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Recall:

I (X , d) metric space.

I I(X ) (Or I(X , d)) = the set of all surjective
isometries f : (X , d) ! (X , d) forms a group.

I Compute I(R2, d) for d = d(1), d(2), d(1).

I Similar answers for Rn, n > 2.



Subgroups of I(Rn)

I Fix a norm on Rn: |x |(1) or |x |(2) or |x |(1).

I Let I = I(Rn, d) for d = corresponding distance.

I
Translations: for fixed v 2 Rn,

t

v

(x) = x + v

is an isometry, called translation by v .

I
t

v

isometry whenever d(x , y) = |y � x | for |x | a norm

d(t
v

(x), t
v

(y)) = |(y + v)� (x + v)| = |y � x | = d(x , y)



I Let T = {t

v

| v 2 Rn}

I T is a subgroup of I

I Why?

I Let I0 = {g 2 I | g(0) = 0}

I I0 is a subgroup of I.





I
Question: Normality?





I If f 2 I, then
f = t

v

� g

where g 2 I0.



I In fact,
v = f (0) and g = t�f (0) � f

I Explicitly,
f (x) = g(x) + f (0)

where
g(x) = f (x)� f (0)



I
Conclusion: to know I, sufficient ot know I0.

I Homework: for d(1) = taxicab,

I0 = {(x1, x2) ! (±x1,±x2)}[ {(x1, x2) ! (±x2,±x1)}

(eight elements)

I
Question: I0 for d(2) = Euclidean metric.



Theorem
If g 2 I0(Rn, d(2)), then g is linear.







Corollary
If g 2 I0(R2, d(2)), then either

g

✓
x1
x2

◆
=

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆✓
x1
x2

◆

or

g

✓
x1
x2

◆
=

✓
cos ✓ sin ✓
sin ✓ � cos ✓

◆✓
x1
x2

◆

For 0  ✓  2⇡.





Geometric Interpretation

I

R✓ =

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆

has determinant �1, represents counterclockwise
rotation by angle ✓.



I

S✓ =

✓
cos ✓ sin ✓
sin ✓ � cos ✓

◆

has determinant = �1, represents reflection in the
line {t(cos ✓

2 , sin ✓
2) | t 2 R}





Euclidean Isometries of R2

I Let v 2 R2 and let ✓ 2 [0, 2⇡].

I Let
f

+
✓,v(x) = R✓(x) + v

I Let
f

�
✓,v(x) = S✓(x) + v

I Let
I± = {f

±
✓,v | v 2 R2, ✓ 2 [0, 2⇡]}



Theorem

1. I = I+ [ I�
.

2. In words, if f : R2 ! R2
is a Euclidean isometry, then

there exist v 2 R2
and ✓ 2 [0, 2⇡] so that either

f = f

+
✓,v or f = f

�
✓,v .

3. I+
is a subgroup of I of index two.

4. det : I ! {±1} is a surjective homomorphism with

kernel I+
.





Comments

I The correspondence (✓, v) ! f

+
✓,v is bijective if either:

I We take ✓ 2 [0, 2⇡) : un-natural.
I We take ✓ 2 circle S

1 : more natural, will do later.
I Similar statements for f

�
✓,v .

I Formulas for
f

+
v1,✓1

� f

+
v2,✓2

etc???







Fixed Points







Composing rotations about different centers















Topology of Metric Spaces

I (X , d) metric space, x 2 X , r � 0. Define

1. B(x , r) = {y 2 X : d(x , y) < r}, the ball of radius r

centered at x .

2. B̄(x , r) = {y 2 X : d(x , y)  r}, the closed ball of

radius r centered at x. .

3. S(x , r) = {y 2 X : d(x , y) = r}, the sphere of radius r

centered at x.





Open sets

I Definition
U ⇢ X open set () 8x 2 U 9r > 0 so that

B(x , r) ⇢ U.



I Example: (Rn, d(2)) usual open sets.

I Example: (Rn, d(1)) or (Rn, d(1)): same open sets.

I Proof?





I (X , d) discrete metric space =) all sets are open.

I Open sets in French railway metric.



I Examples on non-open sets:



I Theorem
(X , d) metric space, x 2 X and r > 0 =)

B(x , r) is an open set

I Proof?



I Theorem
(X , d) metric space, x 2 X and r � 0 =)

{y 2 X |d(x , y) > r} is an open set .

I Proof?




