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1. HILBERT-KUNZ MULTIPLICITY
We continue our study of Hilbert-Kunz multiplicity.

1.1. Existence of the limit. Last time, in order to prove that Hilbert-Kunz multiplicity
existed, we were proving the following theorem.

Theorem 1.1. Suppose that (R,m, k) is an F-finite Noetherian local domain of char-
acteristic p > 0 and dimension d > 0 and that {I.} is a sequence of ideals such that

mlP) C I, for all e > 0. Suppose further that I¥) C I,1. Then
ER(R/LB)

ed

lim
e—>o0 P
exists

We concluded by showing that it was enough to prove the following lemma, again taken
from [PT16].

Lemma 1.2. Suppose that p is prime, d > 0 an integer, and {t.} is a sequence of real
real numbers such that {t./p°®} is bounded. Further suppose that there erists a constant
C such that

o1 1
C/p° + ]ﬁte > Wteﬂ.

1 te ; _ ed 2C
Then t :=lim, & exists and t — 1/p**t, < 2.

pe
Proof. Note that
1 1 1
e+1 e e+1
C/p™ +C/p° + ﬁte > C/p + Wte—i-l > Wte—m

and more generally that

1 1 1
e e+m—+1 e
20/p° + Jeale C(1/p ++1/p%) + pedte = Jlermyd etm-

Let t* denote the limit supremum of {t./p**} and ¢~ the limit infimum. Note
1
20/p° + —te > 17
pe

Apply the limit infimum to both sides we get t~ > ¢t and so the limit exists and hence
so does the desired bound. U

Theorem 1.3. For any m-primary ideal in a domain, and J C m is m-primary, exk(J; R)

exists.
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Proof. Suppose first that R is an F-finite domain. We’d be tempted to show that mP*l C
JP but this is impossible unless J = m. However, we certainly have m?'l C J for some
integer ¢ and so m?T C JP"7 for all e. Hence we see that
]. e—t ]. 1 e
lim —tn(R/JPT) = = lim —tp(R/ I
e—>o0 p“l R / ptd e—>o0 ped R( / )
exists (say it equals b). Thus so does

1
td 1 Iy _ .
bp —ehIIloO EKR(R/J[IJ]) = GHK(J, R)
For the non-F-finite case, it is harmless to assume that R = k[z1,...,x,]/I is complete

with residue/coefficient field k since the lengths R/J®* are unchanged by completion.

—

But now S = R ®; k is F-finite and the R-lengths of R/JP‘ are equal to the S-lengths
of S/(JP1S). O
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