
Math 6520 Problem Set 3, Spring 2018
The van Kampen theorem

(1) We say that a category C is complete (respectively cocomplete) if it has all limits (re-
spectively colimits). That is, for any small category I and any functor F : I → C, lim F
(respectively colim F) exists.
(a) Show that the category of abelian groups is complete and cocomplete (“bicomplete” is

the term when both of these properties hold). Note this requires giving a construction
and then showing it satisfies the universal property.

(b) Show that the category of topological spaces is complete and cocomplete.
(2) Use our description in class of the effect on the fundamental group of attaching a 2-cell

to compute the fundamental group of an orientable surface of genus g (use the familiar
description of this space as a 4g-gon with certain edge identifications. Do the same for a
non-orientable surface of genus g.

(3) Let f : S 1 → X = S 1 be the map f (z) = z2, and form (as in class) the attaching space
X ∪ f D2. Show this space is homeomorphic to RP2.

(4) Let X be a simply-connected space (i.e., X is path-connected and its fundamental group
at any base-point is trivial). Show that the fundamental groupoid Π(X) is equivalent to
the category with one object and a unique map from this object to itself (necessarily the
identity). After thinking through this case, show more generally that if X is path-connected,
then for any base-point x ∈ X, the canonical functor Bπ1(X, x) → Π(X) is an equivalence
(you needn’t write up the two parts separately).1

(5) This exercise will guide you through a calculation of π1(S 1, 1) using the fundamental
groupoid form of the van Kampen theorem (recall that the classical group-theoretic form
of van Kampen does not apply to compute π1(S 1, 1)). This calculation in no way uses
covering space theory!
(a) We’ll actually use yet another version of the van Kampen theorem. Let A ⊂ X be

any subset, and define Π(X, A) to be the full subcategory of Π(X) whose objects are
the points of A (i.e., an object of Π(X, A) is an element of A, and a morphism is an
equivalence class of paths in X between two elements of A). Taking A to be {x} or X
recovers Bπ1(X, x) and Π(X), respectively. Then one has the following version of the
van Kampen theorem (for simplicity, we just look at covers by two subsets):

Theorem 0.1. Let X0 and X1 be subspaces of X whose interiors cover X, and let A be
a subset of X meeting every path-component of X0, X1, and X0 ∩ X1. Then the functors
coming from the inclusions induce a pushout square in groupoids:

Π(X0 ∩ X1, A) //

��

Π(X0, A)

��

Π(X1, A) // Π(X, A).

1Recall the terminology and notation: for any group G, we let BG denote the groupoid with one object ∗ and
HomBG(∗, ∗) = G, with composition given by the composition law in G. Recall too that two categories C and D are
equivalent if there exist functors F : C → D and G : D → C such that G ◦ F and F ◦ G are naturally isomorphic–
not necessarily equal!–to the respective identity functors on C and D. If one replaces “naturally isomorphic” with
“equal,” then one obtains the much stronger notion of isomorphism of categories. Note that the above examples are
not typically isomorphisms of categories.
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The first part of this problem is to read the proof of this theorem that I will add to the
notes on Overleaf.

(b) Now apply part (a) to compute the fundamental group of the circle as follows. Take
the cover that in class showed the necessity of path-connectedness in the group form
of van Kampen, i.e. X0 and X1 are two open arcs whose interiors cover X = S 1

and that intersect in two path components, and let a and b be points in these two
components. Set A = {a, b} ⊂ X. Show that the only non-identity morphisms in
Π(Xi, A) (i = 0, 1) are a unique map γi : a → b and its inverse (this is very similar
to exercise (3)). Similarly, show that Π(X0 ∩ X1, A) is just the discrete groupoid (no
non-identity morphisms) on two objects.

(c) We now have an explicit combinatorial model for the categories appearing in Theorem
0.1. Show (by verifying the universal property) that the pushout is the groupoid Π

whose objects are {a, b} and such that HomΠ(a, b) = {γ0, γ1}, and AutΠ(a) = {(γ−1
1 ◦

γ0)n}n∈Z, and similarly for AutΠ(b). Theorem 0.1 tells us Π is isomorphic to Π(X, A),
so we can compute π1(X, a) = AutΠ(a) � Z.

(6) We have discussed pushouts X∪AY for general diagrams X ← A→ Y of topological spaces.
These can be rather nasty in general. But there is one frequently occurring situation in
which the topology on the pushout can be understood quite explicitly. For this, we assume
that ι : A→ X is a closed embedding, and f : A→ Y is any map. Then X ∪A Y is known as
an attaching space or an adjunction space. All parts of the following exercise assume ι is a
closed embedding, unless otherwise stated.
(a) Identify the fibers of the quotient map X t Y → X ∪A Y (for this simple description of

the fibers, you just need A→ X to be injective).
(b) Show that the canonical map Y → X ∪A Y is a closed embedding.
(c) Show that X \ A→ X ∪A Y \ Y is a homeomorphism onto the open subset X ∪A Y \ Y .
(d) Show that if X and Y are T1, then so is X ∪A Y .
(e) Here is an example of a funky behavior when ι is not a closed embedding: show that

the pushout of the diagram R← R \ 0→ R is not Hausdorff.
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