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Suppose R C S is an extension of rings.

1. Suppose that R and S are integral domains and R C S is integral. Show that R is a field if and
only if S is a field.

Hint: If R is a field, choose y € S write an integral equation. Conversely if S is a field choose
x € R, note that 1/2 € S and use the fact that it is integral over R.

Solution: Suppose R is a field and y € S\ R. Then since y is integral over R we can write
YU+ 1y 44 1rg = 0 for r; € R, hence y is algebraic over R and R[y] is a field. In particular
y~le Ry es.

Conversely, suppose that S is a field. Choose € R, then z € S and so 2~ € S. We see that
2~ is integral over R and so that ™" +r,_12 "t +... 479 = 0 € S for some r; € R. Multiplying
through by 2"~ we see that

e b, oz gzt ez =0
and hence 7! € R as desired.
2. Suppose that R C S is integral and () C S is a prime ideal. Show that Q N R is maximal if and
only if () is maximal.
Hint: Use 1.

Solution: Let P = @ N R. Then we have an injection R/P < S/Q. Then P is maximal if and
only if R/P is a field if and only if S/@ is a field (by 1.) if and only if @ is maximal.

3. Suppose that R C S is integral (for instance, if S is a finitely generated R-module). Show that
Spec S — Spec R is surjective.

Hint: Choose a P € Spec R then invert R\ P in both R and S.

Solution: Choose P € Spec R and set W = R\ P. Consider the induced map Rp = W~ 'R —
W~1S. Let Q' be a maximal ideal of W18 corresponding to QQ € SpecS. Then it is easy to see
that Q' N (W~'R) corresponds to @ N R. By 2. Q"N (W~!R) is a maximal ideal. But there is only
one such maximal ideal PRp since Rp is local. Thus Q' N (W~'R) = PRp and so QN R = P.



4. Suppose that R C S is a finite extension (meaning that S is a finitely generated R-module),
show that Spec .S — Spec R is finite-to-1.

Hint: Work as in 3. but now also mod out both R and S by P (why is S/(P -S) # 07).

Solution: Fix P € Spec R and set W = R\ P. The primes of S that have pre-image P is in
bijection with the set of primes of B = W~!(S/(P-5)). But we have a map k = Rp/P-Rp < B.
It is easy to see that this is a finite extension of rings. Hence we have reduced the problem to
proving the following lemma.

Lemma. If k C B is an extension of rings where k is a field, then B has finitely many prime
ideals.

Proof of lemma. We proceed by induction on dimy B, the base case is obvious. Choose b € B\ k
and consider k[b] C B, also a finite extension of k. Obviously k[b] = k[z]/(f) has finitely many
prime ideals, corresponding to the prime factors of f. Hence it is sufficient to show that for each
prime P € Spec k[b], there are finitely many primes of B lying over P (ie, primes ) € Spec B such
that @ N k[b] = P). These correspond to the primes of B/(P - B). Consider K = k[b]/P O k. This
is also a finite extension of k and since it is an integral domain, it is a field. Hence it has a single
prime ideal. There are two cases.

(a) K = k. In that case P # 0 (since b ¢ k). Thus consider k[b]/P C B/(P - B). We see that
dimg(B/(P- B)) < dimy B and so induction implies that B/(P - B) has ﬁmtely many prime
ideals.

(b) K # k. In this case dimj, B > (dimK(B/(P . B)) ) (dlmk ) but dimy K > 2 and the
result follows.

U

5. Suppose that R C S is integral Suppose that Q C @’ are prime ideals of S and that P = QNR =
Q' N R. Show that Q = Q'.

Hint: Localize appropriately, and look for a chain of maximal ideals.
Solution: This is a homework problem now.

6. [The going up theorem| Suppose that R C S is integral. If P, C ... C P, is a chain of prime
ideals of R and @1 C ... C @, is a chain of prime ideals of R with m < n and @; " R = P, for
1 <4 < m, then there exist Q;+1 C ... C @y, containing @); so that @Q; N R=PF; for 1 <i < n.

Solution: This is a homework problem now.



