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(1) If we have a morphism of complexes, A
q α−→ B

q
, then we can always take the cone

C(α)
q

= C
q

= A[1]
q ⊕B q

with differential

Ci = Ai+1 ⊕Bi −d
i+1
A ,αi+diB−−−−−−−→ Ai+2 ⊕Bi+1.

Verify that this really is a complex.

(2) Suppose that 0 −→ A
q α−→ B

q β−→ D
q −→ 0 is a short exact sequence of complexes.

Show that D
q

is quasi-isomorphic to the cone C(α)
q
.

(3) Consider the ringR = Fp[x]. Show that the perfectionR∞ ofR is Fp[x, x1/p, x1/p
2
, . . .]

and that the map SpecR∞ −→ SpecR is a bijection.
(4) More generally, suppose that R is a Noetherian ring and R∞ is its perfection (which

as we’ve seen is usually not Noetherian). Is SpecR∞ −→ SpecR always a bijection?
(5) Suppose R is an F -finite Noetherian ring. Show that R is F -split if and only if Rm

is F -split for every maximal ideal m ⊆ R.
(6) Suppose we have an extension of rings R ⊆ S and that M is an S-module. Suppose

that HomR(S,R) ∼= S as S-modules. We have a map

HomS(M,S)× HomR(S,R) −→ HomR(M,R)

by composition (α, β) 7→ β ◦ α. Show that this map is surjective.
(7) Suppose that we have inclusions R ⊆ S ⊆ T of rings and that HomR(S,R) ∼=S S

and that HomS(T, S) ∼=T T . Choose Φ ∈ HomR(S,R) which generates the Hom-
module as an S-module and Ψ ∈ HomS(T, S) generating the Hom-module as a
T -module. Prove that Φ ◦Ψ generates HomR(T,R) as a T -module.
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