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1. Hilbert-Kunz multiplicity

We continue our study of Hilbert-Kunz multiplicity.

1.1. Existence of the limit. We follow closely the recent proof of the existence of
Hilbert-Kunz multiplicity as shown in [PT16].

First we state a fact that we won’t have time to prove.

Lemma 1.1. If (R,m, k) is a local F -finite Noetherian domain of dimension d then

[F e
∗K(R) : K(R)] = [F e

∗k : k] · ped.
You probably already believe it anyways.

Lemma 1.2. Suppose that (R,m, k) is a local ring and that M is a finite R-module. Then
there exists a constant (depending on M) so that

`R
(
M/m[pe]M

)
≤ C · pe dimM .

Proof. Suppose that m is generated by t elements, then mtpe ⊆ mtpe−t+1 ⊆ m[pe] by the
pigeon-hole principal. But

`R
(
M/mtpe

)
is eventually a polynomial

D · (tpe)dimM + · · · = D · tdimM · pe dimM + . . .

of degree degree dimM in pe. We can thus pick C = D · tdimM for e � 0, and choosing
C even bigger for finitely many smaller e completes the proof. �

Remark 1.3. The fact that `R
(
M/mtpe

)
is eventually a polynomial can be found for ex-

ample in [AM69, Chapter 11] for the case that M = R. For the general case, if you only
want to bound its length by a polynomial of degree dimM (which is all we actually need),
write J = AnnR(M) and note that dimR/J = dimM and that there exists a surjection
(R/J)⊕b −→M −→ 0 for some b > 0.

Lemma 1.4. Let R be an F -finite domain with [F∗K(R) : K(R)] = pγ. Then there exists
a short exact sequence

0 −→ R⊕p
γ −→ F∗R −→M −→ 0

such that dim(M) < dim(R).

Proof. After inverting an element c ∈ R, we have that R⊕p
γ

c
∼= F∗Rc. This gives us an

injective map R⊕p
γ −→ F∗Rc. If the image is not in F∗R ⊆ F∗Rc, then multiplying by a

high power of c ∈ R will make it in R. This gives us the first map. Then if we we let M
be the cokernel, it is easy to see that SuppM ⊆ V (c) and so dim(M) ≤ dim(R/cR) <
dimR. �
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Theorem 1.5. Suppose that (R,m, k) is an F -finite Noetherian local domain of char-
acteristic p > 0 and dimension d > 0 and that {Ie} is a sequence of ideals such that

m[pe] ⊆ Ie for all e > 0. Suppose further that I
[p]
e ⊆ Ie+1. Then

lim
e−→∞

`R(R/Ie)

ped

exists

Proof. We follow [PT16]. Consider a short exact sequence as in Lemma 1.4

0 −→ R⊕p
γ φ−→ F∗R −→M −→ 0

with dimM < dimR. Now, I
[p]
e ⊆ (Ie+1) implies that IeF∗R ⊆ F∗Ie+1 and so

φ(I⊕p
γ

e ) = φ(Ie ·R⊕p
γ

) ⊆ IeF∗R = F∗I
[p]
e ⊆ F∗Ie+1.

Thus we have
φ : (R/Ie)

pγ −→ F∗(R/Ie+1).

Therefore the length of (R/Ie)
pγ plus the length of the cokernel of φ is at least the length

of F∗(R/Ie+1). In other words

(1.5.1) `R
(
cokerφ

)
+ pγ`R(R/Ie) ≥ `R(F∗R/Ie+1) = [k1/p : k] · `R(R/Ie+1).

Now, cokerφ is the image of F∗(R/Ie+1) and so F∗Ie+1 annihilates it. But

m[pe] ⊆ F∗m
[pe+1] ⊆ F∗Ie+1

and so m[pe] annihilates cokerφ. But cokerφ is also the image over M and hence of
M/m[pe]M . In particular

`R
(
cokerφ

)
≤ `R

(
M/m[pe]M

)
.

By Lemma 1.2, this is bounded by CMp
e(d−1). Now, we divide (1.5.1) by [F∗k : k]p(e+1)d =

ped+γ and obtain

(1.5.2)
CM/p

γ

pe
+

1

ped
`R(R/Ie) ≥

1

p(e+1)d
`R(F∗R/Ie+1).

The existence of the limit now follows from the following lemma. �

Lemma 1.6. Suppose that p is prime, d > 0 an integer, and {te} is a sequence of real
real numbers such that {te/ped} is bounded. Further suppose that there exists a constant
C such that

C/pe +
1

ped
te ≥

1

p(e+1)d
te+1.

Then t := lime−→∞ te
ped

exists and t− 1/pedte ≤ 2C
pe

.
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