IN CLASS WORKSHEET #3, DIVISORS AND REFLEXIVE SHEAVES

MARCH 318T, 2017

Throughout this worksheet, you should assume that all rings are Noetherian normal
domains.

1. Show that for any finitely generated R-module M, Hompg(M, R) is reflexive.

Solution: Set N = Hompg(M, R), and note it is torsion free. Consider the canonical
map i : N — NYY =: Hom(Hom(N, R), R), which is a map which is generically an
isomorphism between finitely generated torsion free modules. The map ¢ is thus injective.
On the other hand, we have the map k: M — M"Y = Homg(Homg(M, R), R) (sending
m to the map which sends o € Homg(M, R) to a(m)), applying Hompg(__, R) gives us
j: NV = Homp(M"V, R) — Hompg(M,R) = N. j is also injective and so generically
an isomorphism. Thus we have a composition

NS NV LN
which is also generically an isomorphism and hence injective. Let’s show it’s actually
surjective too. For that we interpret it.

Fix ¢ € N = Homg(M,N). Then for any « € Hompg(N, R), i(¢)(e) = a(¢). On
the other hand, given any ¢y € NYV = Homg(M"YY, R), we see that j(¢)(m) = ¢ (k(m)).
Putting this together, for ¢ € N,

7(i(¢))(m) = i(¢)(k(m)) = (k(m))(¢) = d(m).

In particular, j(i(¢)) = ¢. It follows that j o4 is also surjective. Thus j is both surjective
and injective and hence an isomorphism.

2. Show that the canonical map M — Homg(Hompg(M, R), R) =: MV is injective if and
only if M is torsion free.

Solution: Since MYV is torsion free, if the map is injective, M is a subset of a torsion
free module and so also torsion free. Conversely suppose that M is torsion free, then
M — MV is generically an isomorphism (since M localized at the generic point of R,
Mgry = M ®r K(R) is a K(R)-vector space). Thus we have the diagram

M—— M

!

Mg ry —= (MYY) k(R

A quick diagram trace implies that M — MVV is injective.
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3. Show directly that a finitely generated So-module M is reflexive (you may assume that
reflexive modules are S,).

Hint: The fact that it is S; implies it is torsion free and so we have a short exact
sequence
0—=M— M"Y —C—0.

First show that C' is zero in codimension 1 on R (localize, then R is a PID, and so M is
a nice direct sum). Next use the Sy hypothesis.

4. Suppose ® € Hompg(FfR, R) generates the module (as an F¢R-module), then show
carefully that Ag = 0 = Dg. Furthermore, if we write ¢(F¢_) = ¢(FS(r - _)) for some
r € R, then Dy = Dy, + divg(r) and so Ay = Ay + == divg(r).

pe—1
Hint: We sketched why this should be true in class, but didn’t prove it. You get to
prove it carefully.
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5. In the ring R = k[z3, 2%y, zy?, 3], you may pick your canonical divisor Ky to be
(x?y, zy?, y3). Verify that Kp is not Cartier but that 3K ~ 0 and in particular, 3Ky is

Cartier.

6. Consider the ring R from the previous problem and set chark = 7. Suppose I tell you
that R = kla, b, c,d]/(c* — bd, bc — ad,b* — ac) = S/J and that JU7! : J has 4 generators,

which are
.

\

g1 = Cl4 o b7d7,
go = el — a7d7,
g = pl4 — a7c7,
gy = CL266CI2 + a3b4013 + a3b5011d+ a4b3012d—|— a5bcl3d—i— bl2cﬁd2
+aPb8Pd? + a*b* e 0d? + aPb e d? + abc?d? + b3 AR
+ab"' Pd? + a?bcSd? + a*VP A d® + P3P A + a®bctPd® + ab'?Ed?
+a?b0ctd* + aPb¥Ad + a*bSbdr + aPbreTdt + aShPBdt + a" P d?
+abBed® + a?bM d + PP AEd + a*b A d® + PV d? + a3 S dP
+a7bc7d5 _|_a2b12d6 +a3b106d6 +a4b862d6 +a5b603d6 +a6b4C4d6
+a"2APd8 + aB8d6 + a*b?d” + aPb7ed” + a®bPRd” + a"V3AdT + albetd”
+aS05d® + a"bred® + a®bPAd® + a°Ad® + a®bPd® + a°bed® + a'0d'0

)

Verify that R is Q-Gorenstein and that 6 Kz ~ 0. Furthermore, identify an homomor-
phism ¢ € Homg(F.S,S) such that ¢(F,J) C J and that the induced map on ¢g,,
generates Hompg(FL R, R).



