formula

(57) y(u,v) = (x(u), y(u),v),

called the cylinder on ~. Then the map y : R?/ ~— C., is also an isometry,
thus the map f : C' — C, defined by f(x(u,v)) = y(u,v) is an isometry.
Since there are infinitely many curves v : R — R? satisfying our require-
ments of periodicity and injectivity of the map R/(27Z) — R2, it follows
that there are infinitely many surfaces isometric to the cylinder C'. More-
over, since the simple closed curves - can be continuously deformed to each
other, the same can be done with the resulting surfaces..

We have been a bit sloppy since the “surface” R?/ ~ is a quotient of
R? rather than a subspace of R3. But it is a smooth surface in the sense
of Definition 6.1. What this means is that we have to enlarge the context
in which we consider lengths of curves, we should not restrict ourselves to
surfaces in R3. We will do this next semester.

To finish, let us remark that the Gaussian curvature is invariant under
isometries. Since it is 1 for any open subset of S and 0 for any open subset
of R?, we get that no open subset of S* can be isometric to an open subset
of R2.
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