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My research interests lie in computational and applied mathematics. Broadly, my Ph.D. research has
been in the mathematical and numerical analysis of problems from fluid dynamics, materials science,
and sea ice. In these areas, my passions are in designing and analyzing (i) mathematical models and (ii)
numerical methods for the approximation of partial differential equations (PDE).

At the moment, I have three main areas of research where I am applying my skills in applied analysis,
mathematical modeling, and numerical analysis: (1) designing highly accurate numerical methods for
PDE based on Difference Potentials, (2) modeling and analysis of sea ice physics, and (3) designing a
nonlocal slender body theory for a certain type of creeping (Stokes) flow.

1 Numerical methods based on Difference Potentials
Partial differential equations (PDE) are important components of many mathematical models from
engineering, medicine, and science. PDE-based models from real-world applications often have “interfaces”
in the domain Ω, across which there are discontinuities in the material properties, discontinuities (or low
regularity) in the underlying solution, a change in the physical model governing the solution, etc.

An important and challenging task in numerical analysis is to design robust, highly accurate, and
efficient numerical methods that can both capture these important properties (regularity, discontinuities,
different physics, etc.) and handle general geometry of the domain or interfaces. Unfortunately, standard
numerical methods for PDE (finite differences, finite elements, etc.) that are designed with the assumption
of high global regularity (of the underlying solution) will typically fail to produce an accurate approxi-
mation near interfaces, or may be difficult to design with high-order accuracy when considering general
geometries.

Therefore, some of my current research is focused on designing and analyzing Difference Potentials
Methods (DPM) for the numerical approximation of PDE. Using the framework provided by the DPM,
we will be able to approximate the solution of PDE in arbitrary, smooth geometries using standard,
finite-difference discretizations and uniform, Cartesian grids, which need not conform with boundaries or
interfaces. Moreover, we will be able to design robust, highly accurate, and efficient numerical methods
for the aforementioned interface problems.

Brief introduction to the Difference Potentials Method (DPM). The DPM was originally pro-
posed by V. S. Ryaben’kii [42, 43, 45], and has been extensively developed by his collaborators and other
authors [1–4, 8, 14, 34, 40, 41, 44, 46] (among many possible references). Briefly, the main idea of the
DPM is to reduce uniquely-solvable, well-posed boundary value problems (BVPs) to pseudo-differential
boundary equations with projection.

In order to motivate my research and future directions in this area, let us now sketch the main steps
of the DPM. For simplicity of presentation, consider the numerical approximation of an elliptic PDE
(with Dirichlet boundary conditions) in a domain Ω,

Lu(x) = f(x), x ∈ Ω, u(x) = g(x), x ∈ ∂Ω. (1)

(For example, we might take Lu = −∆u or variable-coefficient L. Or, we might consider a parabolic PDE,
a composite domain with interfaces, etc.)

As a first step, we introduce a computationally-simple auxiliary domain Ω0 (which embeds Ω), and a
uniform, Cartesian grid M0 on Ω0. Then, we introduce the discrete, Auxiliary Problem (AP) – a discrete,
Green’s operator for grid-functions defined on M0. (In practice, the AP is realized as the unique solution
of a computationally-simple system of linear equations.)
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Figure 1: Example of an
elliptical domain Ω, grid
M0 on the auxiliary do-
main Ω0, and discrete grid
boundary γ (in red).

Next, using the AP, we reduce the discretization of the PDE (1) (without
imposed boundary conditions) to the discrete, pseudo-differential Boundary
Equations with Projection (BEP). The BEP are then supplemented with the
given boundary conditions (1), and solved to obtain the numerical approxi-
mation of the solution u(x) at the grid points near the continuous boundary
∂Ω. (These grid points are called the discrete grid boundary γ, and approx-
imate the original boundary ∂Ω using points from both inside and outside
of Ω; see Fig. 1.)

Lastly – using the AP, and the obtained numerical approximation of u(x)
at γ – we construct the numerical approximation of u(x) at all grid points
in Ω, via the discrete, generalized Green’s formula.

To expand and reiterate, the DPM offers geometric flexibility (using
non-conforming, uniform, Cartesian grids); can be designed with high-order
accuracy and efficiency; is a well-conditioned numerical method, no matter
which well-posed BVP is considered; and can be designed for the numerical approximation of time-
dependent PDE, PDE with variable coefficients or nonlinearities, interface problems, etc.

0 0.5 1
−1.5

−1

−0.5

0

0.5

1

1.5

x

u

Solution t = 0.25

0 0.5 1
−15

−10

−5

0

5

10

15

x

∇hu

Discrete Gradient t = 0.25

Student Version of MATLAB

Figure 2: 1D parabolic
problem: exact and com-
puted solutions (using 4th

order DPM), for a test
problem with variable,
non-matching coeffi-
cients λ1, λ2 and forcing
functions f1, f2; from [2].

The DPM for 1D parabolic interface models. In my work with J.
Albright and Y. Epshteyn (Appl. Numer. Math., 2015) [2], we designed,
implemented, tested, and analyzed high-order accurate numerical methods
(based on the DPM) for parabolic interface problems in 1D. (This continued
the work started in [16, 44] for elliptic interface models and [13] for parabolic
interface models.) Briefly, we let Ω = Ω1 ∪ Ω2 be an interval in R, and
considered the PDE

∂u1
∂t

(x, t)−∇ · (λ1(x)∇u1(x, t)) = f1(x, t) on Ω1, (2)

∂u2
∂t

(x, t)−∇ · (λ2(x)∇u2(x, t)) = f2(x, t) on Ω2, (3)

supplemented with initial, interface, and Dirichlet boundary conditions. More-
over, we considered operators ∂

∂t −∇ · (λs(x)∇) and right-hand sides f1, f2
with low regularity (or jump discontinuities) at the interface Γ between Ω1

and Ω2, resulting in solutions u1, u2 which were also non-smooth or discon-
tinuous at the interface Γ.

In our numerical tests, we showed that the numerical methods we designed
(based on the DPM) are well-suited to variable-coefficient parabolic models in
heterogeneous media, and/or models with non-matching or non-conforming
grids. Indeed, we showed high-order accuracy and efficiency, even for test

problems where the true solution u(x, t) had a jump discontinuity or lack of regularity at the interface Γ;
see, for example, Fig. 2.

We considered the modest 1D setting as an initial step towards the development of high-order accurate
methods in a wider variety of settings. Indeed, the methods we developed for 1D problems were extended
to and developed for 2D problems (with the same high-order accuracy and efficiency) in [1, 4, 15] for
elliptic interface models, and [1, 3] for parabolic interface models.

Comparison of three, modern, numerical methods for parabolic interface models. In G.
Ludvigsson, K. R. Steffen, S. Sticko, S. Wang, Q. Xia, Y. Epshteyn, and G. Kreiss (To appear in J. Sci.
Comput., 2017) [32], we (i) designed benchmark problems for parabolic interface models in 2D, with the
geometry defined explicitly or implicitly; (ii) compared/contrasted the performance of three modern,
high-order accurate numerical methods on these problems; and (iii) Y. Epshteyn, Q. Xia, and I extended
the DPM to PDE with implicitly-defined geometry, for the first time.

To be precise, we considered the PDE (2, 3), with a composite domain Ω = Ω1 ∪ Ω2 ⊂ R2, supple-
mented with initial, interface, and boundary conditions. The high-order accurate numerical methods we
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compared/contrasted were (a) cut–FEM [9, 49, 50] (an immersed, “cut finite element method”); (b) the
DPM [1, 3, 32] (an immersed method, as discussed above); and (c) SBP–SAT–FD [11, 51, 56, 57] (a
conforming, mapped-grid, finite-difference method).

Figure 3: 2D parabolic
problem with circular
interface: difference be-
tween true and computed
solution (using 4th-order
DPM) at final time T = 1.
L∞ error is ∼1.0× 10−11;
from [32].

Regarding (ii), we found that the cut–FEM and DPM both achieved the
expected rate of convergence (2nd- or 4th-order convergence) in the maximum
(L∞) norm, while the SBP–SAT–FD method suffered a drop in convergence
on some test problems (from 4th- to 3rd-order), possibly due to the stretched,
non-orthogonal mapped grids required to conform with Ω. Moreover, we
found that the DPM had the smallest error constant (among the three con-
sidered methods) for all the proposed test problems.

Regarding (iii), we were able to design the DPM to robustly handle
implicitly-defined geometry, with no appreciable change to the accuracy in
the numerical approximation of (2, 3).

Current and future research. In current research (with Y. Epshteyn
and Q. Xia), we are developing a DPM for elliptic PDE defined on moving
domains Ω(t), which arise in the mathematical study of fluid instabilities,
phase change between liquids and solids, etc. To this end, we are combining
ideas from the Grid Based Particle Method [29, 30] – which (roughly) ap-
proximates the evolving interface using a local, least-squares approach – together with the construction
of the Boundary Equations with Projection (pages 1, 2).
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Figure 4: Cross-section
of laminar pipe flow: true
and computed solutions
(using DPM) agreeing to
within machine precision,
in preliminary results with
Y. Epshteyn.

In future research (with Y. Epshteyn), we plan to consider the multi-
physics problem of fluid flow coupled with porous media flow [28], which
arises in the study of pollution discharged into aquifers or waterways, and
in high-tech applications involving fibers or filtration. In preliminary work
for fluid flow (without coupling to porous media flow), we see the expected
2nd-order accuracy on several test problems; see Fig. 4 for an example of
laminar pipe flow with a shear-stress boundary condition. Based on our work
on parabolic interface models [2, 32] and other works on similar models [1,
3, 4, 15, 16, 33, 44], we believe that the DPM can be designed for the full,
coupled, multi-physics problem, without serious technical complications.

In future research, I plan to apply the DPM to fourth-order elliptic
problems, such as the biharmonic equation ∆2u = 0, supplemented with
appropriate boundary conditions. This PDE arises in the study of the Cahn–
Hilliard (CH) equation, among other areas (e.g., elasticity, Stokes flow, etc.).
The CH equation is a time-dependent PDE, typically with sharp gradients in
solutions, so computational efficiency and high-order accuracy (at which the

DPM excels) are important and desirable. As a first step, I plan to consider the simplified setting of DPM
applied to the 1D biharmonic equation, and I hope to mentor and collaborate with an undergraduate
REU or graduate student.

Additionally (in future research with Y. Epshteyn and Q. Xia), we plan to design a DPM for mathe-
matical models with bulk–surface coupling (e.g., coupled PDEs, with one posed in Ω, and another on ∂Ω).
These types of PDEs arise in fluid dynamics (models of multiphase fluids with surfactants), cellular biol-
ogy (dynamics of biomembranes), and earth sciences (mass transport in fractured porous media), among
other areas [10, 12, 31]. In the DPM, one construction of the Boundary Equations with Projection (pages
1, 2) incorporates information about the trace of the solution (and its higher-order normal derivatives)
at ∂Ω, in a way that I believe will be well-suited to the numerical approximation of bulk–surface models.

2 Modeling and analysis of sea ice physics
Sea ice is frozen sea water that forms on Earth’s high latitude oceans. On the macroscale, it covers
millions of square kilometers of Earth’s ocean surface in the Arctic basin and around the continent of
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Antarctica. On the microscale, it has a complex, porous microstructure composed principally of pure ice,
with inclusions of brine (highly saline water), air, and salt [53].

Sea ice is declining at a rate of approximately 500 000 km2 decade−1, while a positive ice–albedo
feedback is accelerating this decline [22]. Indeed, sea ice has a very high albedo (reflectivity), which helps
to cool the polar regions by reflecting incoming solar radiation. Declining ice coverage due to melting
therefore results in more solar radiation entering the climate system, thus leading to more warming and
more melting.

The sea ice pack supports and constrains human activity, and provides a habitat crucial to a wide range
of microorganisms, crustaceans, birds, and mammals. Improved understanding of sea ice from physical,
biological, and mathematical points-of-view is therefore important in the study of biology, climate, human
activity, etc.

Fluid transport within the complex, porous microstructure of the ice plays a key role in both the
biological and geophysical aspects of sea ice (e.g., microorganism life cycles, the drainage of surface melt
ponds, etc.). A key parameter characterizing fluid transport in a porous medium is its effective fluid
permeability, which measures how readily (or not) fluid can flow through it.
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Figure 5: Transition in
melt pond geometry: a
small pond (top), transi-
tional pond (middle), and
complex pond (bottom),
withD increasing from≈ 1
to ≈ 2. (Horizontal length
scale of transitional pond
is ∼30 m.) From [21].

Turning to the biological aspects of sea ice, algae are among the many
microorganisms living in the ice, and are primary producers (at the bottom of
polar food chains). Algae such as Melosira arctica secrete Extracellular Poly-
meric Substances (EPS), which are gelatinous materials thought to protect
them from predation, freezing, and osmotic shock [26, 27]. On one hand, the
algae are affected by the ice – nutrient availability (for growth) is controlled
by the fluid permeability. On the other hand, recent work [25] has shown that
entrained EPS in the ice can significantly affect the sea ice microstructure
and fluid permeability (among other physical properties).

Therefore, some of my current research is focused on mathematical
modeling and analysis of this interplay between physics (fluid transport)
and biology at the microscale, and also on macroscale properties of the
ice.

Fractal geometry of melt ponds. In C. Hohenegger, B. Alali, K. R.
Steffen, D. K. Perovich, and K. M. Golden (The Cryosphere, 2012) [21], we
considered a macroscale property of the sea ice: its transition from a snow-
covered, reflective surface to a complex mosaic of ice and melt ponds during
the late spring and summer. This transition affects the positive ice–albedo
feedback discussed above, which has played a major role in the recent declines
of the summer Arctic ice pack.

We asked the question “Does the evolution of melt pond geometry exhibit
universal characteristics which do not depend on the details of the driving
mechanism?” Therefore, we considered the fractal dimension of the melt
ponds, which we defined to be the number D so that

P ∼
√
A

D
, (4)

where A and P are the area and perimeter of a given melt pond, respectively.
Using thousands of photographs of melt ponds from [37, 38], we analyzed area–perimeter data from

hundreds of thousands of melt ponds, and we found a surprising separation of scales. Indeed, we found
that the fractal dimension transitions from 1 to 2 around a critical length scale of ∼100 m2 in area. (See
Fig. 5 for three, visual examples.)

This finding has a wide range of possible implications. For example, Arctic melt pond evolution
significantly affects (1) ice–albedo feedback and (2) models of heat balance in the upper Arctic ocean,
which (a) both play key roles in larger-scale climate models, and (b) both affect polar biology.
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Figure 6: From [48]: Rig-
orous upper bound (solid);
data [17] for permeabil-
ity in sea ice without
EPS (black “+” signs); our
model results (solid with
dots), agreeing with ob-
served drop [25] in fluid
permeability.

Fluid permeability of sea ice with entrained EPS. In K. R. Steffen, Y.
Epshteyn, J. Zhu, M. J. Bowler, J. W. Deming, and K. M. Golden (Multiscale
Model. Sim., to appear, 2017) [48], we studied a microscale property of the
sea ice: the effect that microbiology has on the effective fluid permeability
of Arctic sea ice. Therefore, in this work, we:

1. Proposed a novel bimodal–lognormal random distribution A for the
size of brine inclusions in sea ice with entrained EPS (generalizing the
lognormal distribution identified in [36]), by analyzing the data of [25];

2. Proposed a model for the effective fluid permeability k of this type of
ice (using the proposed distribution A), which (i) extends the random
network model of [58] and (ii) captures very well the observed drop
[25] in fluid permeability (see Fig. 6); and

3. Computed a new, rigorous, upper bound for k (following [18, 55]), using
the proposed distribution A and the parameters of our model.

To expand on 1. and 2. above, we consider a young slab of sea ice at equi-
librium, modeled by a network of circular pipes (on a square lattice) with

cross-sectional areas drawn from A. Conceptually, there are two steps: (i) construct and solve a system of
linear equations approximating the pressure in each node of the network, and (ii) compute the “effective
fluid permeability” of the network (our model for k).

To expand on 3. above, the rigorous, upper bound for k is computed via an application of [18, 55],
where it is derived through variational analysis of a diffusion process in the pore-space of a porous medium
(which can be shown to be equivalent to the permeability of fluid flow in the pore-space). Expanding
further, our upper bound is an anisotropic upper bound, in the sense that equality is attainable by a
geometry consisting of parallel, circular pipes with random cross-sectional area.

Future directions. In future work (with Y. Epshteyn, K. M. Golden, J. Zhu), we plan to consider
isotropic bounds for sea ice, based on work of [6]. We suspect that this will improve the upper bound we
found in [48], since there will no longer be an optimal geometry consisting of parallel pipes with large
radii.

A particularly interesting question that we hope to address is: “Are the algae victims of their own
success?” Indeed, a drop in the fluid permeability is observed in both the experimental work of [25]
and our work [48], when algae live within the ice. However, the algae need nutrients (supplied by water
percolating through the ice) in order to grow. Is it possible that there is a critical threshold, such that
any growth above this threshold will lead to the algal community’s demise?

Additionally, we plan to develop a non-equilibrium model of sea ice permeability – for example, we
might analyze a pipe network with evolving pipe radii (considered in a different physical context by [52]).
By doing so, we hope to mathematically model and explain percolation blockage in young sea ice [39]
(which allows melt ponds to form on otherwise highly permeable ice), and possibly also explain why the
presence of EPS in sea ice extends the lifetime of ice [25].

3 Nonlocal slender body theory above a wall
The dynamics of a slender, rigid body immersed in Stokes flow arises in the study of a wide variety
of applications – microorganism locomotion, sedimentation, aerosol physics, etc. Broadly, the governing
equations are

−∇p+ µ∆u = f in R3 \ Ω, u = 0 on ∂Ω, and u→ u∞ as |x| → ∞, (5)

where Ω is (for example) a slender ellipsoid, and u∞ is some background flow. Hoping to efficiently
approximate the solution of (5), one might ask: “Is it possible to find a distribution of point forces along
the centerline of the ellipsoid Ω, such that the no-slip condition u = 0 on ∂Ω is approximately satisfied? ”
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This is answered in the affirmative by slender-body theory, which has been the object of study of many
mathematicians over the past half-century. Three early studies were conducted by G. K. Batchelor [5], J.
B. Keller and S. I. Rubinow [24], and R. E. Johnson [23], for a slender body in free-space R3. A notable
later study was done by T. Götz [19], in which slender body theory for (5) is re-derived using matched
asymptotic expansions, along with new derivations of slender body theory for other PDE.

In current work with C. Hohenneger [47], we are working on a slender body theory for Stokes flow
above a wall. Therefore, we consider (5) in the domain R2×{z > 0}\Ω, with a no-slip boundary condition
u = 0 on both ∂Ω and the infinite plane R2 × {z = 0}. This geometrical setting arises, for example,
in the study of fibers sedimenting in the vicinity of a boundary or wall, and in the study of swimming
microorganisms.

In brief, we use the method of images for Stokes flow [7], compute the matched asymptotic expansion
following [19], and have considered initial numerical experiments similar to [20, 35, 54].
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