WORKSHEET #8 — MATH 3210
FALL 2018

NOT DUE

You may work in groups of up to 4. This worksheet covers similar material to the upcoming midterm.
1. Short answer questions.

(a) Give a precise definition of the statement lim a,, = —oo.

Solution: For every K € R, there exists an N so that if n > N, then a, < K.

(b) Suppose f : R — R is the function f(z) =22 + 1. Compute f~1({5} U (1,2]).

Solution:
{-2,2} U (0,1] U [~1,0).

(c) Suppose S C R is a bounded set. Give a precise definition of inf(.9).
Solution: inf(S) is the greatest lower bound of S.
(d) Give an example of a non-continuous function f : [0,1] — R so that f([0,1]) = [0,1].

Solution:
20 0<ax<1/2
f(@) = { sr<l/

0 1/2<z<l.
(e) Give a short proof that if lima, = K and limb,, = L, then lim(a,, + b,,) = K + L.

Solution: By definition there exists Ny so that if n > Ny, then |a,, — K| < €¢/2. Likewise there exists No
so that if n > Ny then |b, — L| < ¢/2. Suppose N = max(Ny, N3) and n > N. Then we have that

lan, + b, — (K 4+ L)| <lan — K|+ b, — L| <€/24+¢€¢/2 =¢.



2. More short answer questions.
(a) Give an example of an integrable function that is not continuous.

1 z>0

Solution: f:R — R defined by f(z) = { 0 z<0

(b) Suppose f : (a,b) — R is differentiable. Use the Mean Value theorem to give a short proof of the fact
that if f'(z) =0 for all = € (a,b), then f is constant.

Solution: Choose x < y with x,y € (a,b). Then by the mean value theorem, there exists ¢ € (z,y) such

that f'(c) = W But f’(¢) =0 so that f(y) — f(z) =0 and so f(y) = f(z). Thus f is constant.

(c) Give an example of a function f : [1,3] — R and two partitions P C @ of [1,3] so that U(f, P) >
U(f, Q)

Solution: Let P = {1,3} and @ = {1,2,3}, and set f(z) = «. Then U(f,P) =3-(3—1) = 6. But
Ulf,Q)=2-2-1)+3-(3-2)=5.

(d) Suppose >_p, cx(x—a)¥ is a power series. Give a precise definition of this series’ radius of convergence.

Solution: The radius of convergence is the largest number R so that if z € (e — R, a+ R), then the power
series Y ;- cx(z — a)* converges. It is also
B 1
~ limsup |eg |V

(e) Give an example of a convergent series that is not absolutely convergent.

Solution: Consider > p- %

(f) Suppose I C R is an interval. Precisely define what it means that for a sequence of functions f,, : I — R
to uniformly converge to a function f: I — R.

Solution: It means for every e > 0, there exists an N so that if n > N, then |f,,(z) — f(x)| < € for every
r el



3. Even more short answer questions.
(a) Compute the radius of convergence of the power series 1 — (z — 1) + (z — 1)2 — (z — 1)? + - =
Yico(=Df (@ = D*.

Solution: The radius is R = W

(b) Derive a closed formula for the sum > - ¥ for real numbers |r| < 1.
Solution: Consider the partial sums s, = ZZ:O r*. Then (1=7)sp =8p,—1s, =1— "1 As n goes to

infinity, this goes to 1. Hence the limit of partial sums equals lir'

k1.2
(c) Is the series Y 7o, % absolutely convergent, conditionally convergent or divergent.

Solution: Absolutely convergent.
(d) Precisely state Taylor’s theorem on infinite series.

Solution: Let f be a function that has continuous derivatives up through order n + 1 at all points of an
open interval I = (a — D,a + D). Then for each x € I,

f"(a)
2

f"(a)

n!

f(@) = fla) + f'(a)(z —a) + (—a)®+-+ (x —a)" + Rn(x).

f(nJrl)(c)

where Rn(x) = W

(x — a)"* for some ¢ between a and .

(e) State the first fundamental theorem of calculus.

Solution: Suppose a < b are real numbers. Suppose f : [a,b] — R is continuous and differentiable on
(a,b) and that f’(x) is integrable on [a, b]. Prove that

b
)~ fla) = [ @

In(z 2
(f) Compute L [ @) et gt
Solution: By the fundamental theorem of calculus and the chain rule, the derivative is e((n(@))) . (1/z).

. 2
(g) Compute lim, ., % or show that it doesn’t exist.

Solution: Both the top and bottom go to zero as x does. Furthermore, the derivative of the top is
2sin(x) cos(x). The derivative of the bottom is cos(1/z) + xsin(1/z)(—1/2?). Now, as x goes to zero, the
top still goes to zero. The bottom however doesn’t converge to anything. In fact, it’s even unbounded. In
particular, L’Hopital’s does NOT apply. For z near 0 on the right, the numerator is bigger than 1/222. If we
cancel the x we get % As z gets close to zero, cos(1/x) gets arbitrarily close to zero, infinitely many
times. So the function is unbounded.

Indeed, to make this precise, here’s a sketch, fix some K. Notice that if x = W, then |cos(1l/z)| =
| cos(/2 — €2)| < €% (for € > 0 sufficiently small, with 1/(2ne?) > K for any K). Thus we, have

(sin(x))? < 1/222 1/2z
|xcos(1/x)| - |xcos(1/x) €2

which can be made arbitrarily large. (This was harder than I intended).

| > | | > K.

(h) Precisely state the Weierstrass M-test.

Solution: Consider a series of functions .~ fi(z), fr : I — R for some interval I. Suppose we have
M, a sequence of real numbers such that My > |fx(z)| for all z € I. Then if >~ M} converges, we have
that Y- fx(z) converges uniformly on I.



4. Even more short answer questions.

(a) Precisely state the archimedean property of the real numbers.
Solution: For every real number R, there exist an integer N > R.
(b) Give an example of a differentiable function f: R — R whose derivative is not continuous.

Solution:

[ 2?sin(1/x) x#0
f(x)_{ 0 z=0

This works.

(c) If f: [a,b] — R is integrable, is the function g(z) = [ f(t)dt always continuous? Always differen-
tiable?

Solution: It is always continuous. It is not differentiable in general (one needs f to be continuous).
(d) Is every analytic function differentiable?

Solution: Yes.

(e) State the completeness axiom of the real numbers.

Solution: Every bounded above set has a least supper bound (a supremum).

(f) Precisely define what it means for a sequence a,, to be Cauchy.

Solution: It means that for every € > 0, there exists an N so that if n,m > N, we have that |a,, —a,,| < €.

(g) Is every Cauchy sequence bounded?
Solution: Yes (every Cauchy sequences converges and hence is bounded).
(h) Precisely state the Bolzano Weierstrass theorem.

Solution: Suppose that {a,} is a bounded sequence. Then {a, } has a convergent subsequence.



5. Suppose Y ,-, aj is conditionally convergent (and in particular, not absolutely convergent). Let ap(k) 18
the subsequence of positive terms of the sequence ay and a,,(y) is the subsequence of non-positive terms of ay.
Show that >~ apx) diverges and Y77 ap ) diverges.

Hint: Suppose one converged to some finite number L. Derive a contradiction.

Solution: If both the negative terms converge, and the positive terms converge, then the series is absolutely
convergent. So we need to rule out the case where one converges and one diverges.

Suppose first that > - ; ap(ky converges to L € R. Then it is absolutely convergent (since it is made up of
positive numbers). Suppose for a contradiction that sum of negative integers diverges. Thus there exists an M
so that if m > My, we have that 5 > L — Y7 ay) = Y12, 41 Gp(i)- Choose an integer K so that K > p(k)

for all k < N. Since the sum of the a,,() diverge, we see that Zk}n(k»K ap, = —00, and in particular, for
each real number R, we can find some D so that ZZ(S()ISQK ank) < R —35. Then Z’Z;i ay, is the same finite

sum, but it also has finitely many positive terms, whose sum is less than 5. Thus Zﬁ;g ar < R—5+5=R.

In particular, the partial sums of are unbounded. Thus the series Y ;- aj, diverges.
By symmetry, we also have a contradiction if the sum of the negative terms converges,

6. Suppose that ZZ’; a is a conditionally convergent series. Prove there is a reordering of the series that
converges to oo.

Hint: What you need to do is show there is a reordering so that for every K, there is an N, so that
22:1 ap, > K for all n > N. One way to do this is to consider a sequence of integer K's, maybe = 1,2,3,4,...,
and rig things so that the partial sums get bigger than each K (and stay bigger than each K).

Solution:  Let a,) be the sequence of negative terms and ay) be the sequence of positive terms.
By the previous exercise, we know the sum of the positive terms is infinite, as is the sum of the negative
terms. Consider a sequence of integers K = 1,2,3,... as in the hint. First we choose the smallest s; so
that a,(1),...,ap@,) 50 that apay + -+ + ap,) + apy > 1. Next choose the smallest s2 > s1 so that
Ap1) +  F Aps; T A1) T Apsi+1) -+ Cp(so) T An(2) > 2. Continue in this way.



7. Suppose that f, : [a,b] — R is a sequence of continuous functions such that f,(z) converges to f(x)
uniformly. Show that

b b
lim/ frn(x)dx = / f(z)dx.

Hint: Choose € > 0. Choose N so that if n > N, then |f,(z) — f(z)| < €¢/(b—a) for n > N for all x € [a, b].
Consider f,,(z) —€/(b—a) < f(x) < fu(x) +€/(b— a), and integrate.

Solution: Following the hint, we integrate that set of inequalities to obtain for n > N.

b b b b b

/ fo(x)de — e = / (fu(z) —€/(b—a))dx < / f(z)dx < / (fu(z)+€/(b—a))dx = / fo(x)dz + €
Hence we have that ‘ f; fo(x)dz — ff f(:z:)dx‘ < eforn > N, as desired.
8. Use the previous exercise to show that if f; : [a,b] — R is a sequence of continuous functions such that
>or fu(z) converges uniformly to a function g(z), then Y ;- f; fr(t)dt = fabg(t)dt.

Solution: We know that the sequence of partial sums s,(z) = Y ;_, fr(z) is a sequence of functions
which converges uniformly. By the previous exercise, we have that

lim /ab (g fk(x)> dz = lim /ab s(z)dz = /ab <§jo fk(:o) da.

b n n b
lim / (Z fk(x)> de =1im» [ fu(x)dz
a k=0

k=0"%

But

since the sum is finite. This completes the proof.



9. Compute the limit (if you dare):
- ( Jrtetat )
=0 \ Dopeg K2k
Solution: First note that the bottom is differentiable on (—1,1). We use L’Hopital’s rule. The top
becomes ze® . The bottom becomes > aeo(k+1)32%. Now the top goes to zero, but the bottom goes to 1, so
the limit is 0.
10. Suppose that {a,} converges to 0. Define a new sequence b,, as follows:
b :{ an if nis odd
" 1/n  if nis even
In other words {b,} is the sequence
{a1,1/2,a3,1/4,a5,1/6,a7,1/8,...}.
Prove that b,, also converges to 0.
Solution: Fix ¢ > 0. Since a,, converges to 0, there exists a Ny so that if n > Ny, then |a,| < €. On the
other hand, if we set No = %, then if n > N, we see that [1/n| < 1/Ns = e. Therefore, set N = max(Ny, No)

and choose n > N. If n is odd, then |b,| = |a,| < € since n > Ny. If n is even, then |b,| = 1/n < € since
n > No.



11. Consider the function f(x) = Zrl. Prove directly from the definition that f(x) is continuous at a = 2.

x+3

Solution: We begin with some scratch work. Note f(2) = 2. We want
‘x—|—1 ‘_’5x+5—3x—9‘_2 ‘x—2
x+3 3z+9 ~ 5 Iz 43l

First suppose § < 1. Then x + 3 is smaller than (24 1) + 3 = 6 and bigger than (2 —1)+3=41if |z —2] < ¢
(only the bigger is relevant). In this case,

2
z <=
5 lz+3 5
This finishes the scratch work and we can set 6 = 10 - e.
Now we do the real proof. Choose € > 0, set 6 = min(1,10 - €) and suppose that |z — 2| < ¢ < 1. In this
case notice that x +3 > 4. Then

2 |z -2
‘x gza/lo.

as desired.
12. Prove that if f is an infinitely differentiable function on (a —r,a+r), and there is a constant K such that
@) < K
for all n € N and all « € (a — r,a,), then the Taylor series for f at a converges to f on (a —r,a + 7).
Solution: By Taylor’s formula, it suffices to show that R, (z) goes to zero for all € (a —r,a+ ). So fix

such an x and recall that
S (o)

(n+1)!
for some ¢ between a and x. Then by our hypothesis,

(n+1)!/rntt 41 z—a\"

R, <K—————(r—a)"" =K .
(@) < (n+1)! (z—a) r

But 2 — a < r and so this goes to zero, as claimed.

R () = i

(r—a




13. Find the Taylor series expansion for cos(x) at 0 and show it converges for all .

Solution: It is easy to compute that the Taylor series is

e} —1)k42
1—22/2 + a4 /4l — 286! 4 - = Y50 A2 (1) lk/20 gk
k!
Note the term % alternates between being 0 and 1 while (—1)*/21 is 1,1, -1, -1,1,1,-1,~1,.... Re-
(n+D) () | . . . . .
gardless, R, () = f(nt:l)(! )gn+1 where f(z) = cos(z). Since derivatives of cos(z) are plus or minus cos or sin
of x, we see that |R,(z)| < (”;TT),, which goes to zero for any fixed x, as n goes to infinity. This shows that

our Taylor series above converges.

14. Recall the following axioms for an ordered field F' and arbitrary z,y,z € F.

Al z4+y=y+x. M2 z(yz) = (zy)z. 02 If x < y and y < x then

A2 2+ (y+2)=(z+y)+ 2 M3 31 € F such that 1 # 0 and x=y.

A3 30 € F such that 0+ z = lx = z. O3 If x < yand y < z then
x. D z(y+z2) =xy + xz. xz < z.

A4 Foreachx € F;, 3 —xz € F F Ifx #0, then 327! € F so O4 Ifz<ythenz+z<y+z.
with  + (—z) = 0. that zz~—1 = 1. O5 If x < y and 0 < z, then

M1 zy = yx. O1 Either z <y ory < z. rz < yz.

Prove that if © < y and then —y < —z using only the axioms above. Please use complete sentences in your
justification.

Hint: You aren’t allowed to multiply by —1 and flip inequalities, use O4 instead.
Solution: Adding —x (which exists by A4) to both sides of < y and using 04, we see that z —x < y —x.

Now adding —y to both sides we see that —y +z — o« < —y +y — . Using A4 again (as well (A2) implicitly),
we see that —y+z—or=—-y+0=—yand —y+y—2=0—2 = —z. Thus —y < —z as claimed.



15. Suppose that (a,b) C R is a non-empty open interval and that we have a differentiable function f :
(a,b) — R such that |f/'(z)| < M for some constant M for all € (a,b). Use the Mean Value Theorem to
prove that f is uniformly continuous.

Solution: Choose ¢ > 0 and set 6 = ¢/M suppose that z,y € (a,b) with |z — y| < §. Without loss
of generality, we may assume that x < y. By the Mean Value Theorem, there exists ¢ € (z,y) so that

F(e) = =L@ and so M(y — x) > |f(y) — f(x)| using that |f'(c)| < M. Hence
1f(y) = f@)| < M(y—2) <M§=M-¢/M=¢
as desired.

16. Suppose that a, and b, are sequences such that lima,, = L and limb,, = K. Prove directly using the
definition of the limit that
lim(a, - b,) = L- K.
Solution: Again we start with scratch work.
lay, b, — L-K|=la, by —an -K+a, K—L-K|<|a,|-|bp— K|+ |a, — L| - |K|.

Now we come to the proof. Choose € > 0 Since a,, converges, it is bounded, so |a,| < M for all n. We can
also choose Nj so that if n > Ny, then |a, — L| < €/(2|K]). Finally choose N3 so that if n > N3, we have that
|b, — K| < €/(2M). Set N = max(Ny, N2) and suppose that n > N. Then

lan - bn —L-K|=lan -bp—an-K+a, K—L-K|<|ay|-|b,— K|+ |a,—L|-|K| < Me/(2M)+ Ke/(2K) =€

as desired.
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