ASSOCIATED PRIMES OF LOCAL COHOMOLOGY MODULES

ANURAG K. SINGH

1. INTRODUCTION

Throughout, R will denote a commutative Noetherian ring with a unit element.
Let a be an ideal of R, and i a non-negative integer. The local cohomology module
Hi(R) is defined as

HA(R) — lim Ext}, (R/a" )
keN
where the maps in the direct limit system are those induced by the natural surjec-
tions R/a**!1 — R/ak. If a is generated by elements z1,...,T,, then Hi(R) is
isomorphic to the ith cohomology module of the extended Cech complex

n

00— R— @Rm — @Rxﬂj — o — Ry oy, — 0.
i=1 i<j

For an element f € R and a positive integer m, we use [f + (27", ..., z")] to denote

the cohomology class

|: f :l c R 1 Tn
e Z’L Ry, dy,, ¢

It is easily seen that [f + (z7*,...,2")] = 0 in HY(R) if and only if there exists an
integer k > 0, such that

fakoak e (x71”+k7 . ,x?"'k)R.
Consequently H?(R) may be also identified with the direct limit
lim R/(27", ..., 2" )R,

n
meN

where the map R/(27,...,2™) — R/(z7, ... 2™+ is multiplication by the
image of the element x1 - - - x,,.

As these descriptions suggest, H:(R) is usually not finitely generated as an
R-module. However local cohomology modules have useful finiteness properties in
certain cases, e.g., for a local ring (R, m), the modules H: (R) satisfy the descending

chain condition. This implies, in particular, that for all ¢ > 0,

Homp (R/m, H},(R)) =0 :pi (r) m
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is a finitely generated R-module. Grothendieck conjectured that for all ideals a C R,
the modules

Homp (R/a, H;(R)) =0 ‘Hi(R) @

are finitely generated, [SGA2, Exposé XIII, page 173]. In [Ha, §3] Hartshorne gave
a counterexample to this conjecture: Let K be a field and R be the hypersurface

Klw,z,y,z]/(wz — yz).

Set a = (z,y) and consider the local cohomology module H2(R). It is easily seen
that the elements

[y" 2" + (2" y" )R] € HX(R) for n >0

are nonzero, and are killed by the maximal ideal m = (w, z,y, z). In fact, they span
the module 0 : g2(g) m which is a vector space of countably infinite dimension, and
so it cannot be finitely generated as an R-module. It follows that 0 :z2(r) a is not
finitely generated as well.

In [Ha] Hartshorne also began the study of the cofiniteness of local cohomology
modules: An R-module M is a-cofinite if Supp(M) C V(a) and Extz(R/a, M) is
finitely generated for all « > 0. Some of the work on cofiniteness may be found
in the papers [Ch, DM, HK, HM, Kw, Me, Ya], and [Yo]. A related question on
the torsion in local cohomology modules was raised by Huneke at the Sundance
Conference in 1990, and will be our main focus here.

Question 1.1. [Hul] Is the number of associated prime ideals of a local cohomology
module H!(R) always finite?

The first results were obtained by Huneke and Sharp.

Theorem 1.2. [HS, Corollary 2.3] Let R be a regular ring containing a field of
positive characteristic, and a C R an ideal. Then for all i > 0,

Ass HY(R) C AssExt%(R/a, R) (%)
In particular, Ass H:(R) is a finite set.

Remark 1.3. The proof of the above theorem relies heavily on the flatness of
the Frobenius endomorphism which, by [Ku, Theorem 2.1], characterizes regular
rings of positive characteristic. The containment (%) may fail for regular rings of
characteristic zero: Let R = Clu,v,w,x,y, 2], and a be the ideal generated by the

M:(u v w)
T Yy =z

Then Ext%(R/a, R) = 0 since R/a has projective dimension two as an R-module.
However, as observed by Hochster, the module H2(R) is nonzero: To see this,
consider the linear action of G = SLy(C) on R, where an element g € G maps the
entries of the matrix M to those of the matrix g x M. The ring of invariants for

2 x 2 minors A; of the matrix
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this action is the polynomial ring R® = C[Ay, Ay, A3]. Since SLy(C) is linearly
reductive, the inclusion R® < R splits via an RC-linear retraction, and so

HgAl,Az,AS)(RG) - H§(R)

is a split inclusion. Since the module H (3A1 A, A3)(RG) is nonzero, it follows that
H2(R) must be nonzero as well.

While Ass H:(R) may not be a subset of Ass Exth(R/a, R), Question 1.1 does
have an affirmative answer for all unramified regular local rings by combining the
result of Huneke-Sharp with the following two theorems of Lyubeznik.

Theorem 1.4. [Lyl, Corollary 3.6 (c)] Let R be a reqular ring containing a field of
characteristic zero and a an ideal of R. Then for every mazximal ideal m of R, the
set of associated primes of a local cohomology module H:(R), which are contained
in the ideal m, is finite.

If the regular ring R is finitely generated over a field of characteristic zero, then
Ass Hi(R) is a finite set.

To illustrate the key point here, consider the case where R = C[z1,...,z,], and
let D be the ring of C-linear differential operators on R. It turns out that D is
left and right Noetherian, that H¢(R) is a finitely generated D-module, and con-
sequently that Ass H!(R) is finite. Lyubeznik’s result below also uses D-modules,
though the situation in mixed characteristic is more subtle.

Theorem 1.5. [Ly2, Theorem 1] If R is an unramified regular local ring of mized
characteristic, and a is an ideal of R, then Ass H.(R) is a finite set.

So far we have restricted the discussion to local cohomology modules of the form
Hi(R). For an R-module M, the local cohomology modules H:(M) are defined
similarly as

H{(M) = lim Ext; (R/a*, M),  where i>0.
keN

If M is a finitely generated R-module, then H?(M) may be identified with the
submodule of M consisting of elements which are killed by a power of the ideal
a, and consequently HY(M) is a finitely generated R-module. If 4 is the smallest
integer for which H:(M) is not finitely generated, then the set Ass H:(M) is also
finite, as proved in [BF] and [KS]. Other positive answers to Question 1.1 include
results in small dimensions such as the following theorem due to Marley:

Theorem 1.6. [Ma, Corollary 2.7] Let R be a local ring and M a finitely generated
R-module of dimension at most three. Then Ass H: (M) is finite for all ideals a C R.

For some of the other work on this question, we refer the reader to the papers
[BKS, BRS, He, Ly3] and [MV].
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2. p-TORSION

In [Sil] the author constructed a hypersurface for which a local cohomology
module has infinitely many associated prime ideals, thereby demonstrating that
Question 1.1, in general, has a negative answer. Since the argument is quite ele-
mentary, we include it here.

Theorem 2.1. [Sil, §4] Consider the hypersurface
R = Zlu,v,w, 2.y, ) (uz + vy + w2)

and the ideal a = (z,y,z)R. Then for every prime integer p, the local cohomology
module H2(R) has a p-torsion element. Consequently H2(R) has infinitely many
associated prime ideals.

Proof. We identify H3(R) with the direct limit
: ko, k k
lim R/(z", y", 2" R,
kEN
where the maps are induced by multiplication by the element xyz. For a prime
integer p, the fraction
(uz)? + (vy)? + (w2)?
p
has integer coeflicients, and is therefore an element of R. We claim that the element

np = [\p + (aP, 4", 2P)R] € HJ(R)

Ap =

is nonzero and p-torsion. Note that p-n, = [pA, + (2P,y?, 2?)R] = 0, and what
remains to be checked is that 7, is nonzero, i.e., that

Ap(zyz)F ¢ (P TF, yP R PPFY R forall ke N.

We assign weights to the Z-algebra generators of the ring R as follows:

2 (1,0,0,0), w:(=1,0,0,1),
y:(0,1,0,0), v:(0,-1,0,1),
2:(0,0,1,0), w: (0,0,-1,1).

With this grading, A, is a homogeneous element of degree (0,0, 0, p). Now suppose
we have a homogeneous equation of the form

)\(:Uyz)k' = crzPF 4 coyPTF 4 g2 TH
then we must have deg(c1) = (—p, k, k, p), i.e., c; must be an integer multiple of the
monomial uPy*z*. Similarly ¢, is an integer multiple of vPzFz* and c3 of wPx*y".
Consequently

/\(xyz)]C S (upykzk:r”k7 VP 2R gk ptk wpxkykzp+k) R

= (y2)" (WPa?, vPyP, W) R,
and so A € (uPzP,vPyP, wPzP)R. After specializing u +— 1,v +— 1,w +— 1, this
implies that

2 4y ()P )
p

€ (p,x?,y?) Zlx,y),
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which is easily seen to be false. O

This example, however, does not shed light on Question 1.1 in the case of local
rings or rings containing a field. Katzman constructed the first examples to demon-
strate that Huneke’s question has a negative answer in these cases as well, [Ka2].
The equicharacteristic case is discussed here in §3. We next recall a conjecture of
Lyubeznik.

Conjecture 2.2. [Lyl, Remark 3.7 (iii)] If R is a regular ring and a an ideal, then
the local cohomology modules H:(R) have finitely many associated prime ideals.

This conjecture has been settled for unramified regular local rings by the results
of Huneke-Sharp and Lyubeznik mentioned earlier. However it remains open for
polynomial rings over the integers, and we discuss some of its implications in this
case.

Remark 2.3. Let R be a polynomial ring in finitely many variables over the
integers, and let a be an ideal of R. Then for every prime integer p, we have a short
exact sequence
0— R R— R/pR — 0,

which induces a long exact sequence of local cohomology modules,

s HE (RJpR) " HY(R) Lo HY(R) — Hi(R/pR) 5 HE (B) oo

a a a a a

The image of each connecting homomorphism 5; is annihilated by p, and hence every
nonzero element of 67 (H:(R/pR)) is a p-torsion element. Consequently Lyubeznik’s
conjectures implies that for all but finitely many prime integers p, we must have
6, =0 for all i > 0.

Remark 2.4. Again, let R be a polynomial ring over the integers. Let f;, g; be
elements of R such that
fi91 + fag2 + -+ fngn = 0.
Consider the ideal a = (g1, ..., g,)R and the local cohomology module
Hi(R) = lim R/(gf,...,gx)R,
kEN

where the maps in the direct system are induced by multiplication by the element
g1+ gn. For a prime integer p and prime power ¢ = p°, let

(fign)?+---+ (fngn)q.
p

Ag =
Then )\, € R, and we set
7711 = P\q + (9(1]7 e 7ggz)R] € H;L(R)

It is immediately seen that p-n, = 0 and so if 7, is a nonzero element of H'(R),
then it must be a p-torsion element. Hence Lyubeznik’s conjecture implies that for
all but finitely many prime integers p, the elements n, must be zero, i.e., for some
k € N, which may depend on g = p°, we have

k
Aq(gl te 'gn)k S (9(11+ P 7g'?L+k)R'
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This motivates the following conjecture:

Conjecture 2.5. Let R be a polynomial ring over the integers, and let f;, g; be
elements of R such that

flgl +"'+fngn =0.
Then for every prime power g = p®, there exists k € N such that

(fig1)? 4+ (fugn)?
p

k
(gl o gn)k S (gng gy 7gg+k)R

The above conjecture is easily established if n = 2, or if the elements g1, ..., g,
form a regular sequence. The conjecture is also true if n = 3, provided the elements
f1, f2, f3 form a regular sequence:

Theorem 2.6. [Si2, Theorem 2.1] Let R be a polynomial ring over the integers and
fi,g; be elements of R such that f1, fa, f3 form a regular sequence in R and

J191 + fag92 + f393 = 0.
Let ¢ = p°© be a prime power. Then for k =q — 1, we have

(f191)? + (f2g2)? + (f3g3)*

q+k gtk q+k)R
p

(919293)" € (g7t 947", g8

3. THE EQUICHARACTERISTIC CASE

Recently Katzman constructed the following example in [Ka2]: Let K be an
arbitrary field, and consider the hypersurface

R = K[s,t,u,v,z,y]/(su’x® — (s + thuavy + tv’y?).
Katzman showed that the local cohomology module H (2x,y)(R) has infinitely many

associated prime ideals. Since the defining equation of this hypersurface factors as

su?z? — (s + tuzvy + tv’y? = (sux — toy)(uz — vy),

the ring in Katzman’s example is not an integral domain. In [SS] Swanson and the
author generalize Katzman’s construction and obtain families of examples which
include examples over normal domains and, in fact, over hypersurfaces with rational
singularities:

Theorem 3.1. [SS, Theorem 1.1] Let K be an arbitrary field, and consider the
hypersurface

K[S’ t? u? /U, w’ :1:, y? Z]
(su?a? + sv2y? + tuzvy + tw?2?)

Then S is a standard N-graded normal domain for which the local cohomology mod-

S:

ule H?xyy’z)(S) has infinitely many associated prime ideals.

If m denotes the homogeneous mazximal ideal (s,t,u,v,w,x,y,z), then the local
cohomology module H?th) (Sm) has infinitely many associated prime ideals as well.
If K has characteristic zero, then S has rational singularities. If K has positive

characteristic, then S is F-regular.
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While we refer to [SS] for details as well as more general constructions, we would
like to sketch a proof of the above theorem.

Sketch of the proof. Let K be arbitrary field, and consider the hypersurface
A= K|[s,t,a,b]/(sa’® + tab+ b?).

We use the N-grading on A where Ay = K][s,t], and a and b have degree 1. For
an integer n > 2, the presentation matrix of the Ag-module [A/(a™,b")], is the
(n—1) x (n — 1) matrix

where the elements s,t,s occur along the three central diagonals, and the other
entries are zero. These are special cases of Toeplitz matrices, and the determinants
of these matrices will be the source of the infinitely many associated primes.

It is convenient to define det My = 1, and setting Q,(s,t) = det M, it is easily
seen that we have

Qo=1, Qi=t, and Qnio=1Qni1 —s°Q, forall n>0.

This recursion enables us to compute a generating function for the polynomials
Qn(s,t), and to check that the polynomials {Q,(s,t)}nen have infinitely many
distinct irreducible factors. For example, if K = C it may be verified that Q. (s, t)
factors as

Qn(st) = H (t — s’/ (nHD) _ se’””/(”*l)) for all n€N.
r=1

This implies that the set
U Ass g, [A/(a”,0)],

neN
is infinite and, in fact, a straightforward computation shows that

(a™,b") 14, sab" ' = (Q,_1)Ag forall neN.
We next consider the ring
B = K|s,t,a,b,c]/(sa® + sb> + tab + tc?)

with the N-grading where By = K]s,t] = Ay, and a, b, and ¢ have degree 1. Note
that B/cB = A, and so

(a™,b",¢) :p, sab" ' = (Q,_1)By forall neN.

We identify B with the subring of S which is generated, as a K-algebra, by the
elements s,t,a = ux,b = vy, and ¢ = wz. For a fixed integer n > 1, let

M = [s(ua)(oy)" 12"+ (2", ", 2")] € HE, 2 (9),
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where we are using the identification

Hie(S) = lim 5/(a", 4", 2")5:
ne

,2)
By a multigrading argument, it may be verified that
anng, My = (anabnac)B ‘Bg Sabn71 = (anl)BO

where Sy = By = K]s, t]. Since the polynomials {Q,,(s,t)},en have infinitely many
distinct irreducible factors, it follows that the set

ASSSOHEO’x’y’Z)(S)
is infinite. For every prime ideal p of Sy with p € Assg, H?w)%z)(S), there exists a
prime ideal 8 € Spec S such that P € ASSSH(?’Ly Z)(S) and B NSy = p. Conse-

3
(z,y,2)
It remains to verify that the hypersurface S has rational singularities (in char-

acteristic zero) or is F-regular (in positive characteristic). In [SS] we show that S
is F-regular for an arbitrary field K of positive characteristic. This implies that for
all prime integers p, the fiber over pZ of the map

quently the set Assg H (S) must be infinite as well.

Z[S,t,u,v,w, z,Y, Z]

7 —
(su?a? 4 sv2y? + tuavy + tw?2?)

is an F-rational ring. By [Sm, Theorem 4.3], it then follows that S has rational
singularities when K has characteristic zero.

We would like to include here a different proof that S has rational singularities
in characteristic zero based on a result from [SW]. We first note that

S = Blu,v,w, x,y, 2]/ (ux — a,vy — bywz — ¢),

and that B is a normal domain. By a result of [BS], if a local (or graded) domain
R has rational singularities, then so does R[u,z]/(uz — a), where a # 0 is a (ho-
mogeneous) element of R, see also [HWY, Lemma 3.3]. By repeated use of this, to
show that S has rational singularities, it suffices to show that the subring B has
rational singularities. In [SW] we obtain a criterion for multigraded rings to have
rational singularities. The bigraded case of this criterion is:

Theorem 3.2. Let R be a normal N?-graded ring where Rg is a field of charac-
teristic zero, and R is generated over Ro by elements of degrees (1,0) and (0,1).
Then R has rational singularities if and only if

(i) R is a Cohen-Macaulay ring for which the multigraded a-invariant satisfies
a(R) <0, and
(ii) the localizations R, have rational singularities for all primes p in the set
Spec R\ V(R44), where Ry, = @ R; ;.
i>0,>0

To apply the theorem, we consider the N?-grading on B where s and ¢ have
degree (1,0) and a, b, and ¢ have degree (0,1). Then a(B) = (—1,—1), and a
straightforward computation using the Jacobian criterion shows that B, is regular
for all primes p € Spec B\ V(B14). O
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4. AN APPLICATION

Let R be a ring of characteristic p > 0, and R° denote the complement of the
minimal primes of R. For an ideal a = (x1,...,2,) of R and a prime power ¢ = p°,
we use the notation aldl = (27,... z%). The tight closure of a is the ideal

a* = {z € R: there exists ¢ € R° for which ¢z? € al¥ for all ¢ > 0},

see [HH1]. A ring R is F-regular if a* = a for all ideals a of R and its localizations.

More generally, let F' denote the Frobenius functor, and F*€ its eth iteration.
If an R-module M has presentation matrix (a;;), then F°(M) has presentation
Z-j)7 where ¢ = p°®. For modules N C M, we use N][\q/[] to denote the image
of F¢(N) — F°(M). We say that an element m € M is in the tight closure of N
in M, denoted Ny, if there exists an element ¢ € R° such that cF¢(m) € NI[\Z} for
all ¢ > 0. While the theory has found several applications, the question whether
tight closure commutes with localization remains open even for finitely generated

matrix (al

algebras over fields of positive characteristic.

Let W be a multiplicative system in R, and N C M be finitely generated R-
modules. Then

W= (Nyp) © (W Ny

where W1(N3,) is identified with its image in W~'M. When this inclusion is
an equality, we say that tight closure commutes with localization at W for the pair
N C M. It may be checked that this occurs if and only if tight closure commutes
with localization at W for the pair 0 C M/N. Following [AHH], we set

G(M/N) = F*(M/N)/(Ope(pr/ny)-
An element ¢ € R° is a weak test element if there exists gy = p°® such that for every
pair of finitely generated modules N C M, an element m € M is in Ny, if and only

if cF¢(m) € N][\q/[] for all ¢ > qo. By [HH2, Theorem 6.1], if R is of finite type over
an excellent local ring, then R has a weak test element.

Proposition 4.1. [AHH, Lemma 3.5] Let R be a ring of characteristic p > 0
and N C M be finitely generated R-modules. Then the tight closure of N C M
commutes with localization at any multiplicative system W which is disjoint from
the set | J ey Ass Fe(M)/NJ[\?I],

If R has a weak test element, then the tight closure of N C M also commutes with
Ass G°(M/N).

localization at multiplicative systems W disjoint from the set | J,cy

Consider a bounded complex P, of finitely generated projective R-modules,
0—P, P —... P o
The complex P, is said to have phantom homology at the ith spot if
Kerd; C (Imdi;1)p,-
The complex P, is stably phantom acyclic if F°(P,) has phantom homology at the
ith spot for all 4 > 1, for all e > 1. An R-module M has finite phantom projective

dimension if there exits a bounded stably phantom acyclic complex P, of projective
R-modules, with Ho(P,) = M.
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Theorem 4.2. [AHH, Theorem 8.1] Let R be an equidimensional ring of positive
characteristic, which is of finite type over an excellent local ring. If N C M are
finitely generated R-modules such that M /N has finite phantom projective dimen-
sion, then the tight closure of N in M commutes with localization at W for every
multiplicative system W of R.

The key points of the proof are that for M/N of finite phantom projective di-
mension, the set | J, Ass G*(M/N) has finitely many maximal elements, and that if
(R, m) is a local ring, then there a positive integer B such that for all ¢ = p®, the
ideal mB9 kills the local cohomology module

Hy (GS(M/N)).

For more details on this approach to the localization problem, we refer the reader
to the papers [AHH, Ho, Kal, SNJ], and [Hu2, §12]. Specializing to the case where
M = R and N = a is an ideal, we note that

G°(R/a) = R/(a[q])*, where ¢ = p°.
Consider the questions:

Question 4.3. Let R be a Noetherian ring of characteristic p > 0, and a an ideal
of R.
(1) Is the set J,_, Ass R/ald finite?
(2) Is the set J,_,. Ass R/ (a[‘ﬂ)* finite?
(3) For a local domain (R, m) and an ideal a C R, is there a positive integer B
such that

mPeH? (R/(a[q])*) =0 forall ¢=p°?

Katzman proved that affirmative answers to Questions 4.3 (2) and 4.3 (3) imply
that tight closure commutes with localization:

Theorem 4.4. [Kal] Assume that for every local ring (R, m) of characteristic p > 0
and ideal a C R, the set Uq Ass R/(a[q])* has finitely many mazimal elements. Also,
if for every ideal a C R, there exists a positive integer B such that mB9 kills

HY, (R/(@)")  for all q =",

then tight closure commutes with localization for all ideals in Noetherian rings of
characteristic p > 0.

These issues are the source of our interest in associated primes of Frobenius
powers of ideals. It should be mentioned that the situation for ordinary powers is
well-understood: the set J,,. Ass R/a™ is finite for any Noetherian ring R, see [Br]
or [Ral. In [Kal] Katzman constructed the first example where |J,_,. Ass R/ ald is
not finite, thereby settling Question 4.3 (1): For

R=K[t,z,y)/(zy(z — y)(z — ty)),

he proved that the set J, Ass R/(29,y7) is infinite. In this example, and some
others, (z%,y9)* = (x,y)? for all ¢ = p¢, and so Uq Ass R/(x4,y9)* is finite. However
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we show that Question 4.3 (2) also has a negative answer using the local cohomology
examples recorded earlier.

Theorem 4.5 (Singh-Swanson). Let K be a field of characteristic p > 0, and
consider the hypersurface

B K[s, t,u,v,w,z,y, 2]

B (su2x2 + sv2y? + tuzvy + tw222) '

Then S is F-regular, and the set

U AssS/(xq,yq,zq) = U AssS/(xq,yq,zq)*

a=p° q=p°
is infinite.
Proof. The direct system {S/(z9,y9,2%)}4=pe is cofinal with the direct system
{S/(x™,y™, 2™) }nen, and so we have

H?ﬂc,y,z)(s) = h_H)l S/(:Equqazq)s'
q=p°

Using this, it is easily seen that

ASSH&,%Z)(S) - U Ass S/ (x9,y?, 29)S.

q=p°
By Theorem 3.1 H (336 y Z)(S) has infinitely many associated prime ideals, and so
Uq Ass S/(x%,y?,27)S must be infinite as well. Since the hypersurface S is F-

regular, we have (2?,y?,27)* = (2%, y?, 29) for all ¢ = p°. |

Remark 4.6. In [SS] we actually prove a stronger result: There exists an F-regular
hypersurface R of characteristic p > 0, with an ideal a, for which the set

U Ass R/al? = U Ass R/ (al?)”
q=p*® q=p*
has infinitely many mazimal elements.

REFERENCES

[AHH] I. M. Aberbach, M. Hochster, and C. Huneke, Localization of tight closure and modules
of finite phantom projective dimension, J. Reine Angew. Math. 434 (1993), 67-114.

[BS] J. Bingener and and U. Storch, Uwe Zur Berechnung der Divisorenklassengruppen kom-
pletter lokaler Ringe, Leopoldina Symposium: Singularities (Thiiringen, 1978), Nova Acta
Leopoldina (N.F.) 52 (1981), 7-63.

[Br] M. Brodmann, Asymptotic stability of Ass (M /I M), Proc. Amer. Math. Soc. 74 (1979),
16-18.

[BF] M. P. Brodmann and A. Lashgari Faghani, A finiteness result for associated primes of
local cohomology modules, Proc. Amer. Math. Soc. 128 (2000), 2851-2853.

[BKS] M. P. Brodmann, M. Katzman, and R. Y. Sharp, Associated primes of graded components
of local cohomology modules, Trans. Amer. Math. Soc. 354 (2002), 4261-4283.

[BRS] M. Brodmann, Ch. Rotthaus, and R. Y. Sharp, On annihilators and associated primes of
local cohomology modules, J. Pure Appl. Alg. 153 (2000), 197-227.

[Ch] G. Chiriacescu, Cofiniteness of local cohomology modules over regular local rings, Bull.
London Math. Soc. 32 (2000), 1-7.

[DM] D. Delfino and T. Marley, Cofinite modules and local cohomology, J. Pure Appl. Algebra
121 (1997), 45-52.



12

ANURAG K. SINGH

[SGA2] A. Grothendieck, Cohomologie locale des faisceaux cohérents et théorémes de Lefschetz

locauz et globauz, Séminaire de Géométrie Algébrique du Bois-Marie, North-Holland Pub-
lishing Co., 1968.

[HWY] N. Hara, K.-i. Watanabe, and K.-i. Yoshida, Rees algebras of F-regular type, J. Algebra

[Ha]
[He]

(HM]

[Ho]

[HH1]
[HH2]

[Hul]

[Hu2]
[HK]
(HS]
[Kal]
[Ka2]
[Kw]
[KS]
[Ku]
[Ly1]
[Ly2]
(Ly3]
[Ma]
[MV]
[Me]

[Ra
[SN]

[Si1]

247 (2002), 191-218.

R. Hartshorne, Affine duality and cofiniteness, Invent. Math. 9 (1970), 145-164.

M. Hellus, On the set of associated primes of a local cohomology module, J. Algebra 237
(2001), 406-419.

D. Helm and E. Miller, Bass numbers of semigroup-graded local cohomology, Pacific J.
Math. 209 (2003), 41-66.

M. Hochster, The localization question for tight closure, in: Commutative algebra (Inter-
national Conference, Vechta, 1994), pp. 89-93, Vechtaer Universitiatsschriften 13, Verlag
Druckerei Rucke GmbH, Cloppenburg, 1994.

M. Hochster and C. Huneke, Tight closure, invariant theory, and the Briang¢on-Skoda
theorem, J. Amer. Math. Soc. 3 (1990), 31-116.

M. Hochster and C. Huneke, F-regularity, test elements, and smooth base change, Trans.
Amer. Math. Soc. 346 (1994), 1-62.

C. Huneke, Problems on local cohomology, in: Free resolutions in commutative algebra
and algebraic geometry (Sundance, Utah, 1990), pp. 93-108, Res. Notes Math. 2, Jones
and Bartlett, Boston, MA, 1992.

C. Huneke, Tight closure and its applications, CBMS Regional Conference Series in Math-
ematics 88, American Mathematical Society, Providence, RI, 1996.

C. Huneke and J. Koh, Cofiniteness and vanishing of local cohomology modules, Math.
Proc. Cambridge Philos. Soc. 110 (1991), 421-429.

C. L. Huneke and R. Y. Sharp, Bass numbers of local cohomology modules, Trans. Amer.
Math. Soc. 339 (1993), 765-779.

M. Katzman, Finiteness of |J, Ass F¢(M) and its connections to tight closure, Illinois J.
Math. 40 (1996), 330-337.

M. Katzman, An example of an infinite set of associated primes of a local cohomology
module, J. Algebra 252 (2002), 161-166.

K.-I. Kawasaki, Cofiniteness of local cohomology modules for principal ideals, Bull. London
Math. Soc. 30 (1998), 241-246.

K. Khashyarmanesh and Sh. Salarian, On the associated primes of local cohomology mod-
ules, Comm. Alg. 27 (1999), 6191-6198.

E. Kunz, Characterizations of reqular local rings for characteristic p, Amer. J. Math. 91
(1969), 772-784.

G. Lyubeznik, Finiteness properties of local cohomology modules (an application of D-
modules to commutative algebra), Invent. Math. 113 (1993), 41-55.

G. Lyubeznik, Finiteness properties of local cohomology modules for reqular local rings of
mized characteristic: the unramified case, Comm. Alg. 28 (2000), 5867-5882.

G. Lyubeznik, Finiteness properties of local cohomology modules: a characteristic-free
approach, J. Pure Appl. Alg. 151 (2000), 43-50.

T. Marley, The associated primes of local cohomology modules over rings of small dimen-
ston, Manuscripta Math. 104 (2001), 519-525.

T. Marley and J. C. Vassilev, Cofiniteness and associated primes of local cohomology
modules, J. Algebra 256 (2002), 180-193.

L. Melkersson, Properties of cofinite modules and applications to local cohomology, Math.
Proc. Cambridge Philos. Soc. 125 (1999), 417-423.

L. J. Ratliff Jr., On prime divisors of I"™, n large, Michigan Math. J. 28 (1976), 337-352.
R. Y. Sharp and N. Nossem, Ideals in a perfect closure, linear growth of primary decom-
positions, and tight closure, Trans. Amer. Math. Soc., to appear.

A. K. Singh, p-torsion elements in local cohomology modules, Math. Res. Lett. 7 (2000),
165-176.



[Si2]

ES
[sW]
[Sm]
[Yal

[Yo]

ASSOCIATED PRIMES OF LOCAL COHOMOLOGY MODULES 13

A. K. Singh, p-torsion elements in local cohomology modules. II, Local cohomology and its
applications (Guanajuato, 1999), 155-167, Lecture Notes in Pure and Appl. Math., 226
Dekker, New York, 2002.

A. K. Singh and I. Swanson, Associated primes of local cohomology module and Frobenius
powers, preprint.

A. K. Singh and K.-i. Watanabe, Multigraded rings, rational singularities, and diagonal
subalgebras, in preparation.

K. E. Smith, F-rational rings have rational singularities, Amer. J. Math. 119 (1997),
159-180.

K. Yanagawa, Bass numbers of local cohomology modules with supports in monomial
ideals, Math. Proc. Cambridge Philos. Soc. 131 (2001), 45-60.

K.-I. Yoshida, Cofiniteness of local cohomology modules for ideals of dimension one,
Nagoya Math. J. 147 (1997), 179-191.

SCHOOL OF MATHEMATICS, 686 CHERRY STREET, GEORGIA INSTITUTE OF TECHNOLOGY, AT-
LANTA, GA 30332-0160, USA. E-MAIL: singh@math.gatech.edu



