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KARL SCHWEDE

1. TRIANGULATED CATEGORIES CONTINUED...
We remind ourselves of the axioms of triangulated categories we discussed last time.

Definition 1.1 (Triangulated categories). A triangulated category is an additiveﬂ category
with a fixed automorphism 7" equipped with a distinguished set of triangles and satisfying
a set of axioms (below). A triangle is an ordered triple of objects (A4, B, C') and morphism
a:A— B, f:B—C,v:C—T(A),

ASBE cXTA.

A morphism of triangles (A, B,C,a, 3,7) — (A, B',C",d/,5',7') is a commutative dia-
gram

A—sBL oA
fl gl hl T(f)l
o B Y

We now list the required axioms to make a triangulated category.

(a) The triangle A — A So0d T'(A) is one of the distinguished triangles.

(b) A triangle isomorphic to one of the distinguished triangles is distinguished.

(¢) Any morphism A — B can be embedded into one of the distinguished triangles
A— B —C—T(A).

(d) Given any distinguished triangle A < B 5ol T(A), then both

—T(c)

BLc LA T(B)
and
ric 9 a5 ¢
are also distinguished.
(e) Given distinguished triangles with maps between them as pictured below, so that
the left square commutes,

At 0 T T(4A)

fJ( QJ( dh T(f)l

A B — s T(A)
a/ /8/ ,Y/

"Hom sets are Abelian groups and composition is bilinear.
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then the dotted arrow also exists and we obtain a morphism of triangles.
(f) We finally come to the feared octahedral axiom. Given objects A, B,C, A’ B',C’
and three distinguished triangles:

A—sB-Tyc 2 1A

B—5C—25 A —5T(B)

A vou C Y B 6 T(A)
then there exists a fourth triangle

/ (T'(5))oi

c B A T(C")
so that we have
d=dofx=goy,yov=fojuod=1iog.

These can be turned into a nice octagon (with these equalities being commuting
faces) that I am too lazy to LaTeX.

Remark 1.2. It is much easier to remember the octahedral axiom (without the compati-
bilities at least) with the following diagram.

Cl

B
A voUu O
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Any of the derived categories we have discussed are triangulated categories with 7'(e) =
e[1]. The main point is if we have a morphism of complexes, A* = B*, then we can
always take the cone C(«)" = A[l]" & B* with differential

—df:l,oci—f—di

Ci— A o B B, Ait2 gy gitl
Exercise 1.1. Verify that this really is a complex.

Exercise 1.2. Suppose that 0 — A° & B- % D 5 0 is an exact sequence of
complexes. Show that D is quasi-isomorphic to C'(«)" .

Then we have A* % B 2 C(a) vA[l]" a distinguished triangle where 5 and ~
are given by maps to and projecting from the direct summands that make up C(«)".
Note that morphisms in the derived category are more complicated than maps between
complexes (since we might have formally inverted some quasi-isomorphisms) but this still
is enough for our purposes since the cone of a quasi-isomorphism is exact.
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We now do a worksheet!
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