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1. A crash course in local cohomology

We’ll be doing a series of crash courses over the next few days. We’ll start with local
cohomology and the Cohen-Macaulay condition, and then we’ll move to Matlis and local
duality (as well as a study of the dualizing complex). Today, local cohomology, tomorrow
the world!

Let R be a Noetherian ring and I an ideal. There is a functor from R-modules to
R-modules ΓI which is defined by

ΓI(M) = {m ∈M | Inm = 0 for some n > 0}.
Because I is finitely generated we also have

ΓI(M) = {m ∈M | xnxm = 0 for all x ∈ I and some nx > 0 depending on x}.
It is not difficult to see that ΓI(M) is left exact and so we make the following definition.

Definition 1.1. With R, I,M above, we denote by H i
I(M) = hiRΓI(M) the ith right

derived functor of ΓI . It is called the ith local cohomology group.

There is another important related functor. Let U = SpecR\V (I). Choose a generating
set 〈f0, . . . , ft〉 for I and for each m-tuple fi1 , . . . , fim of these generators, we can form the
localization Mfi1 ...fim

. Most notably, we have

α0 :
⊕
j

Mfj −→
⊕
a<b

Mfafb

where
d0(m1/f

n1
1 , . . . ,mt/f

nt
t ) = (. . . ,ma/f

na
a −mb/f

nb
b , . . .).

The kernel of d0 is denoted by Γ(U,M) and it is independent of the choice of generators
of I.

Exercise 1.1. Prove that Γ(U,M) really is independent of the choice of generators.

Hint: It suffices to consider the case where you add a single generator to the list.

Example 1.2. Suppose M = R = k[x] and I = 〈x〉. Then Γ(U,M) = k[x, x−1] (there
are no Mfafb terms).

Example 1.3. Suppose M = R = k[x, y] and I = 〈x, y〉. Consider the kernel of

k[x, y, x−1]⊕ k[x, y, y−1]
−−→ k[x, y, x−1, y−1]

and deduce that Γ(U,M) = k[x, y].
On the other hand, if M = 〈x, y〉, then Γ(U,M) = k[x, y] since 〈x, y〉x = k[x, y, x−1]

and 〈x, y〉y = k[x, y, y−1].
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Lemma 1.4. Suppose that Q ∈ U , then Γ(U,M)Q = MQ.

Proof. We localize the map α0 at Q and notice that since Q ∈ U , at least one fj /∈ Q,
and so (Mfj)Q = MQ. We may assume that j = 1 and so write

MQ ⊕
⊕
j>1

(MQ)fj −→

(⊕
j

(MQ)fj

)⊕(⊕
1<a<b

(MQ)fafb

)
.

In particular, it is easy to see that if an element is in the kernel, it is completely determined
by its entry in (MQ)f1 = MQ and any such entry gives an element of the kernel. The
lemma follows. �

Alternate proof. Alternately, simply observe that IRQ = 〈1〉RQ
, and then the result im-

mediately follows by change of the generating set. �

It is also easy to see that Γ(U, •) is a left exact functor, and its higher derived functors
are denoted by H i(U, •).

Lemma 1.5. With notation as above, suppose E is an injective module. Then ΓI(E) is
also injective.

Proof. Suppose we have 0 −→ L
f−→ M exact as well as a map α : L −→ ΓI(E). We

need to show that there exists β : M −→ ΓI(E) such that α = β ◦ f . In fact, by [Sta16,
Tag 0AVF]1, it suffices to consider the case when M = R and L is an ideal (and so
in particular, finitely generated since R is Noetherian). Consider the finitely generated
submodule α(L) ⊆ ΓI(E) and choose n > 0 so that 0 = Inα(L) = α(InL). By Krull’s
theorem, there exists some m such that Im ∩ L ⊆ InL and so α(Im ∩ L) = 0 as well. In

particular, α factors as α : L −→ L/(Im ∩ L)
α−→ ΓI(E). It thus suffices to show that α

extends to β : R/Im −→ E.
On the other hand, we certainly have

E

ΓI(E)
, �

::

0 // L/(Im ∩ L)

α
88

// R/Im

γ

OO

dd

where the map labeled γ exists by the injectivity hypothesis on E. Applying ΓI(•) to the
entire diagram yields ΓI(γ) = β, the map we desired since ΓI(R/I

m) = R/Im. �

Corollary 1.6. If M is I-torsion (in other words M = ΓI(M)), then M can be embedded
in an injective I-torsion module M ⊆ E. In particular, M 'qis RΓI(M) (and thus
H i
I(M) = 0 for i > 0).

Proof. For the first statement, simply embed M in an I-torsion module M ⊆ E and then
apply the functor ΓI(•) using Lemma 1.5. For the second statement, it follows from the

1The trick is to look at the largest submodule to which the map extends, and derive a contradiction if
it’s not M .
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first that we can take an injective resolution of an I-torsion module by I-torsion injective
modules. But then ΓI acts as the identity on such a resolution. �

There is a canonical map M −→ Γ(U,M) (the diagonal), the kernel of which is easily
seen to be exactly ΓI(M).

Theorem 1.7. [Har77, III, Exercise 2.3] For any I ⊆ R, an ideal in a Noetherian ring,
there is a long exact sequence

. . . . . . . . .
H i
I(M) −→ Idi(M) −→ H i(U,M) −→

H i+1
I (M) −→ Idi+1(M) −→ H i+1(U,M) −→

. . . . . . . . .

Where Idi(M) is the ith derived functor of the identity, in particular equal to zero for
i > 0.

Exercise 1.2. Prove Theorem 1.7.

Hint: Show that if M is injective, then 0 −→ ΓI(M) −→ M −→ Γ(U,M) −→ 0 is exact
(we showed in class everything but the exactness on the right, to do that use the fact that
if I is injective, then I −→ If is surjective). Now take an injective resolution of M , use
what you just proved, and chase.

Corollary 1.8. With notation as above, H i+1
I (M) = H i(U,M) for all i ≥ 1 and

0 −→ H0
I (M) −→M −→ H0(U,M) −→ H1

I (M) −→ 0

is exact.

1.1. Vanishing and non-vanishing theorems.

Proposition 1.9. If R is Noetherian, I ⊆ R is an ideal and M is an R-module then
H i
I(M) = 0 for i > dimM =: d,2 in particular for i > dimR.

Proof. It is easy to see that H i
I(M)m = H i

IRm
(Mm) for any maximal ideal m and so it

suffices to work in the local case (in the Noetherian case, a localization of an injective
module is still injective).

Because the local cohomology functor commutes with direct limits, it is harmless to
assume that M is finitely generated. First consider the short exact sequence

0 −→ ΓI(M) −→M −→M/ΓI(M) −→ 0.

Note that ΓI(M) is I-torsion and so H i
I(ΓI(M)) = 0 for i > 0 by Corollary 1.6. Hence

H i
I(M) ∼= H i

I(M/ΓI(M)) for all i > 0 and so it suffices to prove the proposition in the
case that M = ΓI(M) is I-torsion free.

We now proceed by induction on the dimension of M . In the case that M is dimension
zero, we are already done since then M is I-torsion and hence zero.

Claim 1.10. There exists choose x ∈ I ⊆ m such that x is a regular element for M (in

particular, M
·x−→M is injective.

2The dimension of a module is the maximal length of a chain of primes q0 ⊆ qn such that Mqi
6= 0.
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Proof of claim. Since M is already assumed to be finitely generated, it has finitely many
associated primes Pi = AnnRmi. On the other hand, since M is I-torsion free, I ·mi 6= 0,
thus I 6⊆ Pi. By Prime Avoidance3, we have that I 6⊆

⋃
Pi. So choose x ∈ I \

(⋃
Pi
)
. We

claim that x is a regular element M . If M
·x−→ M is not injective with kernel K, then K

has an associated prime containing x, and thus so does M . This is a contradiction which
proves the claim. �

Using the claim, consider now the short exact sequence

0 −→M
·x−→M −→M/xM −→ 0

and note that dim(M/xM) ≤ dimM − 1 = d − 1 by [AM69] (in that source, this is
only proved for rings but since M is finitely generated, one can reduce to the case that
suppM = suppR and so this is easy since M/xM is a R/xR-module). By our induction
hypothesis, we have

. . . −→ H i−1
I (M/xM) −→ H i

I(M)
·x−→ H i

I(M) −→ . . .

and so H i
I(M)

·x−→ H i
I(M) injects for i < dimM .

Claim 1.11. The induced map on local cohomology is still multiplication by x.

Proof of claim. The functor H i
I(M) is R-linear (since it is a derived functor of an R-linear

functor). Note that being R-linear that HomR(M,N) −→ HomR(H i
I(M), H i

I(N)) is an R-
module homomorphism. In the case that N = M , this means that not only the identity
is sent to the identity but also that the identity multiplied by r is sent to the identity
multiplied by r, which is exactly what we want. �

Now that we have proved the claim, this implies that H i
I(M)

·xm−−→ H i
I(M) injects for

each integer m. But every element of H i
I(M) is I-torsion, and so killed by some xm, which

proves that H i
I(M) = 0 for i < dimM . �
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