
Comments on HW 2

1. Artin 2.2.1. Everybody basically got this, but some people made a careless
mistake and got one entry wrong. I just wanted to point out that there is
a good self-check here: no row or column of the multiplication table can
contain a single element more than once. Why? By the key observation
in the proof of Euler’s theorem and Lagrange’s theorem: for any group G,
and any element x ∈ G, the left-multiplication map

G→ G

g 7→ x · g

is a bijection (and likewise for the right-multiplication map g 7→ g · x).

2. Artin 2.2.4e The set H is not even a subset of G, so it certainly can’t be
a subgroup. There was some confusion here, because H can be made into
a group by the usual matrix multiplication; but its identity element is not
equal to the identity in G, yet another reason it can’t be a subgroup.

3. As requested in class, Artin 2.9.6: given a pair of coprime integers a and
b, and any two integers u and v, show that there exists an integer x such
that

x ≡ u (mod a),

x ≡ v (mod b).

People gave essentially-correct but often imprecisely phrased solutions:
very often there was ambiguity about whether certain quantities were
supposed to be elements of Z/a, Z/b, Z/ab, or Z. It is essential when you
define an element to say where it lives! Anyway, here are two solutions:

1st proof: We need to find an integer x that can be simultaneously ex-
pressed in the form x = u + am and x = v + bn for some integers m and
n. To do this, note that since a and b are coprime, we can find m,n ∈ Z
satisfying u − v = −am + bn. Then x = u + am = v + bn is the desired
solution.

2nd proof: This time I’ll follow Artin’s hint. It is longer than the 1st proof,
but it has certain conceptual and computational advantages. Here is the
strategy: we will first solve the congruences

y ≡ 1 (mod a)

y ≡ 0 (mod b)

and

z ≡ 0 (mod a)

z ≡ 1 (mod b)
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for some integers y and z. Then x = uy + vz gives an integer solution to
the (u, v) congruence. To find such a y, it is equivalent to find integers
m and n such that 1 + am = bn (this common value will be y), and we
can always do this because a and b are coprime (this is just the argument
from the first proof). Ditto for z, so we’re done.

Here’s one quite practical advantage of this proof. Suppose you (or your
computer) needed to solve millions of congruences modulo some fixed (but
enormous) integers a and b. The first proof gives you for every pair (u, v)
a procedure to follow to get the solution: run the Euclidean algorithm to
find an x. The second proof shows explicitly that you only have to run
the Euclidean algorithm twice–and in fact only once if you think about
it–and then for any pair (u, v) you can quickly generate a solution x from
the ‘seed’ solutions y and z. (Of course this can also be seen directly from
the first proof, but it isn’t made explicit: the second proof actually tells
you how you would program your computer.)

A more conceptual take on the second proof is that we are really estab-
lishing surjectivity of the natural homomorphism (for now just of abelian
groups, but really of rings for those of you who know this word)

Z→ Z/a× Z/b.

(We haven’t formally talked about the product of groups, although some
of you used this notion: we’ll see it soon.) The target group Z/a × Z/b
has generators (in the sense of problem 2 on this homework) (1, 0) and
(0, 1), and Artin’s viewpoint is that a homomorphism G1 → G2 of groups
is surjective if and only if its image contains a set of generators for G2.

Finally, as some of you noted, a slight extension of the exercise actually
establishes an isomorphism (of groups under addition for us, but really of
rings)

Z/ab ∼−→ Z/a× Z/b.
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