
Homework 8, due 10/9/2015

1. Define a sequence recursively by a1 = 1, a2 = 1, and an+2 = 2an+1 + 3an
for all n ≥ 1. Find a closed formula for an.

2. Let V and W be vector spaces over a field F . Consider the set Hom(V,W )
of all F -linear transformations from V to W .

(a) Show that Hom(V,W ) is itself naturally an F -vector space: we add
two elements φ1, φ2 by setting (φ1 + φ2)(v) = φ1(v) + φ2(v) for all
v ∈ V –you write down the formula defining scalar multiplication.

(b) If V and W have dimension n and m, respectively, what is the di-
mension of Hom(V,W )?

(c) Consider the special case W = F . The vector space Hom(V, F ) is
known as the ‘dual’ of V , usually written V ∗. If λ is a non-zero
element of V ∗, what is dim (ker(λ))? Use your answer to establish a
natural bijection (for V of dimension n) between the set of lines in
V ∗ and the set of (n− 1)-dimensional subspaces in V (compare this
with a question on HW6: since V and V ∗ have the same dimension,
this shows, for instance, that the number of planes in F3

p is equal to
the number of lines in F3

p).

3. For any pair of vector spaces V1 and V2 over a field F , define the product
vector space V1 × V2 to be the set of pairs (v1, v2) with each vi ∈ Vi, and
the operations taken component-wise: (v1, v2)+(v′1, v

′
2) = (v1+v′1, v2+v′2)

and c(v1, v2) = (cv1, cv2).

(a) If dimV1 = d1 and dimV2 = d2, what is dim(V1 × V2)?

(b) Show that for any third vector space W , there is a natural isomor-
phism

Hom(V1 × V2,W )
∼−→ Hom(V1,W )×Hom(V2,W ).

(c) Now suppose that in part (b), V1 and V2 are actually both subspaces
of W , so the inclusions Vi ⊂ W give us (from (b)) an element ϕ
of Hom(V1 × V2,W ). Describe concretely the subspaces ker(ϕ) and
im(ϕ) of W .

(d) In the setting of part (c), suppose W = F 6 and V1 and V2 are both
4-dimensional subspaces of W . What are the possible dimensions of
the intersection V1 ∩ V2? (eg, if V1 = V2, then the intersection is
obviously 4-dimensional; but it will be smaller if we choose different
4-dimensional subspaces.)

4. (Artin 4.2.2) Let A be an n × n matrix, and let V be the space of n-
dimensional row vectors. What is the matrix of the linear operator “right
multiplication by A” with respect to the standard basis of V ? (As usual,
the ith standard basis vector is the row vector with 1 in the ith position
and zeroes elsewhere.)
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