HW I FOR MATH 6210
DUE MONDAY SEPTEMBER 04

1) Let X = Z, the ring of integers, and fix a prime p. For every = € Z and integer n > 0, let
Byn={yeZ|y=xz (modp")}.

Let £ C P(X) consist of all disjoint unions of By, ,,, including the empty set. Prove that £ is

an algebra, and that u(Bg,) = 1/p™ defines a finitely additive measure on it.

2) Let A C P(X) and B C P(Y) be two algebras. Let C C P(X x Y') consist of all disjoint
unions of products A x B, where A € A and B € B. Prove that C is an algebra.

3) Let A be an algebra of sets, with a finitely additive measure u. For any two A, B € A
define d(A, B) = u(AAB). Prove that d satisfies the triangle inequality i.e.

d(A,C) <d(A,B)+d(B,C)
for any three sets in A.

4) Let X =1[0,1) x [0,1), and p* the Lebesgue outer measure on X. Let A C X. If for every
e > 0 there exists an elementary set E such that p*(AAFE) < €, prove that p*(A)+up*(A°) = 1.

5) Let ©* be an outer measure on X. Let A C X be a measurable set (as defined on page 29
in Folland) p*(ENA)+ p*(ENA®) = pu*(F) for all sets E in X. If B is a subset of A° prove
that p*(AU B) = p*(A) + p*(B).

6) Let A be a o-algebra and p a measure on A. Let A1 D As O ... be a sequence of sets in
A such that p(Ap) is finite. Let A = N§°, A;. Prove that lim; o0 p(A4;) = p(A).

7) Let 11 be a finite Borel measure on R. Let F'(z) = p(—o0, z]. Show that F(z) is continuous
at x if and only if u({z}) = 0.



