
DEFORMATIONS OF GALOIS REPRESENTATIONS AND EXCEPTIONAL
MONODROMY

STEFAN PATRIKIS

Abstract. For any simple algebraic group G of exceptional type, we construct geometric `-adic
Galois representations with algebraic monodromy group equal to G, in particular producing the
first such examples in types F4 and E6. To do this, we extend to general reductive groups Ravi
Ramakrishna’s techniques for lifting odd two-dimensional Galois representations to geometric `-
adic representations.

1. Introduction

Prior to the proof of Serre’s conjecture on the modularity of odd representations

ρ̄ : Gal(Q/Q)→ GL2(F`),

one of the principal pieces of evidence for the conjecture was a striking theorem of Ravi Ramakr-
ishna ([Ram02]) showing that under mild hypotheses such a ρ̄ could be lifted to a geometric (in the
sense of Fontaine-Mazur) characteristic zero representation. A generalization of Ramakrishna’s
techniques to certain n-dimensional representations then played a key part in the original proof of
the Sato-Tate conjecture for rational elliptic curves ([HSBT10]). Meanwhile, dramatic advances
in potential automorphy theorems, culminating in [BLGGT14], have drawn attention away from
Ramakrishna’s method, since for suitably odd, regular, and self-dual representations

ρ̄ : Gal(Q/Q)→ GLN(F`),

the potential automorphy technology, combined with an argument of Khare-Wintenberger (see eg
[Kis07b, §4.2]) now yields remarkably robust results on the existence of characteristic zero lifts of
prescribed inertial type (eg, [BLGGT14, Theorem E]). Put another way, there are connected reduc-
tive groups G/Q of classical type in the Dynkin classification, for which one can apply potential
automorphy theorems to find geometric characteristic zero lifts of certain

ρ̄ : Gal(Q/Q)→ LG(F`),
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where LG denotes as usual an L-group of G. But these potential automorphy techniques are cur-
rently quite limited outside of classical types, for neither the existence of automorphic Galois rep-
resentations, nor any hoped-for potential automorphy theorems, have been demonstrated in more
general settings. The first aim of this paper is to prove a generalization, modulo some local anal-
ysis, of Ramakrishna’s lifting result for essentially arbitrary reductive groups. Such results have
some intrinsic interest, and among other things, they provide evidence for generalized Serre-type
conjectures.

At first pass, we do this under very generous assumptions on the image of ρ̄, analogous to
assuming the image of a two-dimensional representation contains SL2(F`). Here is a special case:
see Theorem 6.4 and Theorem 10.3 for more general versions.

Theorem 1.1. Let O be the ring of integers of a finite extension of Q`, and let k denote the residue
field of O. Let G be an adjoint Chevalley group, and let ρ̄ : Gal(Q/Q) → G(k) be a continuous
representation unramified outside a finite set of primes Σ containing ` and∞. Impose the following
conditions on ρ̄ and `:

(1) Let Gsc → G denote the simply-connected cover of G. Assume there is a subfield k′ ⊂ k
such that the image ρ̄(Gal(Q/Q)) contains im (Gsc(k′)→ G(k′)).

(2) ` > 1 + max(8, 2h − 2) · #ZGsc , where h denotes the Coxeter number of G.
(3) ρ̄ is odd, i.e. for a choice of complex conjugation c, Ad(ρ̄(c)) is a split Cartan involution of

G (see §4.5).
(4) For all places v ∈ Σ not dividing ` · ∞, ρ̄|ΓFv

satisfies a liftable local deformation condition
Pv with tangent space of dimension dimk

(
gρ̄(ΓFv )

)
(eg, the conditions of §4.3 or §4.4).

(5) ρ̄|ΓQ` is ordinary, satisfying the conditions (REG) and (REG*), in the sense of §4.1.
Then there exists a finite set of primes Q disjoint from Σ, and a lift

G(O)

��

Gal(Q/Q)
ρ̄

//

ρ
99

G(k)

such that ρ is type Pv at all v ∈ Σ (taking Pv to be an appropriate ordinary condition at v|`), of
Ramakrishna type (see §4.2) at all v ∈ Q, and unramified outside Σ∪Q. Moreover, we can arrange
that ρ|ΓQ` is de Rham, and hence that ρ is geometric in the sense of Fontaine-Mazur.

The statement of this theorem takes for granted the study of certain local deformation conditions;
in §4, we study a few of the possibilities, but we have largely ignored this problem as unnecessary
for our eventual application. We should note, however, especially for a reader familiar with Kisin’s
improvement of the Taylor-Wiles method, that Ramakrishna’s method, in contrast, seems to require
the local deformation rings to be formally smooth. Regarding the global hypothesis in Theorem
1.1, note that for two-dimensional ρ̄, a case-by-case treatment of the possible images ρ̄(Gal(Q/Q))
can be undertaken to establish the general case. Such an approach would be prohibitive in general,
so after establishing Theorem 1.1, we focus on ρ̄ suited to this paper’s principal application, the
construction of geometric Galois representations

ρ : Gal(Q/Q)→ LG(Q`)

with Zariski-dense image in LG, where G is one of the exceptional groups G2, F4, E6, E7, or E8.
Let us recall some of the history of this problem.
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In his article [Ser94a], Serre raised the question of whether there are motives (over number fields,
say), whose motivic Galois groups are equal to the exceptional group G2, of course implicitly
raising the question for other exceptional types as well. If ‘motive’ is taken to mean either

• pure homological motive in the sense of Grothendieck, but assuming the Standard Conjec-
tures ([Kle68]); or
• motivated motive in the sense of André ([And96]),

then Dettweiler and Reiter ([DR10]) answered Serre’s question affirmatively for the group G2, us-
ing Katz’s theory of rigid local systems on punctured P1 ([Kat96])–in particular Katz’s remarkable
result that all irreducible rigid local systems are suitably motivic. Then, in an astounding devel-
opment, Yun ([Yun14]) answered a somewhat weaker form of Serre’s question for the exceptional
types G2, E7, and E8. Namely, he showed that there are motives in the above sense whose asso-
ciated `-adic Galois representations have algebraic monodromy group (i.e. the Zariski-closure of
the image) equal to these exceptional groups. Yun’s work is also deeply connected to the subject
of rigid local systems, but the relevant local systems are constructed not via Katz’s work, but as the
eigen-local systems of suitable ‘rigid’ Hecke eigensheaves on a moduli space of G-bundles with
carefully-chosen level structure on P1 − {0, 1,∞}.

In particular, Yun produces the first examples of geometric Galois representations with excep-
tional monodromy groups E7 and E8. The main theorem of the present paper is the construction of
geometric Galois representations with monodromy group equal to any of the exceptional types:

Theorem 1.2 (see Theorem 8.4, Theorem 10.6). There is a density one set of rational primes `
such that for each exceptional Lie type Φ, and for a suitably-chosen rational form G/Q of Φ, there
are geometric `-adic representations

ρ` : Gal(Q/Q)→ LG(Q`)

with Zariski-dense image. For G of types G2, F4, E7, or E8, i.e. the exceptional groups whose Weyl
groups contain −1, we can replace LG simply by the dual group G∨. For G of type E6, the algebraic
monodromy group of ρ`|Gal(Q/K) is G∨ for an appropriate quadratic imaginary extension K/Q.

We achieve this via a quite novel method, and indeed the examples we construct are disjoint
from those of Dettweiler-Reiter and Yun. The case of E6 should stand out here, as it has proven
especially elusive: for example, in the paper [HNY13], which served as much of the inspiration for
Yun’s work, certain LG-valued `-adic representations of the absolute Galois group of the function
field Fq(P1) were constructed for G of any simple type; their monodromy groups were all computed,
and, crucially, the monodromy group turns out to be ‘only’ F4 in the case G = E6.1 I believe the
present paper contains the first sighting of the group E6 as any sort of arithmetic monodromy group.

In the rest of this introduction, we will sketch the strategy of Theorem 1.2. Let ΓQ = Gal(Q/Q)
(in what follows, Q can be replaced by any totally real field F for which [F(ζ`) : F] = ` − 1). The
essential content of the argument is already present in the following somewhat simpler case, where
as in Theorem 1.1 we restrict to the consideration of

ρ̄ : ΓQ → G(k),

for G a simple Chevalley group of adjoint type.2 The hope would be to start with an appropriate
ρ̄, and to use Ramakrishna’s method to deform it to characteristic zero. But it is already difficult

1The same thing happens in [FG09], which served as inspiration for [HNY13].
2So what follows will literally apply except in type E6; type E6 turns out to require a minor, merely technical,

modification, carried out in §9-10.
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to produce such ρ̄, and finding one with image containing G(F`), so that the initial version of
our lifting theorem might apply, would pose a problem already as difficult3 as the inverse Galois
problem for the group G(F`).

But any (adjoint, for simplicity) G admits a principal homomorphism ϕ : PGL2 → G (see
[Gro97], [Ser96]); for instance, for the classical groups, these are the usual symmetric power rep-
resentations of PGL2. We have at our disposal a very well-understood collection of 2-dimensional
representations r̄ : ΓQ → GL2(k), those associated to holomorphic modular forms, and for our ρ̄
we consider composites

ΓQ
r̄
//

ρ̄

%%

PGL2(k)
ϕ
// G(k).

We therefore undertake to prove a version of Ramakrishna’s lifting theorem that applies when ρ̄
factors through a principal PGL2. This is carried out in §7, buttressed by an axiomatic version of
Ramakrishna’s argument (§5). Choosing r̄ so that ρ̄ = ϕ ◦ r̄ satisfies the hypotheses of the lifting
Theorem 7.4, and so that the resulting lift ρ : ΓQ → G(O) can be guaranteed to have maximal
algebraic monodromy group, is rather delicate, however: in particular, we don’t want to lift r̄ to
r : ΓF → GL2(O) and then take ρ = ϕ ◦ r! The rough idea for ensuring that the monodromy group
Gρ = ρ(ΓQ)

Zar
is equal to G is the following:

• Ensure Gρ is reductive and contains a regular unipotent element of G. There is a straight-
forward (to use, not to prove) classification of such subgroups of G ([SS97, Theorem A]).
Namely, when G is of type G2, F4, E7, or E8, such a Gρ is either a principal PGL2 or all of
G; and when G is of type E6, Gρ might also be F4.
• Arrange that the Hodge-Tate weights of ρ are ‘sufficiently generic’ that Gρ must be G itself.

This is where our examples veer away from those of [DR10] and [Yun14].

If r̄(ΓQ) contains PSL2(F`), it is essentially formal that Gρ is reductive: see Lemma 7.7. It is not
necessarily true, however, that Gρ contains a principal PGL2: indeed, a beautiful result of Serre
(deforming the finite groups PSL2(F`) themselves to characteristic zero: see Example 8.1) shows
it is sometimes possible for Gρ to be finite!

We now explain the subtleties in choosing a modular form f , with associated compatible system

r f ,λ : ΓQ → GL2(Oλ),

so that the reductions r̄ f ,λ, at least for λ lying over a density one set of rational primes `, can be used
as our r̄. If we were content with establishing Theorem 1.2 for only a single `, it seems likely that
a significant computer calculation of a well-chosen residual Galois representation for a particular
modular form might suffice; but any result for infinitely many ` (or in our case, a density one set)
seems to require hurdling further theoretical difficulties.

(1) Needing ρ to have ‘sufficiently generic’ Hodge-Tate weights forces us to work with ordi-
nary deformations; in particular r̄ f ,λ must be ordinary. Except for f of weights 2 and 3,
establishing ordinarity of f even for infinitely many ` is a totally open problem, so we are

3In fact, substantially more so, because we would need not only a Galois extension with group G(F`), but also to
know that the associated representation ρ̄ satisfied the various technical hypotheses of the lifting theorem, eg ordinarity
at `.
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forced into weights 2 or 3. Requiring ordinarity restricts the conclusion of Theorem 1.2 to
a density one set of primes rather than almost all primes.4

(2) While it would be possible to work with f of weight two, the ordinary deformation rings
in this case are more often singular, and some extra work is needed to avoid this possibility
(to be precise, Proposition 4.4 may not directly apply, since the condition (REG*) of that
section may fail); in the spirit of minimizing the amount of local work, we therefore take f
to have weight 3.

(3) Keeping in mind Serre’s cautionary example (Example 8.1), we use a local analysis to
ensure that Gρ contains a regular unipotent element. The idea is to choose f with Γ0(p)
level at some prime p, and to consider deformations of ‘Steinberg’ type of ϕ ◦ r̄ f ,λ|ΓQp

. As
long as the resulting deformations to characteristic zero are as ramified as possible, they
will provide us with regular unipotent elements in Gρ. But it is quite difficult purely using
deformation theory to guarantee that these characteristic zero lifts have regular unipotent
ramification unless the residual representations r̄ f ,λ|ΓQp

are themselves ramified: the anal-
ogous issue in studying ‘lifts of prescribed type’ using potential automorphy theorems is
only treated by invoking settled cases of the Ramanujan conjecture.5 Thus, we need r̄ f ,λ|ΓQp

to be ramified for almost all λ. If f were associated to an elliptic curve over Q with multi-
plicative reduction at p, then the theory of the Tate curve would imply this, but it seems to
be quite a deep result in general: we establish it (Proposition 8.2, which Khare has pointed
out was previously proven by Weston in [Wes04]) using essentially the full strength of
level-lowering results for classical modular forms.

Having juggled the demands of the lifting theorem as just described, we can then look in tables of
modular forms to find plenty of f that do in fact serve our purpose, or even show by theoretical
means that infinitely many can be found. For the final steps, see Theorem 8.4.

In this sketch we have omitted the case of E6. When the Weyl group of G does not contain
−1, G contains no order 2 element inducing a split Cartan involution, and so there are no ‘odd’
representations ΓQ → G(k). We instead deform odd representations valued in the L-group of a
suitable outer form of G. We develop, only in the degree of generality needed for our application,
the basics of deformation theory for L-groups in §9; our task is made easy by the template provided
in [CHT08, §2], which treats the case of type An. With these foundations in place, there are no new
difficulties in extending the arguments of earlier sections; we explain the very minor modifications
needed in §10. The proof of Theorem 1.2 is then completed in Theorem 10.6. We hope the reader
does not object to this expository decision: it would have been possible to work throughout with
(possibly non-connected) L-groups, but I think as written the argument will be easier to digest, and
in the end it only costs us a few extra pages.

2. Notation

For a field F (always a number field or local field), we let ΓF denote Gal(F/F) for some fixed
choice of algebraic closure F of F. When F is a number field, for each place v of F we fix once and
for all embeddings F ↪→ Fv, giving rise to inclusions ΓFv ↪→ ΓF . If Σ is a (finite) set of places of
F, we let ΓF,Σ denote Gal(FΣ/F), where FΣ is the maximal extension of F in F unramified outside

4A sequel to the present paper will remove this restriction.
5Note that in the case G = G2, the composition of the principal SL2 with the quasi-minuscule representation

G2 ↪→ GL7 remains irreducible, so that potential automorphy techniques could be applied in this case. This approach
does not work for the other exceptional groups.
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of Σ. In §9 and §10, for an extension F̃/F we will also write ΓF̃,Σ, where Σ is implicitly interpreted
as the set of place of F̃ above Σ. If v is a place of F outside Σ, we write frv for the corresponding
geometric frobenius element in ΓF,Σ. If F is a local field, with no reference to a global field, we
write frF for a choice of geometric frobenius element in ΓF . For a representation ρ of ΓF , we let
F(ρ) denote the fixed field of the kernel of ρ.

Consider a group Γ, a ring R, an affine group scheme H over Spec A, and a homomorphism
ρ : Γ → H(A). Then for any algebraic representation V of H, we let ρ(V) denote the A[Γ]-module
with underlying A-module V induced by ρ. This will typically be applied to the adjoint represen-
tation of H.

Let O be a finite totally ramified extension of the ring W(k) of Witt vectors of an algebraic
extension k of F`, and let E be the fraction field FracO. We let C f

O
denote the category of artinian

local O-algebras for which the structure map O → R induces an isomorphism on residue fields,
and let CO denote the category of complete local noetherian O-algebras with residue field k. Let $
denote a uniformizer of O.

All the (Galois) cohomology groups we consider will be k-vector spaces, and we will always
abbreviate dimk Hi(•) by hi(•).

We write κ for the `-adic cyclotomic character, and κ for its mod ` reduction.
Until §9, G will be a Chevalley group scheme overO; we mean this in the sense of [Con14], so G

is not necessarily semi-simple. The reader will not lose anything essential by taking G to be adjoint
and considering the classical construction of Chevalley groups as in [Ste68]. We refer to [Con14]
for a thorough and accessible treatment of the theory of reductive group schemes; this reference
is vastly more general than we require, but it still seems to be the most convenient. Throughout
the present paper, we will give as needed more specific pointers to results in [Con14], but a reader
with additional questions will surely find them answered there as well.

3. Review of deformation theory

In this section we establish our conventions and notation for the deformation theory of Galois
representations. Although we could work much more generally, considering representations valued
in an arbitrary connected reductive O-group scheme G (compare [Til96, §2]), for simplicity we
restrict as in §2 and require that G be a connected reductive Chevalley group scheme. In §9,
following the example of [CHT08, §2.2], we will recast this background to allow representations
valued in certain non-connected L-groups, but for the bulk of the paper, and most cases of the main
Theorem 1.2, the present discussion suffices. We write g for the Lie algebra of G; we will abuse
notation and continue to write g for the base-change to various coefficient rings, most notably the
special fiber.

Some preliminary hypotheses on the prime ` are also needed. In the central results of this paper
(eg Theorem 7.4), we will impose somewhat stricter requirements, but for now it suffices to take
` , 2 to be a ‘very good prime’ for all simple factors of G: see [Car85, §1.14].6 Here are the
relevant consequences:

• The isogeny theorem for root data ([Con14, Theorem 6.1.16]) yields two canonical central
isogenies, Z0

G ×Gder → G and G → G/Gder ×G/Z0
G, with Z0

G the maximal central torus and
Gder the derived group of G. These are isomorphisms at the level of Lie algebras, and note
that gder does not depend up to isomorphism on the isogeny class of Gder: if ` is very good,

6In particular, taking ` - n + 1 in type An and ` ≥ 7 in all other cases suffices.
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then it does not divide the determinant of the Cartan matrix. From now on, we write

(1) µ : G → S = G/Gder

for this map onto the maximal quotient torus of G and denote Gder by Gµ. Likewise, the
Lie algebra gder will be denoted gµ.7

• In particular, g = z(g) ⊕ gµ, where z(g) is the center of the Lie algebra of G (and the Lie
algebra of ZG), and gµ is an irreducible representation; the latter statement is checked case-
by-case on simple types.
• There is a non-degenerate G-invariant form gµ× gµ → k: use [Car85, §1.16] for types other

than An and the Killing form in type An (whose discriminant is divisible only by primes
dividing 2(n + 1)). We fix such a pairing and throughout make the resulting identification
g∗µ � gµ (this will come up when studying dual Selmer groups). Note that the Killing
form of a simple Lie algebra (in very good characteristic, so we don’t have to specify
the isogeny class) is non-degenerate as long as ` does not divide 2, the discriminant of
the Cartan matrix, the dual Coxeter number, and the ratio of long and short roots ([SS70,
Proposition I.4.8]). Since in our main theorems we will require ` to be even larger, most
readers will lose nothing by making this stronger assumption from the outset.

3.1. The basics. Let Γ be a profinite group, and fix a continuous homomorphism ρ̄ : Γ → G(k).
For simplicity (allowing the restriction to noetherian coefficient algebras), we assume that Γ sat-
isfies the `-finiteness condition of [Maz89]: for all open subgroups Γ0 ⊂ Γ, there are only finitely
many continuous homomorphisms Γ0 → Z/`Z. Noetherian hypotheses can be avoided, as in
[CHT08, §2.2], but we at least would gain nothing, and can save some work, by imposing them.
We recall the basic definitions of Mazur’s deformation theory:

Definition 3.1. • Denote by
Liftρ̄ : CO → Sets

the functor whose R-points is the set of lifts of ρ̄ to a continuous homomorphism Γ →

G(R). It is easy to see that Liftρ̄ is representable, and we denote its representing object, the
universal lifting ring, by R�ρ̄ .
• We say that two lifts ρ1, ρ2 : Γ → G(R) of ρ̄ are strictly equivalent if they are conjugate by

an element of
Ĝ(R) = ker (G(R)→ G(k)) .

The functor Ĝ is represented by a smooth group scheme over O.
• Denote by

Defρ̄ : CO → Sets
the functor assigning to R the set of strict equivalence classes of elements of Liftρ̄(R). A
deformation of ρ̄ is an element of Defρ̄(R).

As usual, we will need to study certain representable sub-functors of Liftρ̄. We can always
initially define these sub-functors only onC f

O
and then, having proven (pro-)representability, extend

them to CO by ‘continuity;’ but often one wants a ‘moduli-theoretic’ description on all of CO, in
which case one might define a functor on CO and verify directly that it commutes with filtered
limits. We will allow ourselves a minor abuse of terminology and allow a ‘sub-functor of Liftρ̄’ to

7In some of the discussion that follows, the reader could replace µ : G → S by some other map to an O-torus, whose
kernel may be bigger than the derived group.
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refer to either of these cases. Similarly, we will allow ourselves to write ‘representable’ when what
is strictly speaking meant is ‘pro-representable.’

Definition 3.2. A deformation condition is a representable sub-functor LiftPρ̄ of Liftρ̄ that is closed
under strict equivalence. We denote the representing object by R�,Pρ̄ ; it is canonically the quotient
of R�ρ̄ by some Ĝ(R�ρ̄ )-invariant ideal JP of R�ρ̄ .8

Schlessinger’s criterion gives one way to cut down the amount of work needed to check that a
sub-functor is a deformation condition. Recall that a morphism R→ R/I in C f

O
is small ifmR ·I = 0.

Lemma 3.3 (Schlessinger). Let LiftPρ̄ be a sub-functor of Liftρ̄, assumed to be closed under strict
equivalence. Then LiftPρ̄ is a deformation condition if and only if for all morphisms A→ C, B→ C
in C f

O
with B→ C small, the natural map

LiftPρ̄ (A ×C B)→ LiftPρ̄ (A) ×LiftPρ̄ (C) LiftPρ̄ (B)

is surjective.

Proof. This follows immediately from [Sch68, Theorem 2.11]: since LiftPρ̄ is a sub-functor of Liftρ̄,
all of the injectivity statements in Schlessinger’s criteria follow from the corresponding statements
for Liftρ̄. �

Here is an important example, the general analogue of fixing the determinant in the case G =

GLN:

Example 3.4. Recall from Equation (1) that µ : G → S is the map onto the maximal abelian
quotient. Fix a lift ν : ΓF → S (O) of µ ◦ ρ̄; for all O-algebras R, we also write ν for the induced
homomorphism ΓF → S (R). Then we consider the sub-functor Liftνρ̄ of Liftρ̄ of lifts ρ : ΓF → G(R)
such that µ ◦ ρ = ν. This is a deformation condition in the sense of Definition 3.2.

We now recall the usual description of the tangent space of the deformation functor (the proofs in
what follows are standard, or can be imitated from the case of G = GLN in [CHT08]). Without the
crutch of matrices, we will instead use the exponential map for G, described for instance in [Til96,
§3.5]: for any small extension A→ B in C f

O
, with kernel I, the exponential map is a bijection

exp: g ⊗k I
∼
−→ ker

(
Ĝ(A)→ Ĝ(B)

)
.

There are canonical isomorphisms

(2) Homk

(
mR�ρ̄ /(m

2
R�ρ̄
, $), k

)
� HomCO(R�ρ̄ , k[ε]) � Liftρ̄(k[ε])

τ
←−
∼

Z1(Γ, ρ̄(g)).

The isomorphism τ associates to a cocycle φ ∈ Z1(Γ, ρ̄(g)) the lift

g 7→ ρ(g) = exp(εφ(g))ρ̄(g) ∈ G(k[ε]).

It also induces Defρ̄(k[ε]) � H1(Γ, ρ̄(g)). We also have the usual variant with fixed similitude
character as in Example 3.4: Liftνρ̄(k[ε]) � Z1(Γ, ρ̄(gµ)).

Now suppose LiftPρ̄ is a deformation condition, represented by R�,Pρ̄
∼
←− R�ρ̄/JP. We associate a

subspace L�,P ⊂ Z1(Γ, ρ̄(g)), with image LP ⊂ H1(Γ, ρ̄(g)), with the property that LiftPρ̄ (k[ε])
∼
←−
τ

8By the universal property, conjugation of the universal lift by any element of Ĝ(R�ρ̄ ) induces a morphism R�ρ̄ → R�ρ̄ .
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L�,P, as follows: L�,P is by definition the annihilator of JP/(JP ∩ (m2
R�ρ̄
, $)) under the pairing

induced by Equation (2). Since LiftPρ̄ is closed under strict equivalence, there is an exact sequence

0→ H0(Γ, ρ̄(g))→ g→ L�,P → LP → 0,

i.e. L�,P contains all coboundaries. We will systematically refer to L�,P as the tangent space of
LiftPρ̄ , and to LP as the tangent space of the associated deformation functor; we have just seen that
knowing one of these spaces is equivalent to knowing the other.

Beyond simply describing the set of deformations to k[ε], the subspaces LP are useful in de-
scribing deformations across any small morphism R→ R/I in C f

O
(‘small’ means thatmR · I = 0; in

particular, I is a k-vector space). Namely, if ρ ∈ LiftPρ̄ (R/I), then the set of lifts of ρ to an element
of LiftPρ̄ (R) is an L�,P⊗k I-torsor. This torsor may of course be empty, and therein lies the whole dif-
ficulty of the subject. At least one knows that the obstruction to lifting ρ to an element of Liftρ̄(R)
(not necessarily satisfying the deformation condition P) is measured by a class in H2(ΓF , ρ̄(g))⊗k I.

Definition 3.5. We say a deformation condition LiftPρ̄ is liftable if for all small surjections R→ R/I,

LiftPρ̄ (R)→ LiftPρ̄ (R/I)

is surjective. Equivalently, R�,Pρ̄ is isomorphic to a power series ring over O in dimk L�,P variables.

Finally, we remark that it is often convenient to define a local deformation condition after re-
placing O by the ring of integers O′ of some finite extension of Frac(O); there are various ways of
handling this, the simplest being just to enlarge, from the outset, O (and k) to be as big as necessary,
and then to work with this updated version of C f

O
(the reader who does not wish to keep track of

successive enlargements can once and for all take O = W(F`)).

3.2. The global theory with local conditions. Again we take Γ to be a profinite group, but we
also assume it is equipped with maps, indexed by v in some set Σ, ιv : Γv → Γ from profinite groups
Γv (also satisfying the `-finiteness condition). We continue to fix a continuous homomorphism
ρ̄ : Γ→ G(k), but now the discussion from §3.1 applies both to ρ̄ and to its ‘restrictions’ ρ̄v = ρ̄◦ ιv.
For each v ∈ Σ we give ourselves (‘local’) deformation conditions LiftPv

ρ̄v
, and then consider LiftPρ̄ ,

the functor of lifts ρ ∈ Liftρ̄(R) such that ρ|Γv ∈ LiftPv
ρ̄v

(R) for all v ∈ Σ; it is of course also
representable, by a ring we denote R�,Pρ̄ . We now formulate the analogue of the tangent space
and obstruction theories in this local-global setting. Let L�v denote the subspace of Z1(Γv, ρ̄(g))
corresponding to Pv, with image Lv in H1(Γv, ρ̄(g)). Define

(3) L�,iv =


C0(Γv, ρ̄(g)) if i = 0;
L�v if i = 1;
0 if i ≥ 2.

Then consider the map of co-chain complexes given by restriction to Γv for all v ∈ Σ:

C•(Γ, ρ̄(g))
f
−→

⊕
v∈Σ

C•(Γv, ρ̄(g))/L�,•v .

Define a complex Ci
P

(Γ, ρ̄(g)) = Conei−1
f (for some choice of cone). We denote cocycles and

cohomology of the complex C•
P

by Z•
P

and H•
P

, so there is a long exact sequence in cohomology
9



(see also Equation 24)

(4) 0→ H1
P(Γ, ρ̄(g))→ H1(Γ, ρ̄(g))→

⊕
v∈Σ

H1(Γv, ρ̄(g))/Lv → H2
P(Γ, ρ̄(g))→ . . . ,

and it is immediate that LiftPρ̄ (k[ε]) � Z1
P

(Γ, ρ̄(g). If the invariants gρ̄(Γ) equal the center z(g), then
Defρ̄ and the corresponding DefPρ̄ are representable (by Schlessinger’s criteria–see the proof of
Proposition 9.2), by objects Rρ̄ and RPρ̄ of CO, and then

DefPρ̄ (k[ε]) � H1
P(Γ, ρ̄(g)).

The essential result is the following; the argument goes back to Mazur’s original article [Maz89],
and this formulation is due to Clozel-Harris-Taylor (take T = ∅ in [CHT08, Corollary 2.2.12]).

Proposition 3.6. Assume that gρ̄(Γ) = z(g), and let LiftPv
ρ̄v

be a collection of liftable local deforma-
tion conditions. Then the universal deformation ring RPρ̄ is isomorphic to a quotient of a power
series ring over O in dimk H1

P
(Γ, ρ̄(g)) variables by an ideal that can be generated by at most

dimk H2
P

(Γ, ρ̄(g)) elements. In particular, if H2
P

(Γ, ρ̄(g)) = 0, then RPρ̄ is isomorphic to a power
series ring over O in dimk H1

P
(Γ, ρ̄(g)) variables.

Remark 3.7. Liftability of the local deformation conditions is used to define classes in H2
P

(Γ, ρ̄(g))⊗k

I measuring the obstructions to surjectivity of DefPρ̄ (R) → DefPρ̄ (R/I), for any small surjection
R→ R/I.

Remark 3.8. The whole discussion of this subsection continues to hold if we fix a similitude char-
acter ν : Γ→ S (O) as in Example 3.4, simply replacing g by gµ in all the group cohomology calcu-
lations; in order to have a transparent relationship between the two problems–with fixed similitude
character and without–we use our (` very good) assumption that µ : G → S splits at the level of
Lie algebras: g � gµ⊕s, G-equivariantly. A liftable local deformation condition LiftPv

ρ̄ with tangent
space Lv then induces a liftable local deformation condition, now also requiring fixed multiplier
character, LiftPv,ν

ρ̄ with tangent space Lv∩H1(Γv, ρ̄(gµ)). If we are fixing similitude characters, then
we will use Lv to refer to this intersection, not to the larger tangent space.

3.3. Deformations of Galois representations. We specialize now to the setting of interest. The
results of this subsection will be explained with proof, in a very slightly different (but perhaps less
familiar) context, in §9; see Proposition 9.2. Fix a number field F and a continuous representation
ρ̄ : ΓF → G(k) that is unramified outside a finite set of places Σ, which we will assume contains
all places above ` and∞. Then for Γ we will take ΓF,Σ, the Galois group of the maximal extension
FΣ/F inside F that is unramified outside of Σ. For each v ∈ Σ, we consider the groups Γv = ΓFv

with their maps ΓFv → ΓF,Σ (enshrined in §2). Note that ΓF,Σ and ΓFv satisfy the `-finiteness
hypothesis, so the discussion of sections 3.1-3.2 applies. Fix a lift ν : ΓF,Σ → S (O) of µ ◦ ρ̄, and
for the remainder of this section require all local and global lifting functors to have fixed multiplier
ν. For each v ∈ Σ, fix a liftable deformation condition Pv, yielding a global deformation condition
P = {Pv}v∈Σ, so that we can consider the global functors LiftPρ̄ and DefPρ̄ . The former is always
representable, and the latter is as long as we assume that the centralizer of ρ̄ in g is equal to z(g),
which we do from now on.

The obstruction theory of Proposition 3.6 is related to a more tractable problem in Galois coho-
mology via the following essential result, which follows from combining the long exact sequence
of Equation (4) with the Poitou-Tate long exact sequence. To state it, let L⊥v ⊂ H1(ΓFv , ρ̄(gµ)(1))

10



denote the orthogonal complement of Lv under the local duality pairing (recall we have fixed an
identification g∗µ � gµ), and consider the dual Selmer group

H1
P⊥

(ΓF,Σ, ρ̄(gµ)(1)) = ker

H1(ΓF,Σ, ρ̄(gµ)(1))→
⊕
v∈Σ

H1(ΓFv , ρ̄(gµ)(1))/L⊥v

 .
Again, see Proposition 9.2 for proofs of (slight variants of) what follows.

Proposition 3.9. dim H2
P

(ΓF,Σ, ρ̄(gµ)) = dim H1
P⊥

(ΓF,Σ, ρ̄(gµ)(1)).

We also recall Wiles’s formula relating the size of a Selmer group to that of the corresponding
dual Selmer group, a consequence of global duality and the global Euler characteristic formula.

Proposition 3.10. Retain the above hypotheses and notation. Then

dim H1
P(ΓF,Σ, ρ̄(gµ)) − dim H1

P⊥
(ΓF,Σ, ρ̄(gµ)(1)) =

h0(ΓF , ρ̄(gµ)) − h0(ΓF , ρ̄(gµ)(1)) +
∑
v∈Σ

(
dim Lv − h0(ΓFv , ρ̄(gµ))

)
.

Of course, we have assumed h0(ΓF , ρ̄(gµ)) = 0, but the formula holds as stated without this
assumption. Propositions 3.6, 3.9, and 3.10 yield the global cohomological foundation of Ramakr-
ishna’s method:

Corollary 3.11. Let ρ̄ : ΓF → G(k) be a continuous homomorphism with infinitesimal centralizer
equal to z(g), and let Σ be a finite set of places of F containing all primes at which ρ̄ is ramified,
all archimedean places, and all places above `. Fix a multiplier character ν lifting µ ◦ ρ̄. For all
v ∈ Σ, let Pv be a liftable local deformation condition with corresponding tangent space Lv. If
H1
P⊥

(ΓF,Σ, ρ̄(gµ)(1)) = 0, then RPρ̄ is isomorphic to a power series ring over O in

dim H1
P(ΓF,Σ, ρ̄(gµ)) = h0(ΓF,Σ, ρ̄(gµ)) − h0(ΓF,Σ, ρ̄(gµ)(1)) +

∑
v∈Σ

(dim Lv − h0(ΓFv , ρ̄(gµ))

variables.

Remark 3.12. Recall that for any finite ΓF,Σ-module M and collection of subspaces Lv ⊂ H1(ΓFv ,M)
for v ∈ Σ, the Selmer group H1

{Lv}
(ΓF,Σ,M) can also be regarded as the subset H1

{Lv}
(ΓF ,M) of

H1(ΓF ,M) consisting of all classes whose restriction to ΓFv lies in Lv for all v ∈ Σ, and whose
restriction to ΓFv is unramified for all v < Σ. In particular, for any finite place w < Σ, if we take Lw

to be the unramified local condition, then the canonical inflation map

H1
{Lv}v∈Σ

(ΓF,Σ,M)
∼
−→ H1

{Lv}v∈Σ∪w
(ΓF,Σ∪w,M)

is an isomorphism.

4. Some liftable local deformation conditions

In this section we study some local deformation conditions that are particularly useful for the
global application to exceptional monodromy groups.
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4.1. Ordinary deformations. Fix a Borel subgroup B ⊂ G, let N denote its unipotent radical,
and let T be the torus B/N. Let F be a finite extension of Q`, with absolute Galois group ΓF =

Gal(F/F). In this section we will study the functor of ordinary lifts of a residual representation

ρ̄ : ΓF → G(k)

that satisfies ρ̄(ΓF) ⊂ B(k). This problem is discussed in [Til96, §2], and our arguments will have a
quite similar flavor, but will yield precise analogues for a general group G of the results proven in
[CHT08, §2.4.2] for the case G = GLn. Following Tilouine, we introduce (but do not yet impose)
the following hypotheses:

(REG) H0(ΓF , ρ̄(g/b)) = 0.

(REG*) H0(ΓF , ρ̄(g/b)(1)) = 0.

We now define the deformation functor of interest. We can push-forward ρ̄ to a homomorphism

(5) ρ̄T : ΓF → T (k),

and we once and for all fix a lift
χT : IF → T (O)

of ρ̄T |IF . For any O-algebra R, we also denote by χT the associated homomorphism to T (R).

Definition 4.1. Let
LiftχT

ρ̄ : C f
O
→ Sets

be the subfunctor of Liftρ̄ whose set of R-points LiftχT
ρ̄ (R) is given by all lifts ρ : ΓF → G(R) of ρ̄

such that
• there exists g ∈ Ĝ(R) such that gρ(ΓF) ⊂ B(R); and
• the restriction to inertia of the push-forward

(gρ)T |IF : IF → B(R)→ T (R)

is equal to χT .
We let R�,χT

ρ̄ denote the universal lifting ring representing LiftχT
ρ̄ .

Lemma 4.2. Assume ρ̄ satisfies (REG). Then LiftχT
ρ̄ is well-defined (i.e. the second condition in

Definition 4.1 does not depend on the choice of g), and it defines a local deformation condition in
the sense of Definition 3.2.

Moreover, if ρ : ΓF → G(O) is a continuous lift of ρ̄ such that ρn = ρ (mod $n) belongs to
LiftχT

ρ̄ (O/$n) for all n ≥ 1, then ρ is Ĝ(O)-conjugate to a homomorphism ΓF → B(O) whose
push-forward to T (O) equals χT on IF .

Proof. Both claims follow from the elementary fact (see [Til96, Proposition 6.2]), whose proof
requires the assumption (REG), that if for some g ∈ G(R), both ρ(ΓF) ⊂ B(R) and gρ(ΓF) ⊂ B(R),
then g ∈ B̂(R) (see Lemma 4.10 below for a similar argument). Consequently, the push-forwards ρT

and (gρ)T agree, so LiftχT
ρ̄ is well-defined, and that it defines a local deformation condition follows,

using Lemma 3.3, as in [Til96, Proposition 6.2] (or again, see Lemma 4.10 below).
The second claim follows from the same consequence of (REG). Namely, for all n ≥ 1, let

gn ∈ Ĝ(O/$n) conjugate ρn into B, so that, by the previous paragraph, there is some bn ∈ B̂(O/$n)
such that

gn+1 (mod $n) = bngn.
12



Lifting bn to an element b̃n ∈ B̂(O/$n+1) and replacing gn+1 by b̃−1
n gn+1, we may assume gn+1 lifts

gn. After inducting on n, the resulting (gn)n≥1 define the required element of Ĝ(O). �

We can now describe the tangent space LχT
ρ̄ of the deformation condition associated to LiftχT

ρ̄ :

Lemma 4.3. Assume ρ̄ satisfies (REG), so that LiftχT
ρ̄ defines a local deformation condition. Then

the tangent space LχT
ρ̄ of the associated deformation functor is

ker
(
H1(ΓF , ρ̄(b))→ H1(IF , ρ̄(b/n))

)
.

Proof. Note that by the assumption (REG), H1(ΓF , ρ̄(b)) is a subspace of H1(ΓF , ρ̄(g)), so the claim
of the lemma is meaningful. Let φ ∈ Z1(ΓF , ρ̄(g)) represent a class in the tangent space, so that
there exists X ∈ g such that

exp(εX) exp(εφ(g))ρ̄(g) exp(−εX) ∈ B(k[ε]).

Replacing φ by the cohomologous cocycle g 7→ φ(g) + X − ad(ρ̄(g))X, we may therefore assume
that φ belongs to Z1(ΓF , ρ̄(b)). Pushing forward to T (k[ε]), we see that φ(g)T |IF = 0, and the claim
follows. �

We now come to the main result of this section. To achieve a particularly simple description of
R�,χT
ρ̄ , we require additional hypotheses on ρ̄; but note that this result implies the result of [CHT08,
§2.4.2] in the case G = GLn.

Proposition 4.4. Assume that ρ̄ satisfies (REG) and (REG*), and that ζ` < F. Then LiftχT
ρ̄ is

liftable, and the dimension of LχT
ρ̄ is dimk(n)[F : Q`] + dimk H0(ΓF , ρ̄(g)). That is, R�,χT

ρ̄ is a power
series ring over O in dimk g + dimk(n)[F : Q`] variables.

Proof. We must show that LiftχT
ρ̄ is formally smooth, and that the tangent space LχT

ρ̄ has the claimed
dimension. Both claims rely on the observation that H2(ΓF , ρ̄(n)) = 0, which follows from the
assumption (REG*). To see this, note that the Killing form, which is ΓF-equivariant, induces a
non-degenerate pairing n × g/b→ k, hence a ΓF-equivariant identification n∗ � g/b. Local duality
then implies

H2(ΓF , ρ̄(n)) � H0 (ΓF , ρ̄(g/b)(1))∗ = 0.

We first use this to compute dim LχT
ρ̄ , the key point being that the map

(6) f : H1(ΓF , ρ̄(b))→ H1(IF , ρ̄(b/n))ΓF/IF

used in describing LχT
ρ̄ is surjective. Indeed, it is the composite of maps

H1(ΓF , ρ̄(b))
α
−→ H1(ΓF , ρ̄(b/n))

β
−→ H1(IF , ρ̄(b/n))ΓF/IF ,

where α is surjective since H2(ΓF , ρ̄(n)) = 0; and where β is surjective because ΓF/IF has co-
homological dimension 1. Now (REG) and (REG*) imply, respectively, that the natural maps
H0(ΓF , ρ̄(b)) → H0(ΓF , ρ̄(g)) and H2(ΓF , ρ̄(b)) → H2(ΓF , ρ̄(b/n)) are isomorphisms, and then the
local Euler characteristic formula and local duality imply that

h1(ΓF , ρ̄(b)) − h0(ΓF , ρ̄(g)) = [F : Q`] dim b + h2(ΓF , ρ̄(b/n))(7)

= [F : Q`] dim b + h0(ΓF , ρ̄(b/n)(1)) = [F : Q`] dim b;
13



in the final equality we use the hypothesis ζ` < F (note that ρ̄(b/n) is a trivial ΓF-module). More-
over, by local class field theory

(8) h1(IF , ρ̄(b/n))ΓF/IF = h1(ΓF , ρ̄(b/n)) − h1(ΓF/IF , ρ̄(b/n)) = dim(b/n)[F : Q`],

and we can combine Equations (7) and (8) to conclude that

dim ker( f ) − h0(ΓF , ρ̄(g)) = dim(n)[F : Q`].

Now we show that LiftχT
ρ̄ is liftable. Let R → R/I be a small surjection in C f

O
, and let ρ ∈

LiftχT
ρ̄ (R/I). We must lift ρ to an object of LiftχT

ρ̄ (R), and since Ĝ is smooth, it suffices to do
this in the case where ρ factors through B(R/I). The obstruction to lifting ρ to a homomorphism
ρR : ΓF → B(R) lies in H2(ΓF , ρ̄(b)) ⊗k I, which is zero as we have already seen h2(ΓF , ρ̄(n)) = 0
and h0(ΓF , ρ̄(b/n)(1)) = 0. We can therefore find such a ρR, and it remains only to arrange its push-
forward to T to equal χT . But the space of B(R)-valued lifts of ρ is an H1(ΓF , ρ̄(b))⊗k I-torsor, and
the claim follows immediately from the surjectivity of the map f in Equation (6). �

Let us quickly explain how the analogous results with fixed multiplier character immediately
follow from Proposition 4.4. Fix a homomorphism µ : G → S to an O-torus S , and let gµ be the
Lie algebra of Gµ = ker µ. Fix a lift ν : ΓF → S (O) of µ ◦ ρ̄. The restriction of µ to B factors
through B/N = T , so µ ◦ ρ̄T = ν̄, and it makes sense to require that χT satisfy µ ◦ χT |IF = ν|IF . Then
we can define the functor Liftν,χT

ρ̄ of lifts of ρ̄ that are both of type χT and of type ν. Since ` is very
good for G, we conclude:

Corollary 4.5. The functor Liftν,χT
ρ̄ defines a liftable deformation condition with tangent space Lν,χT

ρ̄

of dimension
dimk Lν,χT

ρ̄ = h0(ΓF , ρ̄(gµ)) + [F : Q`] dimk(n).

Remark 4.6. This extra [F : Q`] dimk n in the dimension of the local condition at ` is exactly what
is needed in Ramakrishna’s method (or originally in the Taylor-Wiles method) to offset the local
archimedean invariants for ‘odd’ representations. See Equation (11) in the proof of Proposition
5.2.

Remark 4.7. There are analogous results in the case p , `, which follow from the same arguments.
Namely, if we now take F to be a finite extension of Qp, and let ρ̄ : ΓF → B(k) be a homomorphism
satisfying (REG) and (REG*), then still assuming ζ` < F (which, note, affects the calculation of
h1(ΓF , ρ̄(b/n))) we deduce that the functor of type χT lifts gives rise to a liftable deformation con-
dition whose associated tangent space has dimension h0(ΓF , ρ̄(g)), as is needed for Ramakrishna’s
global Galois cohomology argument. In §4.3, we will consider one well-behaved example, defor-
mations of Steinberg type, in which the condition (REG*) fails. In general, however, if (REG*)
fails, or if ζ` belongs to F, then the type-χT deformation ring can be singular, making it ill-suited
for Ramakrishna’s method.

Finally, in our global applications we will want our characteristic zero lifts to be de Rham; this
is not the case for all of the lifting functors LiftχT

ρ̄ considered in this section. We can ensure it as
follows:

Lemma 4.8. Let χT : IF → T (O) be a lift of ρ̄T such that for all α ∈ ∆, α ◦ χT = κrα for some
positive integer rα. Let (ρ�,χT ,R�,χT

ρ̄ ) be the universal object for LiftχT
ρ̄ . Then for all O-algebra

homomorphism f : R�,χT
ρ̄ → Q`, the push-forward f (ρ�,χT ) is de Rham.
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Proof. First note that by the second part of Lemma 4.2, the O-points of R�,χT
ρ̄ admit a moduli

description analogous to that of Definition 4.1. While the de Rham condition is not stable under
extensions, it is stable under sub-quotients, direct sums, and under extensions of the form

(9) 0→ V → E → κs → 0

in which all the Hodge-Tate weights of V are greater than s, our convention being that the Hodge-
Tate weight of the cyclotomic character is +1 (the statement about extensions is a well-known
consequence of the work of Bloch-Kato; for details, see eg [Nek93, Proposition 1.28]). For a lift
ρ ∈ LiftχT

ρ̄ (O), which we may assume valued in B(O), and for purposes of this argument simply in
B(Q`), we apply this observation to the ΓF-stable filtration of ρ(b) by root height, i.e. the decreasing
filtration with Fili b equal to the direct sum of all (positive) root spaces of height at least i. More
precisely, we inductively show (inducting downward on root height) that for any positive root γ,
the ΓF-submodule V of ρ(b) generated by the root space gγ is de Rham. Indeed, this submodule is
an extension of ΓF-modules

0→ W → V → Q`(χγ)→ 0,
where

• the character χγ restricts on IF to κrγ , for an integer rγ defined as follows: writing γ =∑
α∈∆ mα(γ) · α for non-negative integers mα(γ), rγ is equal to

∑
α∈∆ rαmα(γ);

• and W is contained in ⊕γ′>γgγ′ (here γ′ > γ means as usual that γ′−γ is a nonnegative linear
combination of simple roots, with at least one positive coefficient; equivalently, mα(γ′) ≥
mα(γ) for all α ∈ ∆, with strict inequality holding for some α).

The second bulleted point implies that the Hodge-Tate weights of W are all strictly larger than rγ,
and by the induction hypothesis W is a sub-quotient of a de Rham representation, hence is itself
de Rham. We conclude that V is de Rham, and therefore that ρ(b) is de Rham (ρ(n) is spanned by
all the V’s just considered, and in the extension of de Rham representations 0 → ρ(n) → ρ(b) →
ρ(b/n)→ 0, the Hodge-Tate weights of ρ(b/n) are all zero, and those of ρ(n) are positive). Finally,
the product map B→ GL(b) × T is faithful, so we can conclude ρ itself is de Rham. �

4.2. Ramakrishna deformations. This section studies the local deformation condition used at
the auxiliary primes of ramification in Ramakrishna’s global argument. Let F be a finite extension
of Qp for p , `, and let ρ̄ : ΓF → G(k) be an unramified homomorphism such that ρ̄(frF) is a
regular semi-simple element. Let T be the connected component of the centralizer of ρ̄(frF); this
is a maximal k-torus of G, but we can lift it to an O-torus (uniquely up to isomorphism), which we
also denote T , and then we can lift the embedding over k to an embedding T ↪→ G over O (see
[Con14, Corollary B.3.5]); moreover, the latter lift is unique up to Ĝ(O)-conjugation. T splits over
an étale extension O′/O (corresponding to a finite extension of residue fields k′/k), and we for the
rest of the section enlarge O to O′ (and k to k′). We therefore assume that T is split, and we will
invoke freely the resulting theory of roots and root subgroups (see [Con14, §5.1]).

Definition 4.9. An unramified residual representation ρ̄ : ΓF → G(k) is defined to be of Ramakr-
ishna type if

• ρ̄(frF) is a regular semi-simple element; and
• letting T as above denote the connected component of the centralizer of ρ̄(frF), there exists

a root α ∈ Φ(G,T ) such that

α(ρ̄(frF)) = κ(frF) = q−1
F .
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By the regularity assumption, the order qF of the residue field of F is not congruent to 1 (mod `).
Let Hα = T · Uα be the subgroup of G generated by T and the root subgroup Uα corresponding
to α. We now define the lifts of ρ̄ of Ramakrishna type: let LiftRam

ρ̄ (R) be the subfunctor of Liftρ̄

consisting of all ρ ∈ Liftρ̄(R) such that ρ is Ĝ(R)-conjugate to a homomorphism ΓF
ρ′

−→ Hα(R), with
the resulting composite

ΓF
ρ′

−→ Hα(R)
Ad
−−→ GLR(gα ⊗ R) = R×

equal to κ.

Lemma 4.10. For ρ̄ of Ramakrishna type, LiftRam
ρ̄ is well-defined and yields a liftable deformation

condition.

Proof. We check the Mayer-Vietoris property of Lemma 3.3. The argument is quite similar to that
of Lemma 4.2, and we give the details here since they were omitted above. Let A→ C and B→ C
be morphisms in C f

O
, and assume B→ C is small. Suppose we are given

ρA × ρB ∈ LiftRam
ρ̄ (A) ×LiftRam

ρ̄ (C) LiftRam
ρ̄ (B).

By assumption, there exist gA ∈ Ĝ(A) and gB ∈ Ĝ(B) such that gAρA factors through Hα(A), and gBρB

factors through Hα(B). We denote the push-forwards of gA and gB to C by gA,C and gB,C. Since the
push-forwards of ρA and ρB to G(C) are equal–denote this element of Liftρ̄(C) by ρC–both gB,CρC

and (gA,Cg−1
B,C)gB,CρC factor through Hα(C). We are thus led to consider, for any ρ : ΓF → Hα(R) lifting

ρ̄, the set
U(ρ,R) = {g ∈ Ĝ(R) : gρ(ΓF) ⊂ Hα(R)}.

We claim U(ρ,R) = Ĥα(R); from this it follows that the element gA,Cg−1
B,C can be lifted to h ∈

U(gBρB, B) = Ĥα(B), so that gA and hgB have the same image in C; and this in turn easily implies
that ρA × ρB is an element of LiftRam

ρ̄ (A ×C B).
To prove the claim, we argue by induction on the length of R, so we let R → R/I be a

small morphism and assume the claim over R/I. Fix a g ∈ U(ρ,R), so the fiber of U(ρ,R) →
U(ρR/I ,R/I) containing g consists of all elements of the form exp(Y)g, for Y ∈ g ⊗k I, such that
exp(Y)gρ(ΓF) ⊂ Hα(R). But this implies that exp(Y − ρ̄(σ)Y) · gρ(σ) ∈ Hα(R) for all σ ∈ ΓF , hence
that exp(Y − ρ̄(σ)Y) ∈ Hα(k) for all σ. But now the regularity hypothesis implies that Y belongs to
t ⊕ gα = Lie(Hα), and the claim follows.

Having established that LiftRam
ρ̄ is a deformation condition, we now check that it is liftable. Since

Ĝ is formally smooth, it suffices to show that we can lift an element ρR/I of LiftRam
ρ̄ (R/I) that factors

through Hα(R/I) to LiftRam
ρ̄ (R). Every element of Hα(R) can be written uniquely as a product of

elements of Uα(R) and T (R) (in this degree of generality, see [Con14, Theorem 4.1.4]), and writing

ρR/I(g) = uα(xg) o tg ∈ Uα(R/I) o T (R/I),

we see that g 7→ tg is a homomorphism, and g 7→ xg is a cocycle in Z1(ΓF ,R/I(1)) (since α ◦ tg =

κ(g), by assumption). Note also that tg is necessarily unramified, since ρ̄ is unramified, p , `,
and qF . 1 (mod `). It is then easy to easy that g 7→ tg lifts to a homomorphism (necessarily
unramified) ΓF → T (R) whose composition with α is κ; and then to lift g 7→ xg it suffices to see
that H1(ΓF ,R(1)) → H1(ΓF ,R/I(1)) is surjective. This follows from injectivity of H2(ΓF , I(1)) →
H2(ΓF ,R(1)), which in turn (by local duality) follows from surjectivity of

Hom(R,Q/Z)→ Hom(I,Q/Z).
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�

Next we describe the tangent space LRam
ρ̄ ; for later use, it is also convenient to describe the

annihilator LRam,⊥
ρ̄ inside H1(ΓF , ρ̄(g)(1)). Consider the sub-torus Tα = ker(α)0 of T , and denote by

tα its Lie algebra. There is a canonical decomposition tα⊕ lα
∼
−→ t with lα the one-dimensional torus

generated by the coroot α∨.

Lemma 4.11. Let W = tα ⊕ gα, and assume ρ̄ is of Ramakrishna type. Then:

(1) The tangent space of LiftRam
ρ̄ is the preimage in Z1(ΓF , ρ̄(g)) of

LRam
ρ̄ = im

(
H1(ΓF ,W)→ H1(ΓF , ρ̄(g)

)
.

(2) dim LRam
ρ̄ = h0(ΓF , ρ̄(g)).

(3) The orthogonal complement LRam,⊥
ρ̄ ⊂ H1(ΓF , ρ̄(g)(1)) is equal to

im
(
H1(ΓF , ρ̄(W⊥)(1))→ H1(ΓF , ρ̄(g)(1))

)
,

where W⊥ denotes the annihilator of W under the given G-invariant duality on g.
(4) All cocycles in LRam,�

ρ̄ ⊂ Z1(ΓF , ρ̄(g)) have lα-component, under the canonical decomposi-
tion g =

⊕
γ
gγ ⊕ tα ⊕ lα, equal to zero. All cocycles in LRam,⊥,�

ρ̄ ⊂ Z1(ΓF , ρ̄(g)(1)) have g−α
component equal to zero.

Proof. Let ρ ∈ LiftRam
ρ̄ (k[ε]), with associated 1-cocycle φ ∈ Z1(ΓF , ρ̄(g)). Then there exists X ∈ g

such that

exp(εX) exp(εφ(g))ρ̄(g) exp(−εX) ∈ Hα(k[ε])

with image κ(g) under α. Modifying φ by X − ρ̄(g)X we may then assume that φ ∈ Z1(ΓF , ρ̄(W)), as
desired.

To compute dim LRam
ρ̄ , consider the long exact sequence in ΓF-cohomology associated to the

sequence of ΓF-modules

0→ ρ̄(W)→ ρ̄(g)→ ρ̄(g/W)→ 0.

Putting the definitions together with local duality, we find

dim LRam
ρ̄ − h0(ΓF , ρ̄(g)) = h0(ΓF , ρ̄(W∗)(1)) − h0(ΓF , ρ̄(g/W)) = 0,

since by assumption each term on the right-hand side is one-dimensional.
For part (3), note that LRam,⊥

ρ̄ clearly contains the image of H1(ΓF , ρ̄(W⊥)(1)), so it suffices to
check the two spaces have the same dimension. This follows as in part (2), now by considering the
piece of the long exact sequence in cohomology beginning

0→ im
(
H1(ΓF , ρ̄(W⊥)(1))

)
→ H1(ΓF , ρ̄(g)(1))→ . . . .

(Use the identifications W⊥ � (g/W)∗ and g/W⊥ � W∗ to reduce to the calculation in part (2).)
Part (4) follows immediately from parts (2) and (3) and an easy calculation: note that all root

spaces except g−α pair trivially with W. �

Remark 4.12. If we fix the similitude character, the above goes through mutatis mutandis.
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4.3. Steinberg deformations. Let F be a finite extension ofQp for p , `. In this section we study
deformations that generically correspond to Steinberg representations on the automorphic side. In
the global application of §8, this deformation condition will be used at a prime p , ` to ensure the
algebraic monodromy group of a characteristic zero lift is ‘big enough.’

For simplicity (this is all that will be needed in the application), assume G is an adjoint group.
We may then assume it is simple, with Coxeter number h. We assume κ : ΓF → F

×
` has order greater

than h − 1. Let B be a Borel subgroup of G over O, and let N denote the unipotent radical of B, so
B/N = T is an O-torus. We may as usual replace O by a finite étale extension before defining our
lifting functors, and so we may and do assume that T is split, and that there is a section B = N o T
(see [Con14, Proposition 5.2.3]). The split torus gives us a root system Φ(G,T ), and the Borel
B ⊃ T gives us a system of positive roots with simple roots ∆.

Definition 4.13. Let ρ̄ : ΓF → B(k) be a representation factoring through B, and assume that for
all α ∈ ∆ the composite

ΓF
ρ̄
−→ B(k)→ T (k)

α
−→ k×

is equal to κ. In this case we say ρ̄ is of Steinberg type. We define the lifts of ρ̄ of Steinberg type
to be the sub-functor LiftSt

ρ̄ (R) of ρ ∈ Liftρ̄(R) such that ρ is Ĝ(R)-conjugate to a homomorphism
ρ′ : ΓF → B(R), and for all α ∈ ∆ the composite

ΓF
ρ′

−→ B(R)→ T (R)
α
−→ R×

equals κ.

Lemma 4.14. For ρ̄ of Steinberg type, LiftSt
ρ̄ is a well-defined deformation condition.

Proof. Our hypothesis that 1, κ, κ2, . . . , κh−1 are all distinct implies that H0(ΓF , ρ̄(g/b)) = 0 (note
that h − 1 is the height of the highest root). Then the lemma follows exactly as in Lemma 4.2. �

We now compute the tangent space of LiftSt
ρ̄ :

Lemma 4.15. The tangent space LSt
ρ̄ is equal to

ker
(
H1(ΓF , ρ̄(b))→ H1(ΓF , ρ̄(b/n))

)
and has dimension h0(ΓF , ρ̄(g)).

Proof. Note first that the assertion of the lemma makes sense, since H1(ΓF , ρ̄(b)) → H1(ΓF , ρ̄(g))
is injective; so, too, is H1(ΓF , ρ̄(b/n)) → H1(ΓF , ρ̄(g/n)). The description of LSt

ρ̄ follows easily, as
in Lemma 4.3. Note that LSt

ρ̄ also equals

ker
(
H1(ΓF , ρ̄(g))→ H1(ΓF , ρ̄(g/n))

)
.

The long exact sequence in ΓF-cohomology associated to 0 → ρ̄(n) → ρ̄(g) → ρ̄(g/n) → 0 then
implies

dim(LSt
ρ̄ ) − h0(ΓF , ρ̄(g)) = h1(ΓF , ρ̄(n)) − h0(ΓF , ρ̄(n)) − h0(ΓF , ρ̄(g/n))

= h2(ΓF , ρ̄(n)) − h0(ΓF , ρ̄(g/n)) = h0(ΓF , ρ̄(g/b)(1)) − h0(ΓF , ρ̄(g/n)).

In the last expression, each negative simple root contributes one dimension to the ρ̄(g/b)(1) term,
and the image of t gives the ρ̄(g/n) term; the net contribution is then rk(G) − rk(G) = 0, so
dim(LSt

ρ̄ ) = h0(ΓF , ρ̄(g)). �
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Although the argument to this point closely resembles that of §4.1, the failure in the Steinberg
case of the condition h0(ΓF , ρ̄(g/b)(1)) = 0 means we have to work somewhat harder to establish
liftability:

Lemma 4.16. LiftSt
ρ̄ is liftable.

Proof. Let R → R/I be a small surjection, and let ρ ∈ LiftSt
ρ̄ (R/I) be a lift of Steinberg type. We

may assume that ρ factors ρ : ΓF → B(R/I). Now, the Lie algebra b admits a B-stable filtration by
root height: let F0b = b, and for r > 0 let

Fr
b =

⊕
ht(α)≥r

gα,

so we have
b = F0

b ⊃ F1
b ⊃ · · · ⊃ Fh−1

b ⊃ Fh
b = 0.

For each i = 1, . . . h, let N≥i be the closed subgroup of N, also a normal subgroup of B, whose
Lie algebra is F ib. We will construct a lift of ρ by inductively constructing lifts to each B/N≥i.
For i = 1, the lift is forced on us by the definition of the Steinberg condition: we take the unique
character ΓF → B/N≥1(R) = T (R) whose composition with each simple root equals κ. The case of
lifting to B/N≥2 is rather special, and we postpone it. Assume then that i ≥ 2, and that by induction
we are given the following commutative diagram, where our task is to fill in the dotted arrow:

B/N≥i+1(R)

��

// B/N≥i(R)

��

ΓF

66
ρ̃≥i

22

ρ≥i+1
// B/N≥i+1(R/I) // B/N≥i(R/I).

The obstruction to lifting ρ≥i+1 is, by standard obstruction theory and existence of the lift ρ̃≥i, an
element of

ker
(
H2(ΓF , ρ̄(b/F i+1

b)) ⊗k I → H2(ΓF , ρ̄(b/F i
b)) ⊗k I

)
.

But observe that

h2(ΓF , ρ̄(F i
b/F i+1

b)) = h2(ΓF , κ
i)⊕ dim Fib/Fi+1b = h0(ΓF , κ

1−i)⊕ dim Fib/Fi+1b = 0,

since we are considering the cases i = 2, . . . , h − 1, and we have assumed the order of κ is greater
than h − 1.

Thus it remains only to consider the case when i = 1 in the above diagram. Via our fixed splitting
B = N o T , we can write

ρ≥2 : ΓF → N/N≥2(R/I) o T (R/I)
in the form

ρ≥2(g) = exp(φ(g)) o ρ≥1(g)
for some function φ : ΓF → F1b/F2b. We can clearly lift ρ≥1 to a homomorphism ρ̃≥1 : ΓF → T (R)
satisfying α ◦ ρ̃≥1 = κ for all α ∈ ∆, so having done this we need only address lifting φ. But note
that φ is simply an element of

Z1(ΓF , ρ≥1(F1
b/F2
b)) = Z1(ΓF ,⊕α∈∆R/I(1)),

so to construct a lift ρ̃≥2 (with the fixed push-forward ρ̃≥1 to T ), we need only lift this co-cycle to
an element of Z1(ΓF ,⊕α∈∆R(1)); this is done exactly as at the end of Lemma 4.10, and the proof is
complete. �
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4.4. Minimal prime to ` deformations. In the application, we will require one more especially
simple local condition. Continue to assume F is a finite extension of Qp with p , `. Now suppose
that ρ̄ : ΓF → G(k) satisfies ` - ρ̄(IF). Let LiftPρ̄ be the deformation condition consisting of all
ρ ∈ Liftρ̄(R) such that ρ|IF factors through the fixed field of ρ̄|IF .

Lemma 4.17. Under the above hypotheses, LiftPρ̄ is a liftable deformation condition whose tangent
space has dimension h0(ΓF , ρ̄(g)).

Proof. This follows immediately from the Hochschild-Serre spectral sequence and the following
standard facts:

• Hi(ρ̄(IF), ρ̄(g)) = 0 for all i > 0;
• H2(ΓF/IF ,M) = 0 for all finite ΓF/IF-modules M (take M = ρ̄(g)IF ); and
• h1(ΓF/IF ,MIF ) = h0(ΓF ,M) for all finite ΓF-modules M.

�

4.5. The archimedean condition. Our global deformation problems will not explicitly impose
any condition at the archimedean places, but the archimedean deformations will implicitly be dic-
tated by properties of the residual representation. Basic to Ramakrishna’s method, and to the origi-
nal form of the Taylor-Wiles method, is the requirement that the residual representation be suitably
‘odd.’ We will now explain this oddness condition. The reader might wish to glance ahead to
Equation (11) in §5 (with reference to assumptions (1) and (2), also in §5). For an appropriately
chosen collection of local deformation conditions (we restrict for simplicity here to semi-simple g,
so there is no ‘multiplier character’), this equation gives an equality9

(10) dim H1
P(ΓF,Σ, ρ̄(g)) − dim H1

P⊥
(ΓF,Σ, ρ̄(g)(1)) = [F : Q] dim n −

∑
v|∞

h0(ΓFv , ρ̄(g)).

We recall that an involution τ of G is called a split Cartan involution if dim gτ = dim(n).

Lemma 4.18. In order for the right-hand-side of Equation (10) to be nonnegative, F must be
totally real, and Ad(ρ̄(cv)) must be a split Cartan involution for all complex conjugations cv.

Proof. Observe that∑
v|∞

h0(ΓFv , ρ̄(g)) =
∑

v complex

dim g +
∑
v real

dim gcv ≥∑
v complex

dim g +
∑
v real

dim n = [F : Q] dim n + #{v complex} · dim t,

with equality only when every Ad(ρ̄(cv)) is a split Cartan involution of g (see [Yun14, Proposition
2.2] for this result, due to Cartan, about involutions of a reductive group). The value of Equa-
tion (10) being nonnegative thus forces F to be totally real and all ρ̄(cv) to induce split Cartan
involutions of g. �

We then ask: what (connected reductive) groups G contain an order two element c such that
Ad(c) is a split Cartan involution?

9The logic of the present section only depends on knowing the right-hand-side of this equation; we mention the rest
only for motivation.
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Lemma 4.19. If −1 belongs to the Weyl group of G, and the co-character ρ∨ (the half-sum of the
positive co-roots) of Gad lifts to a co-character of G, then G(k) contains an element c of order 2
such that Ad(c) is a split Cartan involution of gder. If −1 does not belong to the Weyl group of G,
then G(k) contains no such element c.

Proof. Fix a split maximal torus T of G and a choice of positive system of roots with respect to T .
If −1 ∈ WG, then ρ∨(−1) ∈ Gad(k) is a split Cartan involution by [Yun14, Lemma 2.3]. If ρ∨ lifts
to G, then of course the same is true of ρ∨(−1) ∈ G(k). If we do not assume −1 ∈ WG, but just
consider any split Cartan involution τ, then decomposing g = g+⊕g− into ±1-eigenspaces for τ, one
checks that the maximal abelian semi-simple subalgebra s of g− must be a Cartan sub-algebra (see
the proof of [Yun14, Proposition 2.2]). Thus τ acts as −1 on s, and if τwere an inner automorphism
of G, we would necessarily have −1 ∈ WG. �

Remark 4.20. • Note also that while ρ∨ does not always lift to G (eg, G = SL2), we can
always enlarge the center of G to make the lift possible (eg, G = GL2). See Equation (21)
in §7.1.
• Our later arguments do not logically require this description of the case −1 < WG, but we

provide it for motivation. When −1 does not belong to WG, we will have to work with
a suitable non-connected extension of G, in order for the split Cartan involution to be an
inner (in the larger group) automorphism: see §10.1.

5. The global theory: axiomatizing Ramakrishna’s method for annihilating the dual Selmer
group

Let ρ̄ : ΓF,Σ → G(k) be a continuous homomorphism such that the infinitesimal centralizer of
ρ̄ is z(g), so that the deformation functor is representable. We now begin to explain the global
Galois cohomological argument, due to Ramakrishna [Ram02] for G = GL2 and F = Q, that under
favorable circumstances allows us to find a geometric characteristic zero lift of ρ̄. To be precise, in
this section we will explain an ‘axiomatized’ version of the method; then in §6 and §7 we explain
precise conditions on ρ̄ that allow this axiomatized method to run successfully. Recalling that S is
the maximal torus quotient of G, We fix once and for all a de Rham ‘similitude character’ ν lifting
µ ◦ ρ̄:

S (O)

��

ΓF,Σ
µ◦ρ̄
//

ν
<<

S (k).

We will henceforth only consider, both locally and globally, lifts of ρ̄with fixed similitude character
ν (see Example 3.4); thus gµ = gder is the Galois module appearing as coefficients in all of our
cohomology groups measuring deformations of ρ̄. We remark, however, that the reader will lose
little simply by assuming G is adjoint.

Let K = F(ρ̄(gµ), µ`). For the rest of this section we assume the following:

(1) h0(ΓF , ρ̄(gµ)) = h0(ΓF , ρ̄(gµ)(1)) = 0. We note here for later use that since ` is very good for
G, our centralizer condition on ρ̄ is equivalent to the condition h0(ΓF , ρ̄(gµ)) = 0.

(2) There is a global deformation condition P = {Pv}v∈Σ consisting of liftable local deforma-
tion conditions for each place v ∈ Σ (taking fixed multiplier character, both locally and
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globally); the dimensions of their tangent spaces are

dim Lv =


0 if v|∞;
h0(ΓFv , ρ̄(gµ)) if v - ` · ∞;
h0(ΓFv , ρ̄(gµ)) + [Fv : Q`] dim(n) if v|`.

(3) F is totally real, and for all v|∞,

h0(ΓFv , ρ̄(gµ) = dim(n)

(4) H1(Gal(K/F), ρ̄(gµ)) = 0 and H1(Gal(K/F), ρ̄(gµ)(1)) = 0.
(5) Assume item (4) holds. For any pair of non-zero Selmer classes φ ∈ H1

P⊥
(ΓF,Σ, ρ̄(gµ)(1))

and ψ ∈ H1
P

(ΓF,Σ, ρ̄(gµ)), we can of course restrict φ and ψ to ΓK , where they become
homomorphisms (rather than twisted homomorphisms), which are non-zero by item (4).
Letting Kφ/K and Kψ/K be their respective fixed fields, we assume that Kφ and Kψ are
linearly disjoint over K.

(6) Consider any φ and ψ as in the hypothesis of item (5) (we do not require the conclusion to
hold). Then there is an element σ ∈ ΓF such that ρ̄(σ) is a regular semi-simple element of
G, the connected component of whose centralizer we denote T , and such that there exists
a root α ∈ Φ(G,T ) satisfying
(a) κ(σ) = α ◦ ρ̄(σ);
(b) k[ψ(ΓK)] has an element with non-zero lα component;10 and
(c) k[φ(ΓK)] has an element with non-zero g−α component.

Remark 5.1. We note that these conditions continue to hold if we replace k by a finite extension,
hence if we replace O by the ring of integers in any finite extension of Frac(O). We will use this
flexibility freely in the applications of Proposition 5.2.

Proposition 5.2. Under assumptions (1)-(6) above, there exists a finite set of primes Q disjoint
from Σ, and a lift

G(O)

��

ΓF,Σ∪Q ρ̄
//

ρ
;;

G(k)

such that ρ is type Pv at all v ∈ Σ and of Ramakrishna type at all v ∈ Q.

Proof. The strategy is to allow additional ramification at auxiliary primes (those in Q) to de-
fine a global deformation problem whose corresponding dual Selmer group vanishes; then we
will conclude from Corollary 3.11. We are already done unless there is a nonzero element φ ∈
H1
P⊥

(ΓF,Σ, ρ̄(gµ)(1)). Recall Wiles’s formula:

dim H1
P(ΓF,Σ, ρ̄(gµ)) − dim H1

P⊥
(ΓF,Σ, ρ̄(gµ)(1)) =(11)

h0(ΓF , ρ̄(gµ)) − h0(ΓF , ρ̄(gµ)(1)) +
∑

v

(dim Lv − h0(ΓFv , ρ̄(gµ)) =∑
v|`

[Fv : Q`] dim n −
∑
v|∞

h0(ΓFv , ρ̄(gµ)) = 0,

10Recall from Lemma 4.11 that lα is the span of the α-coroot vector.
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the equalities of the final line following from assumptions (1), (2), and (3). In particular, having
such a non-zero φ forces the existence of a non-zero ψ ∈ H1

P
(ΓF , ρ̄(gµ)).

We will see that the hypotheses of the proposition allow us to achieve the following:

Lemma 5.3. There exist infinitely many primes w < Σ such that ρ̄|ΓFw
is of Ramakrishna type and

φ|ΓFw
< LRam,⊥

w ;(12)

ψ|ΓFw
< Lunr

w ∩ LRam
w ;(13)

here Lunr
w denotes the tangent space of the unramified local condition (which is what is implicitly

taken we study deformations of type P), and LRam
w denotes (as in Lemma 4.11) the tangent space of

the local condition of Ramakrishna type.

We admit the existence of such a w for the time being, and show how to conclude the argument
of Proposition 5.2. Let Lw = Lunr

w ∩ LRam
w , so that L⊥w = Lunr,⊥

w + LRam,⊥
w . There are evident inclusions

H1
P⊥∪LRam,⊥

w
(ΓF,Σ∪w, ρ̄(gµ)(1))→H1

P⊥∪L⊥w
(ΓF,Σ∪w, ρ̄(gµ)(1)),(14)

H1
P⊥

(ΓF,Σ, ρ̄(gµ)(1))→H1
P⊥∪L⊥w

(ΓF,Σ∪w, ρ̄(gµ)(1)),(15)

and we claim the second of these is an isomorphism. A double invocation of Wiles’s formula
(alleviating the notation with the self-explanatory shorthand) gives

h1
P⊥∪L⊥w

− h1
P⊥

= h1
P∪Lw

− h1
P − dim Lw + h0(ΓFw , ρ̄(gµ)),

and the right-hand side of this equality is zero: indeed, this follows by exactness of the sequence

0→ H1
P∪Lw

(ΓF,Σ∪w, ρ̄(gµ))→ H1
P(ΓF,Σ, ρ̄(gµ))→ Lunr

w /Lw → 0,

where for surjectivity we use the assumption that ψ|ΓFw
< Lunr

w ∩ LRam
w , and the fact that

dim
(
Lunr

w /(Lunr
w ∩ LRam

w )
)

= 1.

Note that the intersection here is (see Lemma 4.11)

im
(
H1(ΓFw , ρ̄(tα))→ H1(ΓFw , ρ̄(g))

)
.

So, the map of Equation (15) is an isomorphism, and combined with Equation (14) we get an exact
sequence

0→ H1
P⊥∪LRam,⊥

w
(ΓF,Σ∪w, ρ̄(gµ)(1))→ H1

P⊥
(ΓF,Σ, ρ̄(gµ)(1))→ H1(ΓFw , ρ̄(gµ)(1))/LRam,⊥

w .

By assumption (Equation (12)), φ ∈ H1
P⊥

(ΓF,Σ, ρ̄(gµ)(1)) does not restrict to an element of LRam,⊥
w ,

so H1
P⊥∪LRam,⊥

w
(ΓF,Σ∪w, ρ̄(gµ)(1)) has strictly smaller order than H1

P⊥
(ΓF,Σ, ρ̄(gµ)(1)), and by induction

the proof of Proposition 5.2, modulo Lemma 5.3, is complete. �

It remains to prove Lemma 5.3:

Proof of Lemma 5.3. For our fixed φ and ψ, we obtain a σ ∈ ΓF , a maximal torus T , and an
α ∈ Φ(G,T ) as in assumption (6). By assumptions (5) and (6), we can find a τ ∈ Gal(KφKψ/K)
such that for any lift τ̃ of τ to ΓK ,

φ(τ̃σ) has non-zero g−α-component; and(16)
ψ(τ̃σ) has non-zero lα-component.(17)
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To be precise, ρ̄(τ̃) acts trivially on ρ̄(gµ)(1), so

φ(τ̃σ) = φ(τ̃) + ρ̄(τ̃)φ(σ) = φ(τ̃) + φ(σ),

and likewise ψ(τ̃σ) = ψ(τ̃) + ψ(σ). Whatever φ(σ) and ψ(σ) may be, we can, by hypotheses (5)
and (6), then find τ ∈ Gal(KφKψ/K) satisfying the conditions in equations (16) and (17).

Finally, by the Čebotarev density theorem, applied to the Galois extension F(ρ̄)KφKψ/F,11 we
can find a positive density set of primes w of F at which ρ̄ is unramified and such that frw = τ̃σ̃ in
Gal(F(ρ̄)KφKψ/F). Note that by construction ρ̄(τ̃) belongs to ZG(k) (it acts trivially in the adjoint
representation) and κ(τ̃) = 1. Thus τ̃σ̃ satisfies the same hypothesis (6) that σ was assumed to
satisfy, and ρ̄|ΓFw

is therefore of Ramakrishna type. The lemma now follows from the explicit
description (Lemma 4.11) of cocycles in LRam,�

w and LRam,⊥,�
w . �

6. The case ρ̄(ΓF) ⊃ Gµ(F`)

In this section, under the most generous assumptions on the image of ρ̄, we show that all the
hypotheses of Proposition 5.2 can be satisfied (except possibly the existence of suitable local de-
formation conditions at places in Σ). For simplicity, we will assume the derived group of G is
almost-simple. There is no essential difficulty in passing to the general semi-simple case, but this
way we save ourselves a little bookkeeping. As always, let h denote the Coxeter number of G. For
any extension k′ of F` we introduce the notation

G
sc
µ (k′) = im

(
Gsc
µ (k′)→ Gµ(k′)

)
,

where Gsc
µ → Gµ dnotes the simply connected cover of Gµ (i.e., the simply-connected Chevalley

group of the appropriate type). We then assume throughout this subsection that for some sub-
extension k ⊃ k′ ⊃ F`,

(18) G
sc
µ (k′) ⊆ ρ̄(ΓF) ⊆ ZG(k) ·G(k′).

Note that Gµ(k′) is then normal in ρ̄(ΓF).

Example 6.1. The template for the assumption (18) is the following theorem of Ribet (building
on ideas of Serre and Swinnerton-Dyer) about the images of Galois representations associated to
holomorphic modular forms:

Theorem 6.2 (Theorem 3.1 of [Rib85]). If f is a non-CM new eigenform in S k(Γ1(N)), with field
of coefficients E f (with ring of integers O f ), then for almost all λ, there is a subfield k′λ ⊂ O f ,λ/λ =

kλ such that the associated mod λ Galois representation r̄ f ,λ : ΓQ → GL2(kλ) has, after suitable
conjugation, image containing SL2(k′λ) as a normal subgroup.

An elementary (Hilbert Theorem 90) argument shows that the normalizer of SL2(k′λ) in GL2(kλ)
is k×λ · GL2(k′λ), so the condition (18) is indeed a natural one to impose.

More generally, if ρ̄(ΓF) contains Gµ(k′) as a normal subgroup, then the obstruction to having
ρ̄(ΓF) contained in ZG(k) ·G(k′) is an element of H1(Gal(k/k′),ZG(k)). This group vanishes if ZG is
a split torus, but not in general. We will not require ZG to be a torus, but the reader should keep in
mind that the plausibility of hypothesis (18) may depend on such an assumption. Note that every
G can be enlarged to a group G̃ with ZG̃ a split torus and Gµ = G̃der.

For convenience, we recall the assumptions on `:

11Kφ and Kψ are Galois over F because φ and ψ are cocycles for ΓF .
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Assumption 6.3. As always (see §3), we assume ` > 2 is a ‘very good prime’ for G. Additionally,
we require ` to be greater than the maximum value of 〈α∨, θ〉, where θ denotes the highest root of
G and α∨ ranges over simple coroots of G; but this condition is satisfied for all ` ≥ 3 (checking
each simple type), so it in fact is no further constraint. We deduce that the adjoint representation
gµ is not only irreducible as an algebraic representation (as ensured by ` being very good), but also
irreducible as k[Gµ(F`)]-module ([Ste68, Theorem 43, pg 230]). Note also the following:

• The index of G
sc
µ (k′) in Gµ(k) is prime to `.

• Gµ(k′) is equal to its commutator subgroup whenever ` > 3 or whenever ` = 3 and G is
not of type A1, by [Ste68, Lemma 32′]. We omit the (easy) modifications needed for our
arguments in type A1, since this case has of course already been treated by Ramakrishna.

First note that condition (1) of §5, that h0(ΓF , ρ̄(gµ)) = h0(ΓF , ρ̄(gµ)(1)) = 0, is satisfied, since
ρ̄(gµ) and ρ̄(gµ)(1) are irreducible ΓF-representations under the assumptions on the image of ρ̄ and
on `. In particular, Defρ̄ is representable. We now state the main result of this section, which, note,
incorporates strictly stronger assumptions on ` than those of Assumption 6.3.

Theorem 6.4. Let F be a totally real field with [F(µ`) : F] = ` − 1, and let ρ̄ : ΓF,Σ → G(k) be a
continuous representation satisfying the following conditions:

(1) There is a subfield k′ ⊂ k such that

G
sc
µ (k′) ⊂ ρ̄(ΓF) ⊂ ZG(k) ·G(k′).

(2) ` − 1 is greater than the maximum of 8 · #ZGsc
µ

and(h − 1)#ZGsc
µ

if #ZGsc
µ

is even; or
(2h − 2)#ZGsc

µ
if #ZGsc

µ
is odd.

(3) ρ̄ is odd, i.e. for all complex conjugations cv, Ad(ρ̄(cv)) is a split Cartan involution of G.
(4) For all places v ∈ Σ not dividing ` · ∞, ρ̄|ΓFv

satisfies a liftable local deformation condition
Pv with tangent space of dimension h0(ΓFv , ρ̄(gµ)) (eg, the conditions of §4.3 or §4.4).

(5) For all places v|`, ρ̄|ΓFv
is ordinary in the sense of §4.1, satisfying the conditions (REG) and

(REG*).
Then there exists a finite set of primes Q disjoint from Σ, and a lift

G(O)

��

ΓF,Σ∪Q ρ̄
//

ρ
;;

G(k)

such that ρ is type Pv at all v ∈ Σ (taking Pv to be an appropriate ordinary condition at v|`) and of
Ramakrishna type at all v ∈ Q. In particular ρ̄ admits a characteristic zero lift that is geometric in
the sense of Fontaine-Mazur.

Remark 6.5. • Although not strictly necessary for the statement of the theorem, it is essential
to note that the oddness hypothesis on ρ̄ will never be met unless −1 belongs to the Weyl
group of G.
• We have made no attempt to optimize the hypotheses on `; sharper results can be extracted

by examining the proof below, and still sharper results can be obtained by minor variations
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on the argument and case-by-case analysis. For example, taking G = GSp2n, a version of
this theorem was established in [Pat06] with somewhat tighter bounds on `.

Proof. The proof of this theorem will occupy the rest of this section. Conditions (1)-(3) of §5
follow immediately from the hypotheses of the theorem.

We proceed to the condition (4) of §5, namely that

H1(Gal(K/F), ρ̄(gµ)) = 0.

Recall that K = F(ρ̄(gµ), µ`).

Lemma 6.6. Under assumptions (1) and (2) of Theorem 6.4, H1(Gal(K/F), ρ̄(gµ)) = 0.
If we further assume that F(ζ`) is not contained in F(ρ̄(gµ)), then H1(Gal(K/F), ρ̄(gµ)(1)) = 0 as

well.

Proof. Repeated inflation-restriction arguments, using that [ZG(k)G(k′) : Gµ(k′)] and [F(ζ`) : F]
are coprime to `, reduce the desired vanishing to the assertion that H1(Gµ(k′), gµ(k′)) = 0. Ir-
reducibility of gµ lets us apply [CPS75, Corollary 2.9], and by [CPS75, Proposition 3.3] our as-
sumptions on ` (in particular, ` > 9) imply there are no non-trivial ‘Galois equivalences’ between
roots; then the output of [CPS75, Corollary 2.9] is precisely that H1(Gsc

µ (k′), gµ(k′)) = 0. Another
inflation-restriction argument (recalling Assumption 6.3) implies that H1(Gµ(k′), gµ(k′)) = 0 as
well.

For the second point, let H = ΓF(ρ̄(gµ)) and H′ = ΓF(ρ̄(gµ)(1)). Note that F(ρ̄(gµ)(1)) ⊇ F(ρ̄(gµ), µ`),
and we claim that equality in fact holds. H′ acts on ρ̄(gµ) as scalar multiplication by the character
κ−1, but no element of G can act by a non-trivial scalar in the adjoint representation. Thus, H′ acts
trivially both on ρ̄(gµ) and on µ`, so F(ρ̄(gµ)(1)) = F(ρ̄(gµ), µ`). To conclude, since HH′/H′ �
H/(H ∩ H′) has order prime to ` we get an (inflation) isomorphism

H1(ΓF/HH′, ρ̄(gµ)(1)H)
∼
−→ H1(ΓF/H′, ρ̄(gµ)(1)) = H1(Gal(K/F), ρ̄(gµ)(1)).

These groups are clearly zero once κ|H , 1 (i.e. F(ζ`) is not contained in F(ρ̄(gµ))), since H acts
on ρ̄(gµ)(1) via κ. �

In light of Lemma 6.6, we would like to understand the intersection F(ζ`) ∩ F(ρ̄(gµ)); this will
also prove important in satisfying condition (6) of §5. Note that there is a sandwich

G
sc
µ (k′)/(G

sc
µ (k′) ∩ ZG(k′)) ⊆ P (ρ̄(ΓF)) ⊆ G(k′)/ZG(k′),

where P (ρ̄(ΓF)) denotes the ‘projective image’ of ρ̄. The maximal abelian quotient of P (ρ̄(ΓF)) �
Gal(F(ρ̄(gµ))/F) has order dividing #G(k′)/[G

sc
µ (k′),G

sc
µ (k′)]ZG(k′), hence order dividing (recall

Assumption 6.3)
#G(k′)/

(
ZG(k′) ·G

sc
µ (k′)

)
.

This latter group in turn has order dividing

#H1(Γk′ ,ZGsc
µ
)|#ZGsc

µ
.

Let L be the abelian extension F(µ`) ∩ F(ρ̄(gµ)) of F, so that ρ̄(ΓL) contains the commutators
[ρ̄(ΓF), ρ̄(ΓF)] ⊇ G

sc
µ (k′). By the preceding calculation, [L : F] divides #ZGsc

µ
, so as long as [F(µ`) :

F] exceeds #ZGsc
µ
, F(µ`) cannot be contained in F(ρ̄(gµ)); condition (4) of §5 therefore follows from

the hypotheses of Theorem 6.4.
We now treat condition (6) of §5. We claim that there is a regular semisimple element x ∈

ρ̄(ΓL) ∩ Gµ(F`), contained in a torus T of G, and a simple root α of T , such that α(x) lies in
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Gal(F(µ`)/L) when we identify κ : Gal(F(µ`)/F)
∼
−→ F×` . Once we have found such an x, we will be

able to satisfy the condition (6) of §5. The sharpest version of the following lemma would require a
case-by-case analysis in the Dynkin classificaton. Since we have no particular need to optimize the
set of allowable `, we content ourselves with a crude bound that works for any group; moreover,
the argument in the present form will be reused in §7.

Lemma 6.7. Retain the hypotheses of Theorem 6.4. Then we can satisfy condition (6) of §5.

Proof. By assumption, Gal(F(µ`)/F) is cyclic of order `−1, and we have just seen that the subgroup

Gal(F(µ`)/L) contains all #ZGsc
µ
-powers in F×` . For any generator g of F×` , let t be either g

#ZGsc
µ

2 or
g#ZGsc

µ depending on whether #ZGsc
µ

is even or odd. The element x = 2ρ∨(t) belongs to G
sc
µ (F`), hence

to ρ̄(ΓL); it is regular since for all positive roots α, α(x) = t2ht(α), the maximum height of a root
is h − 1, and none of t2, t4, . . . , t2h−2 equals 1, by our assumption on `. Finally, note that for any
simple root α, α(x) = t2 belongs to Gal(F(µ`)/L). Thus, for some τ ∈ ΓL, ρ̄(τ) = x, and we can
find σ ∈ Gal(K/L) such that

σ 7→ τ|F(ρ̄(gµ)) ∈ Gal(F(ρ̄(gµ))/L),

σ 7→ α(x) = t2 ∈ Gal(F(µ`)/L).

We will now take any lift σ̃ of σ to ΓL, and any simple root α, to satisfy the first part of condition
(6) of §5. For the rest, observe that since Kφ and Kψ are both Galois over F itself, k[φ(ΓK)] and
k[ψ(ΓK)] are in fact k[ΓF]-submodules of ρ̄(gµ); by irreducibility, they both must equal the whole
gµ. For our chosen σ̃, and any choice of simple root α, all of condition (6) is then satisfied. �

Finally, we handle condition (5); again, our goal has not been to find sharp bounds on `, but to
find a simple, uniform argument.

Lemma 6.8. Retain the hypotheses of Theorem 6.4. Then we can satisfy condition (5) of §5.

Proof. We must show that Kφ and Kψ are linearly disjoint over K. Let

Λ : Repk(ΓF)→ RepF`(ΓF)

denote the forgetful functor. If V is any irreducible k[ΓF]-module, and if W is an irreducible
F`[ΓF]-submodule of Λ(V), then for some integer r, Λ(V) � W⊕r (by adjunction), and then neces-
sarily Λ(V(1)) � W(1)⊕r. Taking V = ρ̄(gµ), if the common F`[ΓF]-subquotient Gal(Kφ ∩Kψ/K) of
Λ(ρ̄(gµ)) and Λ(ρ̄(gµ)(1)) were non-trivial, then we could conclude that Λ(ρ̄(gµ)) and Λ(ρ̄(gµ)(1))
were isomorphic. It therefore suffices to produce an element of ΓF that acts with different eigen-
values in these two representations (over F`). Let α be a root of G with respect to a split maximal
torus over F`, and consider an element x = α∨(c) for some c ∈ F×` such that c2 ∈ Gal(F(µ`)/L); as
in the proof of Lemma 6.7, we can find σ ∈ ΓL such that ρ̄(σ) ∈ x · ZG(k) and κ(σ) = c2. For all
roots β of G, |〈α∨, β〉| ≤ 3, so for σ to act with different eigenvalues on Λ(ρ̄(gµ)) and Λ(ρ̄(gµ)(1)), it
suffices for the order of c to be greater than 8. We can arrange this all with c = g#ZGsc

µ for a generator
g of F×` , as long as ` > 1 + 8 · #ZGsc

µ
. �

The hypotheses of Theorem 6.4 therefore enable us to satisfy conditions (1)-(6) of §5, so we can
invoke Proposition 5.2 to complete the proof of Theorem 6.4. �
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7. The principal SL2

7.1. Another lifting theorem. The aim of this section is to show that the axiomatized argument
of §5 continues to apply when ρ̄ is of the form

ΓF
r̄
−→ GL2(k)

ϕ
−→ G(k)

where ϕ is (an extension to GL2 of) the principal homomorphism ϕ : SL2 → G. For background on
the principal SL2, we can do no better than refer to the lucid expositions of [Gro97] and [Ser96],
but here we will recall what is necessary to fix our notation. We begin by recalling the situation in
characteristic zero ([Ser96, §2.3]). Fix a Borel B containing a (split) maximal torus T of G, with
corresponding base ∆ of the root system, and also fix a pinning

{uα : Ga
∼
−→ Uα}α∈∆;

here Uα is of course the root subgroup in B corresponding to α. Setting Xα = duα(1) for all α ∈ ∆,
we obtain a principal (regular) nilpotent element

X =
∑
α∈∆

Xα.

X can be extended to an sl2-triple (X,H,Y) inside g as follows. For each α, let Hα be the coroot vec-
tor corresponding to α (i.e. Hα = dα∨(1)), and define Yα ∈ g−α (uniquely) by requiring (Xα,Hα,Yα)
to be an sl2-triple. Then define

H =
∑
α>0

Hα =
∑
α∈∆

cαHα(19)

Y =
∑
α∈∆

cαYα;(20)

here the cα are integers determined by the first equation. The resulting homomorphism sl2 → g
then uniquely lifts to a homomorphism

ϕ : SL2 → G,

called the principal SL2. By construction, ϕ
(
t

t−1

)
= 2ρ∨(t), so for any G we can extend ϕ to a

homomorphism

(21) ϕ : GL2 =
SL2 ×Gm

〈(−1,−1)〉
ϕ×id
−−−→

G ×Gm

〈(2ρ∨(−1),−1)〉
.

Denote by G1 the enlarged target group,12 so we have a principal homomorphism ϕ : GL2 → G1;
of course, the derived group of G1 is still Gµ. Note that the cocharacter ρ∨ of Gad lifts to G1,13 and

12We remark that this enlargement of G is frequently technically convenient: for instance, it is the Tannakian group
appearing when one studies the ‘geometric’ Satake correspondence over finite fields or number fields.

13Namely, for the torus T1 = (T ×Gm)/〈2ρ∨(−1),−1〉,

(ρ∨,
β

2
) ∈ X•(T1) ⊗Z Q,

where β denotes a generator of X•(Gm), in fact defines an element of X•(T1).
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if G is any group for which the co-character ρ∨ of Gad lifts to a co-character ρ̃∨ of G, 14 then we

can extend the principal SL2 to a principal GL2 by setting ϕ
(
z

1

)
= ρ̃∨(z).

The upshot is that for the remainder of this section, we will assume that the co-character ρ∨ of
Gad lifts to G; we have seen that any G can be embedded in a group with this property, without
changing the derived group. We fix such a lift of ρ∨ as well as the corresponding principal GL2

ϕ : GL2 → G.

A crucial piece of structure theory for us will be the decomposition, due to Kostant (see [Gro97,
Proposition 5.2]), of gµ as sl2-module. Let P be the centralizer of X. The action of H on gµ
preserves P, so there is a grading by H-eigenvalues

P = ⊕m>0P2m;

that the eigenvalues are even integers follows from standard sl2-theory. More precisely, Kostant
showed:

Proposition 7.1 ([Kos59]). The centralizer P is an abelian subalgebra of gµ of dimension equal to
the rank of gµ. Letting GL2 act on gµ via ϕ, there is an isomorphism of GL2-representations

gµ �
⊕
m>0

Sym2m(k2) ⊗ det−m
⊗ P2m,

and P2m is non-zero if and only if m is an exponent of G. In particular, the maximal such m is h−1.

Now, the whole theory of the principal SL2 works `-integrally for ` >> 0:

Lemma 7.2 (§2.4 of [Ser96]). If ` ≥ h, the homomorphism ϕ : SL2 → G is defined over the
localization Z(`).

Lemma 7.3. If ` ≥ 2h − 1, then the decomposition of Proposition 7.1 continues to hold over Z(`).

Proof. Let S denote the (diagonal) torus of SL2, and write X•(S ) = Zχ. Then the highest weight
of S acting on gµ is 2h − 2 (h − 1 is the height of the highest root), so [Ser94b, §2.2, Proposition
2] implies that gµ is semi-simple for ` ≥ 2h − 1; [Ser94b, §2.2 Remarque] moreover implies
the decomposition of gµ is characteristic ` is just the reduction of the usual decomposition in
characteristic zero. �

We now come to the main result of this section; note that, again, the bounds on ` in the follow-
ing result can be somewhat sharpened, but I don’t believe in a way that would justify the added
complexity. The argument applies uniformly to all G whose Weyl group contains −1, until the final
step, the group-theoretic Lemma 7.6, which we have checked only for the exceptional groups.

Theorem 7.4. Let G be a connected reductive group to which ρ∨ lifts and whose adjoint form is
simple of type G2, F4, E7, or E8 (in particular, −1 ∈ WG), and let ` be a rational prime greater
than 4h − 1. In type E8, also exclude ` = 229, 269, 367. Let F be a totally real field for which

14This lift is of course not unique; for any choice, 2ρ̃∨ differs from 2ρ∨, the usual co-character of Gder, by an
element of X•(ZG).
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[F(ζ`) : F] = ` − 1, and let r̄ : ΓF → GL2(k) be a continuous representation. Let ρ̄ be the
composite

ΓF
r̄
//

ρ̄

$$

GL2(k)
ϕ
// G(k).

Assume that r̄ satisfies:

(1) For some subfield k′ ⊂ k,

SL2(k′) ⊂ r̄(ΓF) ⊂ k× · GL2(k′);

(2) r̄ is odd;
(3) for each v|`, r̄|ΓFv

is ordinary, satisfying

r̄|IFv
∼

(
χ1,v ∗

0 χ2,v

)
,

where
(
χ1,v/χ2,v

)
|IFv

= κrv for an integer rv ≥ 2 such that ` > rv(h − 1) + 1;
(4) for all primes v - ` at which r̄ is ramified, we can find liftable local deformation conditions
Pv for ρ̄ such that dim Lv = h0(ΓFv , ρ̄(gµ)).

Then there exists a lift

G(O)

��

ΓF

ρ
<<

ρ̄
// G(k)

such that ρ is of type Pv at all primes v at which ρ̄|ΓFv
is ramified.

Proof. We proceed one by one through the conditions (1)-(6) of §5.
Condition (1) demands that H0(ΓF , ρ̄(gµ)) and H0(ΓF , ρ̄(gµ)(1)) are both zero; the former vanish-

ing moreover implies that Defρ̄ is representable. By Lemma 7.3, we have to check that, for all m
such that P2m , 0,

H0(ΓF , (Sym2m ⊗det−m)(r̄)) = 0

and

H0(ΓF , (Sym2m ⊗det−m)(r̄)(1)) = 0.

This is obvious, since for ` ≥ 2h − 1, all such Sym2m(k2) are irreducible k[SL2(k′)]-modules.
Condition (2) is satisfied by assumption at v - `, and at v|` by taking ordinary deformations

with (in the notation of Lemma 4.8) {rα}α∈∆ equal to any collection of integers satisfying rα ≡ rv

(mod ` − 1): the assumption rv ≥ 2 implies that the conditions (REG) and (REG*), and thus the
conclusion of Proposition 4.4, apply. Next we check that ρ̄ is odd, i.e. that condition (3) of §5 is

satisfied. Since we have assumed r̄ is odd, ρ̄(cv) is conjugate to ϕ
(
−1

1

)
for all v|∞. We have

already noted (Lemma 4.19) that ρ∨(−1) is a split Cartan involution of gµ, since −1 ∈ WG, so ρ̄ is
odd.

30



Next we treat item (4) of §5, the cohomological vanishing result. To begin, we record the
following elementary lemma in group cohomology, which follows (just as in Lemma 6.6) from
[CPS75, 2.9, 3.3]:15

Lemma 7.5. Assume #k′ < {3, 5, 9}. Fix an integer r < ` not equal to `−3. Then H1(SL2(k′),Symr(k2)) =

0.

Again applying Kostant’s result (Lemma 7.3), we deduce from Lemma 7.5 that

H1(SL2(k′), ϕ(gµ)) =
⊕

m

H1(SL2(k′),Sym2m(k2))⊕ dim P2m = 0.

By repeated inflation-restriction as in Lemma 6.6, it follows easily that (recall K = F(ρ̄(gµ), µ`))

H1(Gal(K/F), ρ̄(gµ)) = 0.

Also by the argument of Lemma 6.6, we deduce that H1(Gal(K/F), ρ̄(gµ)(1)) = 0, as long as
κ̄|H , 1: here as before we let H = ΓF(ρ̄(gµ)) = ΓF(r̄(sl2)). But now the discussion after Lemma 6.6
(using the group GL2 instead of G) applies, and we see that to ensure κ|H , 1 it suffices to take
[F(ζ`) : F] > 2.

We will next construct an element σ ∈ ΓF such that ρ̄(σ) is regular semi-simple and satisfies
α(ρ̄(σ)) = κ̄(σ) for any simple root α (of the unique maximal torus containing ρ̄(σ)), arguing just
as in Lemma 6.7. First note that F(ρ̄(gµ)) = F(ad0 r̄), and that the assumption r̄(ΓF) ⊃ SL2(k′)

implies [F(ad0 r̄)∩ F(ζ`) : F] ≤ 2. For all a ∈ F×` , ϕ
(
a

a−1

)
= 2ρ∨(a) ∈ ρ̄(ΓF), and this element is

regular if and only if for all positive roots α, a〈2ρ
∨,α〉 , 1. Now, 〈2ρ∨, α〉 is equal to twice the height

of the root α; its maximum value is 2h − 2, so consider any element a ∈ F×` with order greater than
2h − 2. Set L = F(µ`) ∩ F(ad0 r̄), so that r̄(ΓL) contains the commutators of r̄(ΓF), hence contains

SL2(F`). Let σ ∈ ΓL be an element mapping to x =

(
a

a−1

)
, so that ρ̄(σ) is regular semi-simple.

For any simple root α, α(ρ̄(σ)) = a2; to ensure that we can arrange this to equal κ̄(σ), we need

a2 ∈ Gal(F(ζ`)/L) ⊂ F×` .

But Gal(F(ζ`/L) has index at most two in Gal(F(ζ`)/F)
∼
−→
κ
F×` , hence contains all squares.

We will use the σ just constructed to satisfy condition (6) of §5. Recall that we are given non-
zero classes φ ∈ H1

P⊥
(ΓF,Σ, ρ̄(gµ)(1)) and ψ ∈ H1

P
(ΓF,Σ, ρ̄(gµ)), and that we have a maximal torus

T containing ρ̄(σ). We will find a simple root α such that k[ψ(ΓK)] has non-zero lα component,
and k[φ(ΓK)] has nonzero g−α component. This suffices to establish condition (6), since the regular
semi-simple element ρ̄(σ) constructed above satisfies α(ρ̄(σ)) = κ(σ) for any simple root α. We
again appeal to Kostant’s result; since k[ψ(ΓK)] (respectively, k[φ(ΓK)]) is a k[ΓF]-submodule of
ρ̄(gµ) (respectively, ρ̄(gµ)(1)), we know that each contains one of the summands Sym2m(k2) under
the action of our principal sl2 on gµ. We will use this fact to construct the desired α. An analogue
of the following lemma surely holds for any simple type, but I do not have a satisfactory general
argument. It is easy to check for any particular group by explicit computation, and we do this here
for the exceptional types (the case of E6 is recorded here for later use: see Theorem 10.4).

15I’m grateful to Florian Herzig for pointing out an apparently well-known minor error in [CPS75], that
H1(SL2(F`),Sym`−3(F2

` )) is one-dimensional. Our running assumption ` > 4h − 1 will ensure this doesn’t interfere
with any of our arguments.
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Lemma 7.6. Let g be a simple Lie algebra of type G2, F4, E7, or E8 equipped with a principal ho-
momorphism ϕ : sl2 → g. Let m be an exponent of g, so that there is a unique summand Sym2m(k2)
of gµ when regarded as sl2-representation. This summand Sym2m(k2) contains a unique line inside
⊕α∈∆g−α, and the projection of this line to each (negative) simple root space g−α is non-zero except
in the following cases:

• type G2: ` ∈ {2, 3, 5};
• type F4: ` ∈ {2, 3, 5, 7, 11};
• type E7: ` ∈ {2, 3, 5, 7, 11, 13, 17, 19, 31, 37, 53};
• type E8: ` ∈ {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 61, 67, 71, 97, 103, 109, 229, 269, 397};

Now assume g is of type E6. If m , 4, 8, then the line inside ⊕α∈∆g−α of the summand Sym2m(k2)
has non-zero projection to each g−α except when ` ∈ {2, 3, 5, 7, 11}. For m ∈ {4, 8}, there is a simple
root α1 such that this projection is non-zero in g−α1 , and for all exponents n of g, the projection of
t ∩ Sym2n(k2) ⊂ g to lα1 is non-zero, again except when ` ∈ {2, 3, 5, 7, 11} (in fact, any simple root
not fixed by the outer automorphism of E6 works here).

Proof. We describe the algorithm for checking this; it is especially easy to implement using any
computational software that has built-in Chevalley bases for the simple Lie algebras, eg GAP or
Magma. I carried the calculation out in Magma, so I have noted in what follows how Magma
normalizes some indexing, etc.

(1) Let l be the rank of G. Construct a simple Lie algebra of type G with a Chevalley basis

{x[i], y[ j], h[k]}1≤i, j≤|Φ+ |,1≤k≤l;

for a suitable bijection Φ+
∼
−→
f
{1, . . . , |Φ+|} making x[ f (α)] a basis of gα; arrange this

bijection so that f (∆) = {1, . . . , l}.16 Conventions for Chevalley bases are not universal;
Magma’s bracket relations include[

y[ f (α)], x[ f (α)]
]

= α∨

(not −α∨) and [
x[ f (α)], h

]
= α(h)x[ f (α)]

for all h ∈ t, the Cartan sub-algebra spanned by the h[k]. The elements h[k] are not the
coroots but rather are the dual basis:

[x[i], h[ j]] = δi jx[i]

for all 1 ≤ i, j ≤ l. Since ` is very good for G, these span the same k-subspace as the coroot
vectors.

(2) Then we define elements
• X =

∑l
i=1 x[i] (a regular unipotent);

• H =
∑|Φ+ |

i=1
[
y[i], x[i]

]
= 2ρ∨, so that [X,H] = 2X;

• Y =
∑l

i=1 c[i] · y[i] where the c[i] are the appropriate structure constants to make
{X,H,Y} an sl2-triple in the following sense:17 [X,H] = 2X, [Y,H] = −2Y , [Y, X] = H.

16Magma automatically does this when it produces a Chevalley basis.
17The c[i] can be found in the tables of [Bou68]. Within Magma, they can be derived, for our Lie algebra g, by

computing rd := RootDatum(g), then A := SimpleCoroots(rd) (an l × l matrix), then by forming a vector c whose
entries are twice the sum of the rows of A−1; the ith entry of c is the desired c[i]. But we double-check in each case the
bracket properties for X,Y,H, so how the c[i] are arrived at no longer matter.
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In terms of a Chevalley basis 〈e, f , h〉 of sl2, satisfying [e, h] = e, [ f , h] = − f , [ f , e] =

2h, we then get a principal sl2 (defined over Z[1
2 ])

sl2 → g

h 7→
H
2

e 7→ X
f 7→ Y.

(3) Compute the centralizer P of the element X in g, i.e. find a basis in terms of the Chevalley
basis.

(4) H preserves P, acting semi-simply, so replace the above basis of P with a basis of H-
eigenvectors.18 Let us call this eigen-basis p[1], . . . , p[l], ordered so that when we write
m1 ≤ m2 ≤ · · · ≤ ml for the exponents of g,[

p[i],H
]

= 2mi p[i]

for i = 1, . . . , l (we remark that p[1] = X).
(5) We then simply compute the Lie brackets, for each i = 1, . . . , l,

ad(Y)mi+1(p[i]) ∈
⊕
α∈∆

g−α;

in each case we get some Z-linear combination of y[1], . . . , y[l], and we record (as the
exceptional cases) all primes ` dividing one of these coefficients.

The above argument in type E6 fails for all primes ` (i.e. in characteristic zero, one of the integers
recorded in the previous sentence is zero), but we can replace it with a simple variant. The expo-
nents of E6 are {1, 4, 5, 7, 8, 11}, and the above argument works except for the exponents m2 = 4
and m5 = 8; that is, for i ∈ {1, 3, 4, 6}, ad(Y)mi+1(p[i]) has non-zero projection to every g−α, except
in characteristics ` ∈ {2, 3, 5, 7, 11}. For m2 = 4 and m5 = 8, ad(Y)mi+1(p[i]) has non-zero projec-
tion to the g−αi root space for i ∈ {1, 3, 5, 6},19 at least if ` < {2, 3, 5, 7, 11}. We then show that for
any exponent m j, the simple root α1 is non-vanishing on the line

t ∩ Sym2m j(k2) ⊂ g.

That is, the lα1 component of this summand is non-zero, while Sym2mi(k2) has non-zero g−α1 com-
ponent for i = 2, 5. To do this check, we compute the h[1]-component of

ad(Y)m j(p[ j]),

and again record the rational primes dividing the output. �

Conclusion of the proof of Theorem 7.4. We can therefore satisfy condition (6) with any simple
root α for which α (t ∩ k[ψ(ΓK)]) , 0 (there is always at least one such α, since this intersection is
non-zero; in fact, further calculation shows that any simple α will work).

To complete the proof of the theorem, we address condition (5) of §5; that is, we must show
that for non-zero Selmer classes φ and ψ, the fixed fields Kφ and Kψ are linearly disjoint over

18In Magma, when you call P := Centraliser(g, X) and then ExtendBasis(P, g), it hands you a basis of g, in terms
of the Chevalley basis, whose first l entries are a basis of P, and in fact already an H-eigenbasis.

19Intrinsically, α2 and α4 are those fixed under the outer automorphism of E6. Our labeling convention is f (αi) = i,
where x[1], . . . , x[6] is the ordered set of simple roots produced by Magma.
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K. As before (Lemma 6.8), we must rule out the possibility that ρ̄(gµ) and ρ̄(gµ)(1) have a com-
mon F`[ΓF]-subquotient. By Lemma 7.3 (and in particular semi-simplicity), it suffices to show
that, for all pairs of integers m and n such that P2m and P2n are non-zero, (Sym2m ⊗ det−m)(r̄) and
(Sym2n ⊗ det−n)(r̄)(1) have no common F`[ΓF]-submodule. Recall that since ` ≥ 2h − 1 these are
irreducible k[ΓF]-modules. For any two irreducible k[ΓF]-modules V1 and V2 such that Λ(V1) and
Λ(V2) have a common sub-quotient, there is some ι ∈ Gal(k/F`) such that V1 ⊗k,ι k is isomorphic
to V2.20 Applying this observation to V1 = (Sym2m ⊗ det−m)(r̄) and V2 = (Sym2n ⊗ det−n)(r̄)(1), we
are clearly done unless m = n. Then, by an earlier argument in the present proof, for any a ∈ F×`

we can find a σ ∈ ΓF such that r̄(σ) =

(
a

a−1

)
and κ(σ) = a2. It therefore suffices to ensure that

the (multi-)sets of eigenvalues {a2i}i∈[−m,m] and {a2i+2}i∈[−m,m] are not the same (a ∈ F×` implies ι has
no effect on the eigenvalues in question). Since m is at most h − 1, taking a to be a generator of F×`
and ` to be greater than 4h − 1 guarantees this distinctness. �

We now record some further properties of the lifts produced by Theorem 7.4. These will be
used in our application to the construction of geometric Galois representations with exceptional
monodromy groups.

Lemma 7.7. Let F be a number field, let G be a Chevalley group, and let ρ̄ = ϕ ◦ r̄ for some
representation r̄ : ΓF → GL2(k) with image as in Theorem 7.4. Suppose there exists a lift ρ of
ρ̄ to G(O) (as in Theorem 7.4, for instance). Then the algebraic monodromy group Gρ ⊂ GE is
reductive (recall E = FracO).

Proof. We may assume G is of adjoint type. Let Ru ⊂ G0
ρ be the unipotent radical of Gρ. We aim

to show Ru is trivial. The sequence of E[ΓF]-stable Lie algebras Lie(Ru) ⊂ Lie(Gρ) ⊂ gE can be
intersected with gO to give a sequence of O[ΓF]-modules

Lie(Ru) ∩ gO ⊂ Lie(Gρ) ∩ gO ⊂ gO
where each of the inclusions has torsion-free cokernel. Reducing to k, we get a corresponding
sequence, still inclusions, of k[ΓF]-modules

(Lie(Ru) ∩ gO) ⊗O k ⊂ (Lie(Gρ) ∩ gO) ⊗O k ⊂ g.

Recall that g decomposes into irreducible constituents, as sl2-module and hence as k[ΓF]-module,
as ⊕m>0 Sym2m(k2) ⊗ P2m. In particular, any of these summands, and hence any k[ΓF]-submodule,
contains a non-zero semi-simple element of g, coming from the weight zero component, i.e. the
centralizer of the regular element H. We conclude that (Lie(Ru) ∩ gO) ⊗O k, and therefore Ru itself,
must be trivial, since a nilpotent Lie algebra contains no non-zero semi-simple elements. �

Lemma 7.8. Let F be a number field, let G be an exceptional group, and suppose that ρ : ΓF →

G(O) is a continuous representation such that
(1) Gρ is reductive;
(2) Gρ contains a regular unipotent element of G;
(3) for some v|`, ρ|ΓFv

: ΓFv → B(O) is ordinary, factoring through a Borel subgroup B of G, and
for some (any21) maximal torus T ⊂ B, and all simple roots α ∈ ∆(B,T ), the composites
α ◦ ρ|IFv

have the form κrα for distinct integers rα.

20Note that Λ is right-adjoint to ⊗F`k, and k ⊗F` k is isomorphic to
∏

ι k by the map x ⊗ y 7→ (ι(x)y)ι.
21The set {rα}α∈∆(B,T ) does not depend on the choice of T .
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Then Gρ ⊇ Gder.

Proof. We may assume G is adjoint, so our task is to show Gρ = G. The essential input is a result of
Dynkin (see [SS97, Theorem A]) establishing that any Gρ satisfying the first two conditions of the
lemma must be either a principal PGL2 or an embedded F4 = Gρ ↪→ E6 = G containing a principal
PGL2. Assume first that G is not of type E6. Then it suffices for the integers rα, α ∈ ∆(B,T ), not
all to be equal to conclude Gρ 1 PGL2, hence Gρ = G.

Now take G to be of type E6. The argument is essentially the same as above, but we make it
more precise. By [Sei91, Theorem 1], all embeddings F4 ↪→ E6 are related by Aut(E6). One such
F4 can be constructed by fixing a pinning, denoting by τ ∈ Aut(E6) the image of the non-trivial
element of Out(E6) under the associated section Out(E6) → Aut(E6), and setting F4 = (E6)τ=1. It
follows that all embeddings F4 ↪→ E6 are E6-conjugate to this one, and all have the form (E6)τ

′=1

for some involution τ′ of E6 inducing its non-trivial outer automorphism.
Let us suppose, then, that our ρ : ΓF → E6(O) (which from now on we regard as Frac(O),

or even Q`-valued) factors through (E6)τ=1 � F4 for some such involution τ. In particular, ρ|ΓFv

factors through B ∩ (E6)τ=1. For all Borel subgroups B′ of G, the character groups Hom(B′,Gm)
are canonically identified: this assertion combines the conjugacy of Borel subgroups with the fact
that they are their own normalizers. For emphasis, denote by B∗ this canonically-defined group.
In particular, pre-composition with τ defines an automorphism of B∗. Regarding ∆(B,T ) as a
subset of B∗, τ-invariance of ρ immediately implies that rα = rτ(α) for all α ∈ ∆(B,T ) ⊂ B∗. This
contradicts the fact that τ is a non-trivial outer automorphism, since we have assumed the rα are all
distinct.

�

8. Exceptional monodromy groups: the case −1 ∈ WG

Having shown that the monodromy groups Gρ produced by Theorem 7.4 are reductive, we would
like to arrange that they contain the principal SL2 of G, i.e. that they contain a regular unipotent
element of G. I do not know if this is automatic for all ρ produced by Theorem 7.4, but the
following beautiful result of Serre recommends caution:

Example 8.1 (Theorem 1 of [Ser96]). Let G be a Chevalley group of adjoint type, with, as always,
Coxeter number h, and let ` be a prime number. Let K be any algebraically closed field (eg,
K = Q`).

(1) If ` = h + 1, then there exists an embedding PGL2(F`) ↪→ G(K), except when h = 2 and
char(K) = 2.

(2) If ` = 2h + 1, then there additionally exists an embedding PSL2(F`) ↪→ G(K).
There is a pleasant parallel with the techniques of the present paper: the idea of Serre’s argument
is to begin with K of characteristic ` and the principal PGL2(F`) ↪→ G(K) (for any ` ≥ h), and
then to try to deform this homomorphism to characteristic zero. This follows from a simple and
satisfying group cohomology calculation for ` = h + 1, but is rather trickier for ` = 2h + 1. �

Our first task, then, is to circumvent examples of this sort.

8.1. Non-splitness of residual Galois representations of Steinberg type. In this subsection we
explain how to choose our r̄ and our deformation problem for ρ̄ = ϕ◦r̄ to guarantee that Gρ contains
a principal SL2. The basic idea is to choose r̄ having an auxiliary prime v - ` of ramification ‘of
Steinberg type,’ and then to use the local condition of §4.3. The subtlety is that we will need (in
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order to get non-trivial unipotent elements in the image) to guarantee that the local lift ρ|ΓFv
: ΓFv →

G(O) is ramified; this is very difficult to force through purely Galois-theoretic argument unless the
original ρ̄|ΓFv

was itself already ramified.22

We will therefore consider r̄ arising as the residual Galois representations associated to cus-
pidal automorphic representations π (corresponding to classical holomorphic modular forms) of
GL2(AQ) such that πp is the twist of a Steinberg representation for some p. Given such a π, there
is a number field E and a strongly compatible system of `-adic representations

rπ,λ : ΓQ → GL2(Eλ)

as λ ranges over the finite places of E. We will show that for almost all λ, r̄π,λ|ΓQp
is (reducible but)

indecomposable. The argument we give will surely also apply in the Hilbert modular case,23 but
I unfortunately don’t know a reference for the necessary modular-lifting theorem in that context;
for our application, the case of Q suffices. After writing this paper, I learned from Khare that
this has been proven by Weston in [Wes04]. Weston attributes the argument to Ribet, perhaps
unsurprisingly, since the technique is a variant of the ‘level-lowering’ trick that reduces Fermat’s
Last Theorem to the Shimura-Taniyama conjecture.

Proposition 8.2 (Proposition 5.3 of [Wes04]). Let π be as above a cuspidal automorphic represen-
tation corresponding to a holomorphic eigenform of weight at least 2. Assume that for some prime
p of Q, πp is isomorphic to the twist of a Steinberg representation of GL2(Qp). Then for almost all
λ, the local Galois representation r̄π,λ|ΓQp

has the form

r̄π,λ|ΓQp
∼

(
χκ ∗
0 χ

)
where the extension ∗ ∈ H1(ΓQp ,Fλ(κ)) is non-zero.

We give two proofs. The first is quite heavy-handed, but shows this proposition is immediate
from known results. The second will apply to Hilbert modular forms as well, but I haven’t found
the necessary reference in the literature to complete it, and a full proof would take us unnecessarily
far afield.

First proof. Since any π for which some πp is Steinberg is non-CM, Ribet’s result (see Theorem
6.2 above) shows that for almost all λ, the image r̄π,λ(ΓQ) contains SL2(F`), and in particular r̄π,λ is
irreducible. Suppose there is an infinite set Λ of λ for which r̄π,λ|ΓQp

is split. Then for all λ ∈ Λ,
the refined level-aspect of Serre’s conjecture (see [Edi97, Theorem 1.12] and the references given
there) yields a cuspidal representation π(λ) congruent to π modulo λ, of level strictly less than
that of π, and of weight at most that of π. The number of cuspidal automorphic representations
of bounded weight and level is finite, so infinitely many of these π(λ) must in fact be the same
representation π′. But then π ≡ π′ (mod λ) for infinitely many λ, which implies π = π′ (by strong
multiplicity one). Contradiction. �

Sketch of second proof. Let us now suppose more generally that π is a cuspidal Hilbert modular
representation over a totally real field F, and that the archimedean weights of π all have the same

22There are some elaborate Galois-theoretic means under hypotheses that are in practice too difficult to arrange; if
the characteristic zero lifts are known to be automorphic, then suitable cases of the Ramanujan conjecture imply this
non-splitness–this observation should suggest the difficulty of the problem. Current potential automorphy techniques
would only help with the case G = G2.

23In fact, it will even apply to appropriate unitary groups of any rank, using [BLGGT14].
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parity. By assumption, πv is (twist of) Steinberg for some place v of F. Again Ribet’s result shows
that for almost all λ, the image r̄π,λ(ΓF) contains SL2(F`). For such λ, it follows that the index of a
Borel subgroup in r̄π,λ(ΓF) is at least ` + 1, which is greater than [F(ζ`) : F]. Thus, for almost all
λ, r̄π,λ|ΓF(ζ`) is irreducible. Moreover, for almost all λ (say λ|`), the local restrictions r̄π,λ|ΓFw

for w|`
are torsion-crystalline in the Fontaine-Laffaille range.

Now consider a putative infinite set Λ of λ for which r̄π,λ|ΓFv
is split; throwing away a finite

number of λ, we may assume the conclusions of the last paragraph hold for all λ ∈ Λ. For
simplicity (we can always make a global twist), assume πv is an unramified twist of Steinberg. For
all places w , v of F at which πw is ramified, let τw be the inertial type of πw. Then define a global
deformation ring RF,λ(τ) classifying deformations of r̄π,λ that are

• fixed determinant equal to det(rπ,λ);
• crystalline of the same weight as π at each w|` of F;
• type τw for all ramified primes w , v for π;
• unramified elsewhere.

We claim that RF,λ(τ) has a modular characteristic-zero point. This should follow as in [Kis07b,
§4.2-4.3] (see also [Kis07a, Theorem 3.14] from an appropriate R = T theorem over some well-
chosen finite extension F′ of F. Kisin’s variant of the Taylor-Wiles method reduces this to under-
standing the geometry of local deformation rings, modulo having an appropriate generalization
of the Skinner-Wiles potential level-lowering arguments ([SW01]), which (see the comment in the
proof of [Kis07a, Theorem 3.14]) as far as I can tell have only been written down in weight 2. In
our case, there are no local difficulties, since at w|` we are in the Fontaine-Laffaille range, where
the torsion-crystalline deformation ring is a power series ring over Oλ. In any case, given such an
R = T theorem, the methods of Khare-Wintenberger (see [Kis07b, §4.2]) show RF,λ(τ) is a finite
Oλ-algebra of dimension at least 1, hence that it has a characteristic zero point. Then Kisin’s mod-
ular lifting method would give a cuspidal π(λ) with weight and level bounded independently of λ,
and congruent to π modulo λ, such that π(λ)v is unramified. The argument of the first proof now
applies, and we deduce a contradiction. �

Remark 8.3. For a classical case in which the result of Proposition 8.2 is more explicit, consider
the compatible system {rE,`}` associated to an elliptic curve over F with multiplicative reduction
at some place v. Then the ‘Tate parameter’ qEv ∈ F×v associated to EFv (namely, `-divisibility of
v(qEv)) tells exactly when the extensions ∗ are non-split.

8.2. Application to exceptional monodromy groups. We can now complete the proof of the
main theorem of this section:

Theorem 8.4. Let G be an adjoint Chevalley group of type G2, F4, E7, or E8. Then for a density
one set of rational primes `, we can find `-adic represenations

ρ` : ΓQ → G(Q`)

whose image is Zariski-dense in G.

Proof. Let f be a (non-CM) weight 3 cuspidal eigenform that is a newform of level Γ0(p) ∩ Γ1(q)
for some primes p and q; the nebentypus of f is a character χ : (Z/pqZ)× � (Z/qZ)× → C×. Such
f exist: for instance, there are such f in S 3(15) ([LMF13, 15.3.1a, 15.3.3a]). There is a number
field E such that for all finite places λ of E we have λ-adic representations r f ,λ : ΓQ → GL2(Eλ)
and semi-simple residual representations

r̄ f ,λ : ΓQ → GL2(Fλ),
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where we let Fλ denote the residue field of E at λ. A well-known argument using the Weil bound
and the Čebotarev density theorem (see [Gee09, Lemma 3.2]) implies that for a density one set of
`, there is some λ|` such that r f ,λ|ΓQ` is ordinary. Moreover Proposition 8.2 implies that for all but
finitely many λ, the restriction

r̄ f ,λ|ΓQp
: ΓQp → GL2(Fλ)

is reducible but indecomposable. Finally, r̄ f ,λ(IQq) has order prime to ` for almost all `. We then
define the composite ρ̄λ by

ΓQ r̄ f ,λ

//

ρ̄λ

%%

GL2(Fλ) ϕ
// G(Fλ).

Throwing out a further finite set of primes ` (those less than 4h, as in Theorem 7.4; note that
the integer “rv” in the statement of that result is in our case 2, by [Wil88, Theorem 2.1.4]), we
therefore have a density one set of `, and for each such ` a λ|`, such that ρ̄λ satisfies the hypotheses
of Theorem 7.4: at the places p, q, and ` of ramification we take the following local deformation
conditions:

• at p we use the Steinberg deformation condition of §4.3 and let B(p) denote the Borel of G
containing ρ̄λ(ΓQp);
• at q we take the minimal deformation condition of §4.4;
• at ` we take ordinary deformations as in §4.1; to be precise, the character ρ̄T of Equation (5)

by construction satisfies α ◦ ρ̄T |IQ` = κ for all α ∈ ∆, and we choose a lift χT : IQ` → T (OEλ)
satisfying α ◦ χT = κrα for positive integers rα ≡ 1 (mod ` − 1) with not all rα equal to one
another.

In defining these local conditions, if necessary we enlarge the coefficient field Fλ and work with
C

f
O

for an appropriate extension O of W(Fλ). Applying Theorem 7.4, we obtain a ρλ : ΓQ → G(O)
that is de Rham and unramified outside a finite set of primes containing p, q, and `. By Lemma
7.7, the algebraic monodromy group Gρλ is reductive. By Lemma 7.8, we will be done as long as
we can show that Gρλ contains a regular unipotent element of G.

To see this, we consider the restriction ρλ|ΓQp
. Since r̄ f ,λ|ΓQp

is indecomposable, r̄ f ,λ(IQp) contains
a regular unipotent element of GL2(Fλ). From the construction ([Ser96, §2.3-2.4]) of the principal
homomorphism ϕ, and the elementary regularity criterion [Car85, Proposition 5.1.3] for a unipo-
tent element, it follows that ρ̄λ(IQp) contains a regular unipotent element of G(Fλ). Of course κ is
unramified at p, so by definition of the Steinberg deformation condition α ◦ ρλ(IQp) = 1 for all
α ∈ ∆, and therefore ρλ|IQp

is valued in the unipotent radical of B(p). For any element g ∈ IQp such
that ρ̄λ(g) is regular unipotent, we deduce that ρλ(g) is regular unipotent in G(Frac(O)).24 �

Remark 8.5. (1) The density-one set of the theorem is ‘explicit’ in the sense that, given an
`, we can check whether the argument of the theorem applies to it: we take our chosen
modular form and compute its `th Fourier coefficient.

(2) It is not hard to see that there are infinitely many f for which this argument applies. One
might ask whether they can somehow be played off of one another to deduce a version of
the theorem for almost all ` rather than a density one set.

24Note that if we did not restrict to adjoint G, the above argument would show that ρλ(g) is a product z · u, where
z ∈ ZG and u is regular unipotent in G; but of course then by Jordan decomposition u ∈ Gρ as well.
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(3) We have restricted to the case of adjoint G only for simplicity; as in §7.1, it suffices to work
with a G having a ‘principal GL2,’ i.e. for which ρ∨ makes sense as a co-character.

9. Deformation theory for L-groups

In this and the following section we carry out the technical modifications needed to treat the
case of E6 in Theorem 1.2. We begin here with a brief discussion of Galois deformation theory for
non-connected L-groups. For simplicity we have not sought optimal generality in this discussion,
but what we do is more than enough for our purposes. The reader should note that [CHT08, §2]
provides a template for this discussion; those authors work with the L-group of an outer form of
GLn × GL1.

9.1. Group theory background. Let Ψ = (X•, X•,Φ,∆,Φ∨,∆∨) be a based root datum. By a dual
group for Ψ we will mean a pinned split reductive group scheme over Z whose associated root
datum is the dual root datum Ψ∨. To be precise, following [Con14, Definition 5.1.1], this consists
of

(1) a reductive group G∨ over Z;
(2) a maximal torus T∨ of G∨ equipped with an isomorphism ι : T∨

∼
−→ D(X•), where D(•) de-

notes the ‘functor of characters’ ([Con14, Appendix B]), and where ι satisfies the (co)root
conditions of [Con14, Definition 5.1.1];

(3) for each simple coroot α∨ ∈ ∆∨, a choice Xα∨ of basis of the free rank one Z-module g∨
α∨

(Z).

By [Con14, Theorem 7.1.9] the outer automorphism group OutG∨ is identified with the constant
group scheme of automorphisms Aut(Ψ∨) of our based root datum, and the pinning induces a
splitting

(22) Aut(Ψ) = Aut(Ψ∨) � OutG∨ ↪→ AutG∨ .

of the canonical projection AutG∨ → OutG∨ . In particular, we can define the semi-direct product
group scheme G∨ o Aut(Ψ) over Z.

Now let F be a field with separable closure F and as always absolute Galois group ΓF =

Gal(F/F). Let G be a connected reductive group over F; over F, we fix a Borel and maximal
torus TF ⊂ BF ⊂ GF and define Ψ to be the associated based root datum. In the usual way ([Bor79,
§1]) we obtain a canonical homomorphism µG : ΓF → Aut(Ψ), depending only on the class of inner
forms to which G belongs. Consider a dual group G∨ (the other data being implicit) for Ψ. We then
define the (split form of the) L-group of G by combining µG with the splitting (22): LG = G∨ o ΓF .
Thus we have defined a group scheme over Z whose base change to an algebraically closed field is
the ‘usual’ L-group of G.

We now recall ([Gro97, §2]) that the principal SL2 extends to a homomorphism

ϕ : SL2 × ΓF →
LG.

To be precise, as in Lemma 7.2 let ` be a prime greater than or equal to h∨, the Coxeter number
of G∨, so that there is (using the pinning) a principal homomorphism ϕ : SL2 → G∨ defined over
Z(`). Since ΓF permutes both the elements of ∆∨ and the corresponding set of positive coroots,
it is easily seen to preserve the sl2-triple (X,H,Y) in g∨ (see §7.1). Thus ΓF preserves ϕ, which
consequently extends to the desired ϕ : SL2 × ΓF →

LG.
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9.2. Deformation theory. We now consider an L-group LG over Z as in §9.1. For simplicity,
from now on we assume G is simply-connected, so the dual group G∨ is an adjoint Chevalley
group; this will avoid the need to ‘fix the determinant’ in what follows, and it suffices for our
application. Moreover, Aut(Ψ) is now finite, and the homomorphism µG factors through a faithful
homomorphism Gal(F̃/F) → Aut(Ψ) for some finite extension F̃/F. We can and do replace LG
with the finite form LG = G∨ o Gal(F̃/F) in all that follows. For simplicity, we will moreover
assume that G is chosen so that F̃ is totally imaginary.

Let Σ denote a finite set of finite places of F; we will always assume that Σ contains all places
above ` and that all elements of Σ split in F̃/F. Let F̃Σ be the maximal extension of F̃ unramified
outside (places above) Σ. The extension F̃Σ/F is Galois, and we have an inclusion of Galois groups

ΓF̃,Σ = Gal(F̃Σ/F̃) ⊂ Gal(F̃Σ/F) = ΓΣ.

Here we have introduced the new notation ΓΣ for the latter group; it is not the same as the group
ΓF,Σ, since F̃/F may be ramified outside Σ. For each v ∈ Σ, choose a place ṽ of F̃ above v;
we write Σ̃ for the collection of all such ṽ. We fix one member of the ΓF̃,Σ-conjugacy class of
homomorphisms ΓF̃ṽ

→ ΓF̃,Σ, and we thereby also obtain a homomorphism ΓFv → ΓF̃,Σ (whose
ΓF̃,Σ-conjugacy class depends on the choice of ṽ|v).

Let ρ̄ : ΓΣ →
LG(k) be an ‘L-homomorphism,’ i.e. a continuous homomorphism such that the

diagram

ΓΣ

ρ̄
//

$$

LG(k)

yy

Gal(F̃/F)
commutes. In particular, the restriction of ρ̄ to ΓF̃,Σ factors through G∨(k). In parallel to Definition
3.1, we now define the relevant functors of lifts and deformations of ρ̄:

Definition 9.1. • Let Liftρ̄ : C f
O
→ Sets be the pro-representable functor whose R-points is

the set of all lifts of ρ̄ to a continuous homomorphism (automatically an L-homomorphism)
ΓΣ →

LG(R). We denote the representing object by R�ρ̄ .
• We say two lifts ρ1 and ρ2 are strictly equivalent if they are conjugate by an element of

Ĝ∨(R) = ker
(
G∨(R)→ G∨(k)

)
.

• Denote by Defρ̄ : C f
O
→ Sets the functor of strict equivalence classes in Liftρ̄.

• A collection of local deformation problems for ρ̄ is, for each v ∈ Σ, a representable sub-
functor LiftPv

ρ̄|ΓF̃ṽ

of Liftρ̄|ΓF̃ṽ
that is closed under strict equivalence. Note that here ρ̄|ΓF̃ṽ

is a

G∨-valued homomorphism, so the local deformation conditions in question are no different
from those considered in §3-§7.
• Writing P = {Pv}v∈Σ for a collection of local deformation conditions as in the previous

item, we define the global functor LiftPρ̄ by taking the sub-functor of Liftρ̄ of lifts whose
restrictions to each ΓF̃ṽ

lie in LiftPv
ρ̄|ΓF̃ṽ

; the quotient of LiftPρ̄ by strict equivalence defines

DefPρ̄ .
• Recall the subspace L�ṽ ⊂ Z1(ΓF̃ṽ

, ρ̄(g∨)) associated to Pv, with image Lṽ in H1(ΓF̃ṽ
, ρ̄(g∨)).

For i ≥ 0, define L�,iṽ and the complex Ci
P

(ΓΣ, ρ̄(g∨)) exactly as in §3.2 (see Equation (3)
and following).
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We impose the usual requirement that ` be very good for G (§3); if G has a simple factor of
type D4, also exclude ` = 3. It is now important that ` not divide [F̃ : F], but in fact that follows
from the other assumptions, since a simple Dynkin diagram has automorphism group with order
divisible at most by the primes 2 and 3 (with 3 only occurring in type D4). The next proposition
summarizes the basic facts about Galois deformation theory in this setting; this is essentially the
same as [CHT08, 2.3.3-2.3.5]. Since we did not give the corresponding proofs in §3, we linger
over them here.

Proposition 9.2. Let ρ̄ : ΓΣ →
LG(k) be a continuous L-homomorphism. For each v ∈ Σ, fix a local

deformation condition Pv. Assume that the centralizer of ρ̄|ΓF̃,Σ
in g∨ is trivial.

(1) There is a canonical isomorphism DefPρ̄ (k[ε]) � H1
P

(ΓΣ, ρ̄(g∨)).
(2) DefPρ̄ is (pro-)representable. We denote by RPρ̄ the representing object.
(3) The analogue of Wiles’s formula holds:

h1
P(ΓΣ, ρ̄(g∨)) − h1

P⊥
(ΓΣ, ρ̄(g∨)(1))(23)

= h0(ΓΣ, ρ̄(g∨)) − h0(ΓΣ, ρ̄(g∨)(1)) −
∑
v|∞

h0(ΓFv , ρ̄(g∨)) +
∑
v∈Σ

(
dimk Lṽ − h0(ΓF̃ṽ

, ρ̄(g∨))
)
.

(4) Moreover assume the local conditions LiftPv
ρ̄|ΓF̃ṽ

are liftable. Then RPρ̄ is isomorphic to a

quotient of a power series ring over O in dimk H1
P

(ΓΣ, ρ̄(g∨)) variables by an ideal that can
be generated by at most dimk H1

P⊥
(ΓΣ, ρ̄(g∨)(1)) elements.

Remark 9.3. Just as in Equation (11) of §5, in the application our local calculations and assump-
tions on the image of ρ̄ will imply that the right-hand-side of Equation (23) is zero, hence that
h1
P

(ΓΣ, ρ̄(g∨)) = h1
P⊥

(ΓΣ, ρ̄(g∨)(1)), as needed for Ramakrishna’s method.

Proof. The description of the tangent space Liftρ̄(k[ε]) follows from the usual argument, noting
that when we write ρ̄(g) = (ρ̄0(g), g) ∈ G∨(k) × Gal(F̃/F), ρ̄0 is a cocycle in Z1(ΓΣ,G∨(k)), where
ΓΣ is regarded as acting on G∨ via the outer Gal(F̃/F)-action. Item (1) follows easily.

Representability of Defρ̄ follows, using Schlessinger’s criteria, from our assumption on the cen-
tralizer of ρ̄|ΓF̃,Σ

. We check this somewhat more generally, when g∨ is not necessarily adjoint, but
the invariants (g∨)ρ̄(ΓF̃,Σ) are assumed to equal the center z(g∨). Since Ĝ∨ is formally smooth, and
h1(ΓΣ, ρ̄(g∨)) is finite, the only thing that really requires checking is the injectivity statement in
Schlessinger’s condition (H4), namely that for all small extensions A→ B in C f

O
, the map

Defρ̄(A ×B A)→ Defρ̄(A) ×Defρ̄(B) Defρ̄(A)

is injective. Consider two elements ρ and r of Liftρ̄(A ×B A), and let g and g′ be elements of
Ĝ∨(A) attesting to their equivalence in the right-hand-side. Pushing down to B, which we denote
by a subscript B, the element g−1

B g′B of Ĝ∨(B) commutes with the image of ρB ∈ Liftρ̄(B); in
particular, it commutes with the image of ρB|ΓF̃,Σ

. We claim that under our hypotheses on ρ̄, the
centralizer ZG∨(B)(ρB|ΓF̃,Σ

) ∩ Ĝ∨(B) equals ẐG∨(B) for all lifts ρB of ρ̄. To see this, we argue by
induction on the length of B: if B → B/I is a small extension with I a 1-dimensional k-vector
space, then the induction hypothesis (for B/I) and smoothness of ẐG∨ imply that any element z of
ZG∨(B)(ρB|ΓF̃,Σ

) ∩ Ĝ∨(B) has the form zB · exp(X) for some zB ∈ ẐG∨(B) and

X ∈
(
g
∨ ⊗k I

)ρ̄(ΓF̃,Σ)
= z(g∨) ⊗k I.
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Thus z ∈ ẐG∨(B). Lifting g−1
B g′B to some z̃ ∈ ẐG∨(A), and replacing g by gz̃−1 we may assume g and

g′ map to a common element of B, proving that ρ and r are equivalent as elements of Defρ̄(A×B A).
We proceed to part (3). By construction of the complex C•

P
(ΓΣ, ρ̄(g∨)), we have a long exact

sequence

(24) 0 // H1
P

(ΓΣ, ρ̄(g∨)) // H1(ΓΣ, ρ̄(g∨)) //
⊕

v∈Σ H1(ΓF̃ṽ
, ρ̄(g∨))/Lṽ

//

// H2
P

(ΓΣ, ρ̄(g∨)) // H2(ΓΣ, ρ̄(g∨)) //
⊕

v∈Σ H2(ΓF̃ṽ
, ρ̄(g∨)) //

// H3
P

(ΓΣ, ρ̄(g∨)) // 0,

where the final term is zero because H3(ΓΣ, ρ̄(g∨)) = H3(ΓF̃,Σ, ρ̄(g∨))Gal(F̃/F) = 0 (recall that F̃ is
totally imaginary; indeed, the same argument, using that ` is coprime to [F̃ : F], implies that
Hi
P

(ΓΣ, ρ̄(g∨)) vanishes for all i > 3). The 9-term Poitou-Tate exact sequence of global duality also
yields a long exact sequence

(25) 0 // H1
P

(ΓΣ, ρ̄(g∨)) // H1(ΓΣ, ρ̄(g∨)) //
⊕

v∈Σ H1(ΓF̃ṽ
, ρ̄(g∨))/Lṽ

//

// H1
P⊥

(ΓΣ, ρ̄(g∨)(1))∨ // H2(ΓΣ, ρ̄(g∨)) //
⊕

v∈Σ H2(ΓF̃ṽ
, ρ̄(g∨)) //

// H0(ΓΣ, ρ̄(g∨)(1))∨ // 0.

To be precise, global duality gives such a sequence with ΓF̃,Σ in place of ΓΣ (and all places of
F̃ above Σ contributing to the local terms); the above sequence is the result of taking Gal(F̃/F)-
invariants. Comparing this and the previous 7-term sequence, we conclude that

• dimk H3
P

(ΓΣ, ρ̄(g∨)) = dimk H0(ΓΣ, ρ̄(g∨)(1)); and
• dimk H2

P
(ΓΣ, ρ̄(g∨)) = dimk H1

P⊥
(ΓΣ, ρ̄(g∨)(1)).

Now, the definition of the complex C•
P

(ΓΣ, ρ̄(g∨)) implies its Euler-characteristic is equal to

χ(ΓΣ, ρ̄(g∨)) −
∑
v∈Σ

χ(ΓF̃ṽ
, ρ̄(g∨)) +

∑
v∈Σ

(
h0(ΓF̃ṽ

, ρ̄(g∨)) − dimk Lṽ

)
.

A minor variant of the global Euler-characteristic formula (demonstrated in [CHT08, Lemma
2.3.3]), combined with the local Euler-characteristic formula, yields the formula

χ(C•P(ΓΣ, ρ̄(g∨))) =
∑
v|∞

h0(ΓFv , ρ̄(g∨)) − [F : Q] dimk g
∨(26)

+
∑
v|`

[Fv : Q`] dimk g
∨ +

∑
v∈Σ

(
h0(ΓF̃ṽ

, ρ̄(g∨)) − dimk Lṽ

)
=

∑
v|∞

h0(ΓFv , ρ̄(g∨)) +
∑
v∈Σ

(
h0(ΓF̃ṽ

, ρ̄(g∨)) − dimk Lṽ

)
.
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On the other hand, we have just seen that

(27) χ(C•P(ΓΣ, ρ̄(g∨))) = h0(ΓΣ, ρ̄(g∨)) − h1
P(ΓΣ, ρ̄(g∨)) + h1

P⊥
(ΓΣ, ρ̄(g∨)(1)) − h0(ΓΣ, ρ̄(g∨)(1)).

Combining Equations (26) and (27), we obtain the formula (23) stated in the proposition.
Finally, under the assumption that each Pv is liftable, for any small extension R→ R/I, and any

lift ρ ∈ LiftPρ̄ (R/I), we can construct an obstruction class obsρ,R,P ∈ H2
P

(ΓΣ, ρ̄(g∨)) ⊗k I, defined as
in the statement of [CHT08, Lemma 2.2.11].25 This class vanishes if and only if ρ admits a lift to
LiftPρ̄ (R). Then a classic deformation theory argument (see [Maz89, Proposition 2]) shows that RPρ̄
is a quotient of a power series ring over O in dimk H1

P
(ΓΣ, ρ̄(g∨)) variables by an ideal generated

by at most dimk H2
P

(ΓΣ, ρ̄(g∨)) elements; the last part of the proposition follows from the equality
(established in the course proving (3)) h2

P
(ΓΣ, ρ̄(g∨)) = h1

P⊥
(ΓΣ, ρ̄(g∨)(1)). �

Remark 9.4. We note a basic compatibility in the construction of these Selmer groups. For any
finite ΓΣ-module M, let {Lṽ}v∈Σ be a collection of sub-modules Lṽ ⊂ H1(ΓF̃ṽ

,M). For any w < Σ

split in F̃/F, with a specified place w̃ of F̃ above w, the inflation map

H1
{Lṽ}

(ΓΣ,M)→ H1
{Lṽ}∪Lunr

w̃
(ΓΣ∪w,M)

is an isomorphism: for surjectivity, note that a cocycle φ such that φ|IF̃w̃
= 0 also vanishes on IF̃w̃′

for all w̃′|w,26 so factors through ΓΣ.

10. The case −1 < WG

A minor variant of the argument of §§5 and 7 will treat the case of type E6 and consequently
complete the proof of Theorem 1.2. We carry out this variant in the present section, by establishing
a version of Ramakrishna’s lifting theorem for groups whose Weyl group does not contain −1. As
in §9, we restrict for simplicity to the case in which G∨ is an adjoint group; thus, we are really
concerned only with the groups PGLn, PSO4n+2, and the adjoint form of E6. Note that in these
cases the automorphism group of the Dynkin diagram is always Z/2Z.

10.1. Constructing LG. We retain the general setup of §9. Thus Ψ is a based root datum for which
we construct a dual group G∨ (in the sense of §9.1). We fix a number field F, which from now
on will be assumed totally real, and to a connected reductive group G over F with (absolute) root
datum Ψ we can associate a Z-form of the L-group LG. Our first aim is to choose this G, in the case
−1 < WG, so that LG admits ‘odd’ homomorphisms from ΓF , allowing us to work out a (minor)
variant of Ramakrishna’s method for LG. Recall from §4.5 that (now letting ρ be a half sum of
positive roots of G, hence a co-character of G∨) Ad(ρ(−1)) is no longer a split Cartan involution
of g∨, so composing an odd two-dimensional representation ΓF → PGL2(k) with the principal
homomorphism PGL2 → G∨ will no longer yield a homomorphism ΓF → G∨(k) satisfying item
(3) of §5. We now explain how to rectify this.

Let F̃/F be a quadratic totally imaginary extension of the totally real field F. The choice of
F̃ induces a canonical non-trivial element δF̃/F of Hom(ΓF ,Z/2Z) = Hom(ΓF ,Aut(Ψ)) (note that
Z/2Z has no non-trivial automorphism, so we are justified in writing ‘=’). We choose G to be
any form over F of the root datum Ψ so that the associated homomorphism µG : ΓF → Aut(Ψ)

25In their notation, take S = Σ and T = ∅.
26The groups IF̃w̃

and IF̃w̃′
are conjugate in ΓΣ∪w, and the cocycle relation implies φ(ghg−1) = 0 whenever φ(h) = 0

and h acts trivially on M.
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is equal to δF̃/F . To be precise, if G0 is a pinned split form of Ψ over F, giving a base-point in
H1(ΓF ,Aut(G0,F)), we can take G to be any form whose cohomology class lifts δF̃/F under the
homomorphism

H1(ΓF ,Aut(G0,F))→ H1(ΓF ,Out(G0,F)) = H1(ΓF ,Aut(Ψ)).

As in §9.1 we obtain the principal homomorphism

ϕ : PGL2 × ΓF →
LG.

The next lemma, which is essentially [Gro97, Proposition 7.2], establishes the necessary ‘oddness’
for the representations ΓΣ →

LG(k) that we will consider in Theorem 10.6.

Lemma 10.1. For any infinite place v|∞ of F, let cv ∈ ΓF denote a choice of complex conjugation,
and let θ be the element

θ = ϕ

((
−1 0
0 1

)
× cv

)
of LG. Then Ad(θ) is a split Cartan involution of g∨, i.e. dimk(g∨)Ad(θ)=1 = dimk n.

Proof. For our choice of G, the homomorphism µG factors through δF̃/F : Gal(F̃/F) → Aut(Ψ),
with any complex conjugation cv mapping to the non-trivial element of Aut(Ψ) (the opposition
involution). By [Gro97, Proposition 7.2], which continues to hold under the assumption ` ≥ 2h∨−1
(see Lemma 7.3 and the proof of [Gro97, Proposition 7.2]), the trace of Ad(θ) is − rk(g∨). Since
θ2 = 1, it follows easily that

dimk(g∨)Ad θ=1 =
dimk g

∨ − rk g∨

2
= dimk n.

�

10.2. The lifting theorems. We continue with an F̃/F and LG as in §10.1. Let Σ be a finite set
of finite places of F, containing all places above `, such that all members of Σ split in F̃/F. For
each v ∈ Σ, we fix extensions ṽ of v to F̃ and fix embeddings ΓF̃ṽ

↪→ ΓF̃,Σ. Assume we are given a
continuous L-homomorphism

ρ̄ : ΓΣ →
LG(k)

(in particular, ρ̄(ΓF̃,Σ) ⊂ G∨(k)) such that the centralizer in g∨ of ρ̄|ΓF̃,Σ
is trivial, and that moreover

satisfies the following properties:
(1) h0(ΓΣ, ρ̄(g∨)) = h0(ΓΣ, ρ̄(g∨)(1)) = 0.
(2) For all v ∈ Σ, there is a liftable local deformation condition Pv for ρ̄|ΓF̃ṽ

satisfying

dim Lṽ =

h0(ΓF̃ṽ
, ρ̄(g∨)) if v - `;

h0(ΓF̃ṽ
, ρ̄(g∨)) + [Fv : Q`] dim(n) if v|`.

(3) For all v|∞, Ad(ρ̄(cv)) is a split Cartan involution of g∨, i.e. h0(ΓFv , ρ̄(g∨)) = dim(n).
(4) Let K = F̃(ρ̄(g∨), µ`). Note that F̃Σ contains K. Then H1(Gal(K/F), ρ̄(g∨)) = 0 and

H1(Gal(K/F), ρ̄(g∨)(1)) = 0.
(5) For any pair of non-zero Selmer classes φ ∈ H1

P⊥
(ΓΣ, ρ̄(g∨)(1)) and ψ ∈ H1

P
(ΓΣ, ρ̄(g∨)), the

restrictions of φ and ψ to Gal(F̃Σ/K) are homomorphisms with fixed fields Kφ and Kψ that
are disjoint over K. (From now on we denote Gal(F̃Σ/K) by ΓK,Σ; this notation is consistent
with the notation ΓF̃,Σ since K/F̃ is ramified only at places above Σ.)
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(6) Consider any φ and ψ as in the hypothesis of item (5) (we do not require the conclusion to
hold). Then there is an element σ ∈ ΓF̃,Σ such that ρ̄(σ) is a regular semi-simple element
of G∨, the connected component of whose centralizer we denote T∨, and such that there
exists a root α∨ ∈ Φ(G∨,T∨) satisfying
(a) κ(σ) = α∨ ◦ ρ̄(σ);
(b) k[ψ(ΓK,Σ)] has an element with non-zero lα∨ component;27 and
(c) k[φ(ΓK,Σ)] has an element with non-zero g∨

−α∨
component.

Proposition 10.2. Under assumptions (1)-(6) above, there exists a finite set of primes Q of F,
disjoint from Σ and split in F̃/F, and a lift

LG(O)

��

ΓΣ∪Q ρ̄
//

ρ
;;

LG(k)

such that ρ is type Pv at all ṽ ∈ Σ̃ and of Ramakrishna type at each ṽ ∈ Q̃, where Q̃ consists of, for
each v in Q, a specified extension ṽ of v to F̃.

Proof. With the following modifications, the proof of Proposition 5.2 applies verbatim:
• Replace ΓF,Σ with ΓΣ (likewise for Σ ∪ w).
• In Lemma 5.3, require w < Σ to be split in F̃/F; note that now we assume the existence of a
σ ∈ Gal(F̃(ρ̄)/F̃) satisfying the conclusion of item (6), and we find the desired split primes
of F̃/F by applying the Čebotarev density theorem to the Galois extension F̃(ρ̄)KφKψ/F̃
(recall that the primes of F̃ that are split over F have density one in F̃).

�

There is no difficulty now in deducing an analogue for LG of Theorem 6.4:

Theorem 10.3. Let F be a totally real field with [F(µ`) : F] = ` − 1, and let F̃/F, Σ, and LG
be as in §10.1. Suppose ρ̄ : ΓΣ →

LG(k) is a continuous representation satisfying the following
conditions:

(1) There is a subfield k′ ⊂ k such that ρ̄(ΓF̃,Σ) contains im
(
G∨,sc(k′)→ G∨(k′)

)
.

(2) ` − 1 is greater than the maximum of 8 · #ZG∨,sc and(h∨ − 1)#ZG∨,sc if #ZG∨,sc is even; or
(2h∨ − 2)#ZG∨,sc if #ZG∨,sc is odd.

(3) ρ̄ is odd, i.e. for all complex conjugations cv, Ad(ρ̄(cv)) is a split Cartan involution of g∨.
(4) For all places v ∈ Σ not dividing ` · ∞, ρ̄|ΓF̃ṽ

satisfies a liftable local deformation condition
Pv with tangent space of dimension h0(ΓFv , ρ̄(g∨)) (eg, the conditions of §4.3 or §4.4).

(5) For all places v|`, ρ̄|ΓF̃ṽ
is ordinary in the sense of §4.1, satisfying the conditions (REG) and

(REG*).

27Here recall that we write t∨ = lα∨ ⊕ t
∨
α∨ for the decomposition of t∨ into the span lα∨ of the α-coroot vector for G∨

and t∨α∨ = ker(α).
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Then there exists a finite set of primes Q, disjoint from Σ and split in F̃/F, and a lift

LG(O)

��

ΓΣ∪Q ρ̄
//

ρ
;;

LG(k)

such that ρ is type Pv at all ṽ ∈ Σ̃ (taking Pv to be an appropriate ordinary condition at v|`) and of
Ramakrishna type at all ṽ ∈ Q̃ (again, having fixed an extension ṽ of v in Q to F̃). In particular ρ̄
admits a characteristic zero lift that is geometric in the sense of Fontaine-Mazur.

Proof. Proceed as in the proof of Theorem 6.4, but now using Proposition 10.2. We leave the
details to the reader. �

Next we deduce an analogue of Theorem 7.4:

Theorem 10.4. Assume now that G is of type E6, and let ` be a rational prime greater than
4h∨ − 1 = 47. Let F be a totally real field for which [F(ζ`) : F] = ` − 1, and let r̄ : ΓF → GL2(k)
be a continuous representation unramified outside a finite set Σ of finite places, which we assume
to contain all places above `. Assume that r̄ moreover satisfies the following:

(1) For some subfield k′ ⊂ k,

SL2(k′) ⊂ r̄(ΓF) ⊂ k× · GL2(k′);

(2) r̄ is odd;
(3) for each v|`, r̄|ΓFv

is ordinary, satisfying

r̄|IFv
∼

(
χ1,v ∗

0 χ2,v

)
,

where
(
χ1,v/χ2,v

)
|IFv

= κrv for an integer rv ≥ 2 such that ` > rv(h∨ − 1) + 1;

We then choose a quadratic totally imaginary extension F̃/F with the following properties:

• All elements of Σ split in F̃/F.
• F̃ is linearly disjoint from F(r̄, ζ`) over F.

Then using F̃/F we can define the L-group LG over Z as in §10.1 and consider the composite
homomorphism

ΓΣ
r̄
//

ρ̄

((

PGL2(k) × Gal(F̃/F)
ϕ
// LG(k).

We additionally assume that for all primes v ∈ Σ not dividing `, we can find liftable local deforma-
tion conditions Pv for ρ̄|ΓF̃ṽ

such that dim Lṽ = h0(ΓFv , ρ̄(g∨)).
Then there exists a finite set of places Q disjoint from Σ and a lift

LG(O)

��

ΓΣ∪Q

ρ
;;

ρ̄
// LG(k)
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such that ρ|ΓF̃ṽ
is of type Pv for all v ∈ Σ, and (having specified a place w̃|w of F̃ for all w ∈ Q)

ρ|ΓF̃w̃
is of Ramakrishna type for all w ∈ Q.

Remark 10.5. As with Theorem 7.4, the argument will apply to simple types D2n+1 and An once
Lemma 7.6 is established in those cases.

Proof. First, it is clear that we can find such an extension F̃/F: it suffices to choose a quadratic
imaginary field Q(

√
−D) in which all (rational) primes below Σ are split, and which ramifies at

some prime that is unramified in F(ρ̄, ζ`); existence of such a D follows from the Chinese Remain-
der Theorem.

We now rapidly verify the six conditions of the axiomatized lifting theorem, as enumerated at
the start of §10.2. That the centralizer in g∨ of ρ̄|ΓF̃,Σ

is trivial follows as in Theorem 7.4, since F̃ is
linearly disjoint from F(r̄). Likewise condition (1) follows as before, it even sufficing to consider
ΓF̃,Σ-invariants. Condition (2) is satisfied by assumption, and by taking an appropriate ordinary
deformation condition at v|`. Oddness of r̄ and Lemma 10.1 together imply condition (3).

The argument of Theorem 7.4 also implies the cohomological vanishing statements of condition
(4): to be precise, the argument there directly applies to the cohomology of Gal(K/F̃), but since
` is coprime to [F̃ : F] = 2 the slight strengthening here also holds. Condition (5) is also the
identical argument (using the element σ to be constructed in the verification of condition (6)).
For condition (6) we construct an element σ ∈ Gal(F(ad0(r̄), ζ`)/L), where L is as before the
intersection F(ad0(r̄)) ∩ F(ζ`), exactly as in Theorem 7.4; we then note that since F̃ is linearly
disjoint from F(ad0 r̄, ζ`), we can in fact extend σ to an element of ΓF̃·L, and in particular we may
regard it as an element of ΓF̃,Σ. Finally, the group theory establishing the trickiest condition (6)
was already checked for type E6 in the proof of Lemma 7.6: for the desired simple root α, we can
take any simple root not fixed by the outer automorphism of E6. �

10.3. Deformations with monodromy group E6. Finally in this section we complete the proof
of Theorem 1.2 by treating the case of E6.

Theorem 10.6. There is a density one set of rational primes Λ such that for all ` ∈ Λ there
exists a quadratic imaginary field F̃/Q, an almost simple group G/Q of type E6, and an `-adic
representation

ρ` : ΓQ →
LG(Q`)

whose image is Zariski-dense in LG � G∨ o Z/2Z. After restriction to ΓF̃ , the image of ρ`|ΓF̃
is

Zariski-dense in G∨.

Proof. We choose a (non-CM) weight 3 cuspidal eigenform that is new of some level Γ0(p)∩Γ1(q),
exactly as in Theorem 7.4, and consider the associated residual representations

r̄ f ,λ : ΓQ,Σ → GL2(Fλ)

where Σ = {p, q, `} (λ|`). For a density one set of `, and a quadratic imaginary field F̃/Q chosen as
in Theorem 10.4, we obtain a homomorphism

ρ̄ : ΓΣ →
LG(Fλ)

satisfying all the hypotheses of Theorem 10.4, where we take (after possibly enlarging Fλ) Stein-
berg, minimal, and (sufficiently generic) ordinary deformation conditions at (the specified split
place of F̃ above) p, q, and `, as in Theorem 7.4. Let ρ denote the resulting lift to LG(Q`). Again
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by Lemma 7.7 and Lemma 7.8, now applied to ρ|ΓF̃,Σ
, we see that the Zariski closure of the image

ρ(ΓF̃,Σ) is all of G∨. �

Remark 10.7. Recall that we had a great deal of flexibility in choosing the field F̃, and we acquire
more by allowing the modular form f (and, more precisely, its primes p and q of ramification) to
vary. Some strengthening of Theorem 10.6 is surely possible in which one tries to describe the
fields F̃ for which the conclusion of the theorem can be shown to hold, but we do not pursue this
here.

As with Theorem 8.4, note that we can check computationally whether a given prime ` belongs
to the density one set admitted in the theorem statement.
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[Panoramas and Syntheses], vol. 42-43, Société Mathématique de France, Paris, 2014, p. 458.

[CPS75] Edward Cline, Brian Parshall, and Leonard Scott, Cohomology of finite groups of Lie type. I, Inst. Hautes
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