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Formula of Clausius (1879) and Mossotti (1846-1850),
Lorenz (1869, 1875, 1880), Lorentz (1870) 
Maxwell (1873) and
Maxwell Garnett (1904)

Dilute periodic array of spheres: Rayleigh (1892).

History – see Landauer (1978), 1st ETOPIM conference proceedings



Hashin-Shtrikman Sphere Assemblage (1962)

Neutral Inclusion

Exact Formula:



Naomi Halas’s Group (2002)

Gold Nanoshells



Doubly coated sphere 
assemblages
(Schulgasser 1977)



Bergman-Milton Bounds (1980)

Model independent bounds:



Group of 
Martin Wegener



Group of Julia Greer





With the addendum that ‘the properties of the metamaterial can 
be mapped onto effective-medium parameters’,

Metamaterials are rationally designed composites made of tailored 
building blocks that are composed of one or more constituent bulk 
materials. The metamaterial properties go beyond those of the 
ingredient materials, qualitatively or quantitatively.

With Kadic, Van Hecke and Wegener 2019



Hall Voltage



Mathematically: Find a conducting periodic composite 
with say cubic symmetry, where the matrix-valued electric field 
has negative trace of its cofactor matrix in some regions. 
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Experimental realization of Kern, Kadic, and Wegener



Alternate Structure of Christian Kern:





Metamaterial Mantra: what is not obviously forbidden may actually be possible 



Qu, et.al 2017

One can get a similar effect for poroelasticity

Same equation,
but different physics





New classes of elastic materials (with Cherkaev, 1995)

Like a fluid it only supports one 
loading, unlike a fluid that 
loading may be anisotropic





Key Feature: At any junction only 4 tips meet







More generally, as observed by Norris (2008) , pentamodes can be used for 
acoustic cloaking. They can guide the stress field around the object to be cloaked.

A pentamode has effective elasticity tensor 

On a macroscopic scale with smoothly varying pentamode structure we
can get an elasticity tensor field 

The associated stress field is 

(          must be chosen so this can have zero divergence).



(Joint work with Bouchitte, Mattei, and Seppecher, 2019)

A network under given tension having internal nodes where more than 4 wires
meet can be replaced by a network where at most 4 wires meet 
at any internal node:



Propagating Waves

Propagating Waves Evanescent Waves

Evanescent Waves
Wave Equation:

Excitement in the early 2000’s: negative refractive index







Focusing beyond the diffraction limit: the superlens (Pendry, 2000)

Widespread, but incorrect………



Answer to how superlenses image a point source comes from an earlier paper: 







Cloaking due to anomalous 
resonance
With Botten, McPhedran
Nicorovici 2006,2007

Many other works
in particular
by Hoai Minh Nguyen 



Similarly for the “perfect lens” there are anomalously resonant regions:

In fact instead of getting perfect transmission sometimes the transmission is zero! The
lens “cloaks” the dipole energy source if it is close enough to the lens. 









Experiment: Liu et. al (2000)

High Contrast
homogenization



(With John Willis). Note: the displacement must be small 
compared to the cell size



“The monochromatic macroscopic behavior is elastic, but with an 
effective density of tensorial character and depending on the 
pulsation”

"hatched areas correspond to negative densities , 
i.e., to stopping bands."

Auriault and Bonnet (1985)

Early work recognizing anisotropic and negative effective densities:

And in english (1995):



Anisotropic Density 

Anisotropic density in 
layered materials:
Schoenberg and Sen (1983)

(With John Willis)



(With John Willis)



Unimode and Bimode
Affine Materials







These are ideal
“Auxetic” materials



(Answer: any trajectory!)



Hart’s A Frame







Bimode material for which the only easy modes of deformations
are affine ones



Characteristic Feature of Affine Materials: 
They dislike strain gradients – elastic energy not just a
function of 

Example of Pierre Seppecher
Like a Pantograph:



With Ornella Mattei

Field Patterns: A new type of wave









What happens at a time interface?

Bacot, Labousse, Eddi, Fink, and Fort, Nature 2016







How to avoid this complicated cascade?

Lurie, Onofrei, and Weekes (2009) suggested having a zero
impedance mismatch:



Curiously they found accumulations of the characteristic lines:

A bit like a shock but in a linear medium!









A New Wave
Related to PT-symmetry





Bloch Waves are:
Infinitely Degenerate!



Thank-you for listening



Available on my website

Only $80.


