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SPRING 2018

SOLUTIONS

You may work in groups of up to 4 people. Only one assignment needs to be turned in per group,
but make sure everyone’s name is on it.

Therefore, we should take great care not to accept as true such properties of the numbers which we
have discovered by observation and which are supported by induction alone. — Leonhard Euler

Consider a number n (such as n = 15). A natural question is
How many integers are there, (inclusively) between 1 and n, which are relatively prime to n?
The answer to this question is denoted by ¢(n). The function ¢ is called Fuler’s ¢ function.

1. For each of the following numbers n, compute ¢(n). You can divide up the work among people
in your group, but make sure to write your answers down carefully.

(a) 10 (e) 15 (i) 30
(b) 9 (f) 45 (j) 32
(c) 11 (g) 22 (k) 49
(d) 37 (h) 27 (1) 50
Solution:

(a) 4 (e) 8 (i) 8
(b) 6 (f) 24 (j) 16
(c) 10 (g) 10 (k) 42
(d) 36 (h) 18 (1) 20



2. Make some general predictions about what ¢(n) is. At least for special kinds of n. Some particular
cases to consider.

(a) What if n is prime.

b) What if n = 2p for p prime?

(b) p for p p

(c) What if n = p? for p prime?

(d) What if n = p3 for p prime?

(e) What if n = p" for p prime?

(f) What if n = pq for p and ¢ different, but both odd primes?
(h) What if n = p¢? for p and ¢ different, but both odd primes?

Solution: With some experimentation, one can find:

1)=pqg—p—q+1.
¢ —q) = p*¢* — p*’q — pg® + pq.



3. Prove that if m, n are relatively prime positive integers, then p(mn) = p(m)p(n).

Hint: For any integer k > 1, consider the set of numbers Ty, = {z € Z | 1 <z < k,ged(z, k) = 1}.
For instance, Ti9 = {1,3,7,9}. Prove that |T;| = ¢(k). What is |T,, x T,,|? Now, construct a
function f : Ty, — Tpn X Ty, defined by # +— (2 (modm),z (modn)). Show that this function is
bijective by using the full force of the Chinese Remainder Theorem.

Solution: Following the hint, the definition of ¢ (k) shows that |T;| = ¢(k). Hence |T,, x T,| =
[Tl - |T| = @(m) - p(n). Consider the function

fo Thm — TnxT,
z (2 (modm),z (modn))

We first show that the function f is surjective. Suppose (a,b) € T, x T,,. To show that f is surjective,
we must find x € T, so that f(x) = (a,b), or in other words we must solve x =, a and = =, b.
But such a solution exists by the Chinese remainder, theorem (and we can even find one in the range
0,...,mn — 1, again by the Chinese remainder theorem).

Now we show that f is injective. Suppose that x,y € T},, are integers taken modulo mn, such
that

f(z) = (a,b) = f(y).

In other words x =,,, a,x =, b and y =,,, a,y =, b. By the Chinese remainder theorem, since x and
y are both solutions to the same system of equivalences (over relatively prime moduli), we see that
T =pn y. But then x =y € Ty



4. Find a general algorithm or strategy for computing ¢(n). You should be able to do this by
combining 2.(e) and 3.. You don’t need to prove that your algorithm is correct, however you must
explain it carefully and correctly.

Solution: To compute ¢(n), first factor n = pi*ph?...p,* where the p; are distinct primes. It
follows from 2.(e) that (p*) = p/ — p!"~'. On the other hand since the p; are distinct, we can

break up ¢ over the product and so we find that

Thus our algorithm is:
Step 1: Factor n = pi* pg2 ) pZ’“ as products of prime powers where all the p; are distinct.
Step 2: Compute d; = — ;" Loralli=1,...,k.

Step 3: Compute the product of the d;, that product is ¢(n).

A more general form of Fermat’s Little Theorem (due to Euler) is the following. Suppose a > 0
and n are integers and that ged(a,n) = 1. Then

a?™ = 1(mod n)

5. Verify that Euler’s generalization of Fermat’s Little Theorem is true in the following examples
(note this is not a proof). Write up your computations carefully.

(a) a=5,n=12. (¢) a=5,n=16. (e) a=8,n =21
(b) a=3,n=10. (d) a=2,n=21. (f) a=8,n=15.
Solution:

(a) ¢(n) =4. Note a = 625 and 625 — 1 = 624 is divisible by 12.

(b) ¢(n) = 4. Note a* =81 and 81 — 1 = 80 is divisible by 10.

(c) ( ) = 8. Note a® = a*-a*. Now, a* = 625 and 625(mod 16) = 1, hence a®(mod 16) =
1(mod 16) =

(d) (n) =12. Note a'? = 4096 and 4096(mod 21) = 1.

(e) ( ) = 12. Note a'? = (23)12 = (2!2)3. But we already say that 2'2(mod 21) = 1 and

(f)

3:"‘6‘6H

2(mod 16) =1-1-1 = 1.
(n) = 8. Now, a® = 8% = 224 = (28)3, and so again it suffices to show that 28(mod 15) = 1.
But 28 = 256 and 255 is a multiple of 15 so that 28(mod 15) = 1.

©



