WORKSHEET #8 — MATH 3210
FALL 2018

NOT DUE

You may work in groups of up to 4. This worksheet covers similar material to the upcoming midterm.

1. Short answer questions.

(a) Give a precise definition of the statement lim a,, = —oo.

(b) Suppose f : R — R is the function f(x) = 22 + 1. Compute f~1({5} U (1,2]).

(c) Suppose S C R is a bounded set. Give a precise definition of inf(.S).

(d) Give an example of a non-continuous function f : [0,1] — R so that f([0,1]) = [0, 1].

(e) Give a short proof that if lima, = K and limb,, = L, then lim(a,, + b,) = K + L.



2. More short answer questions.

(a) Give an example of an integrable function that is not continuous.

(b) Suppose f : (a,b) — R is differentiable. Use the Mean Value theorem to give a short proof of the fact

that if f/(z) =0 for all € (a,b), then f is constant.

(c) Give an example of a function f : [1,3] — R and two partitions P C @ of [1,3] so that U(f, P) >
U(f.Q)-

(d) Suppose Y=, cx(z—a)* is a power series. Give a precise definition of this series’ radius of convergence.

(e) Give an example of a convergent series that is not absolutely convergent.

(f) Suppose I C R is an interval. Precisely define what it means that for a sequence of functions f,, : I — R
to uniformly converge to a function f: I — R.



3. Even more short answer questions.

(a) Compute the radius of convergence of the power series 1 — (z — 1) + (x — 1)% — (x — 1)% + -+~

Yiso(=DM@ = 1"

(b) Derive a closed formula for the sum Yy, r* for real numbers |r| < 1.

k1.2
(c) Is the series 22022 % absolutely convergent, conditionally convergent or divergent.

(d) Precisely state Taylor’s theorem on infinite series.

(e) State the first fundamental theorem of calculus.

(f) Compute - f;n(i) e’ dt.

(g) Compute lim,_, % or show that it doesn’t exist.

(h) Precisely state the Weierstrass M-test.



4. Even more short answer questions.

(a) Precisely state the archimedean property of the real numbers.

(b) Give an example of a differentiable function f: R — R whose derivative is not continuous.

(c) If f : [a,b] — R is integrable, is the function g(x) = [ f(t)dt always continuous? Always differentiable?

(d) Is every analytic function differentiable?

(e) State the completeness axiom of the real numbers.

(f) Precisely define what it means for a sequence a,, to be Cauchy.

(g) Is every Cauchy sequence bounded?

(h) Precisely state the Bolzano Weierstrass theorem.



5. Suppose Y ,-, aj is conditionally convergent (and in particular, not absolutely convergent). Let ap(k) 18
the subsequence of positive terms of the sequence ay and a,,(y) is the subsequence of non-positive terms of ay.
Show that >~ apx) diverges and Y77 ap ) diverges.

Hint: Suppose one converged to some finite number L. Derive a contradiction.

6. Suppose that > ., aj is a conditionally convergent series. Prove there is a reordering of the series that
converges to oo.

Hint: What you need to do is show there is a reordering so that for every K, there is an N, so that
ZZ:1 ap, > K for all n > N. One way to do this is to consider a sequence of integer Ks, maybe =1,2,3,4,...,
and rig things so that the partial sums get bigger than each K (and stay bigger than each K).



7. Suppose that f, : [a,b] — R is a sequence of continuous functions such that f,(z) converges to f(x)
uniformly. Show that

117131/: Folz)dz = /abf(:z:)dx.

Hint: Choose € > 0. Choose N so that if n > N, then |f,(z) — f(z)| < €¢/(b—a) for n > N for all x € [a, b].
Consider f,,(z) —€/(b—a) < f(x) < fu(x) +€/(b— a), and integrate.

8. Use the previous exercise to show that if f; : [a,b] — R is a sequence of continuous functions such that
>or fe(z) converges uniformly to a function g(z), then Y ;- f; fr(t)dt = fabg(t)dt.



9. Compute the limit (if you dare):

el dt
i (Jot
z—0 Zk:o kQCEk

10. Suppose that {a,} converges to 0. Define a new sequence b,, as follows:

b an, if nis odd
" 1/n  if n is even

In other words {b,} is the sequence
{al, 1/27(137 1/4,&5, 1/6, ay, 1/8, N }

Prove that b, also converges to 0.



11. Consider the function f(z) = ;—i; Prove directly from the definition that f(z) is continuous at a = 2.

12. Prove that if f is an infinitely differentiable function on (a —r,a+r), and there is a constant K such that
n!
@) < KT

for all n € N and all = € (a — r,a,), then the Taylor series for f at a converges to f on (a —r,a+ 7).



13. Find the Taylor series expansion for cos(x) at 0 and show it converges for all .

14. Recall the following axioms for an ordered field F' and arbitrary z,y,z € F.

Al z+y=y+a.

A2 2+ (y+2)=(x+y) + 2.

A3 30 € F such that 0+ z =
x.

A4 Foreachx € F, 3 —xz € F
with z + (—z) = 0.

M1 zy = yx.

Prove that if x < y and then —y < —z using only the axioms above. Please use

justification.

M2 z(yz) = (zy)z.

M3 31 € F such that 1 # 0 and

lz = z.
D x(y+2) =ay+zz.

F If 2 #0, then 327! € F so

that z2~! = 1.
O1 Either x <y or y < z.

02

03

04
05

If 2 < yand y < z then
T =1y.

If + < yand y < z then
r < z.

Ifr <ythenx+z<y-+z.
If x <y and 0 < z, then
Tz < Yz.

complete sentences in your

Hint: You aren’t allowed to multiply by —1 and flip inequalities, use O4 instead.



15. Suppose that (a,b) C R is a non-empty open interval and that we have a differentiable function f :
(a,b) — R such that |f/'(z)| < M for some constant M for all € (a,b). Use the Mean Value Theorem to
prove that f is uniformly continuous.

16. Suppose that a, and b, are sequences such that lima,, = L and limb, = K. Prove directly using the
definition of the limit that
lim(a, -b,) =L - K.
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