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Transformation Optics Discovered



O BO3MOXXHOCTH CONOCTABJEHUS TPEXMEPHDBIX 3JIEKTPO-

MATHUTHBIX CUCTEM C HEOJHOPOOHBIM AHH3OTPOITHBIM
SANNOJIHEHUHEM

J. C, Hosuu E

Hokasano, vre, ocwosmpasies wa s

OTHOCHTCALIO ONPEALICHHOro Buga npeoGpasonanni METPHKH TPOCTPAICTRA i
MPORNIACMOCTCI CPedpl, MOMKIO HCCARADBATE TPEXMepPHLIE CHCTEMEI ¢ HeOAHO-

POXHBIN AHHIOTPOMHBIM 3a{I0ONHEHIEeM nyTeM HX ED[’]DCTHBI[EH}{F[ C upyrumu, Go-
JIEe TPOCTLIMH TREXMEPHLIMH CHCTEMAMIL.

puanTHocT ypaucHnit Mageneia,

TO THE POSSIBILITY OF COMPARISON OF THREE - DIMENSIONAL
ELECTROMAGNETIC SYSTEMS WITH NONUNIFORM
ANISOTROPIC FILLING

L. 8. Dolin

[t was shown that it is pessible to investigate three-dimensional I-‘fJ’ﬁ*”'}‘ﬂd_“;’lﬁl:
nonuniform anisotropic filling by comparison them WI”ILII”IET, maore r:iu?m L |t-m::E|;-:l£nuI-;
Slunal systems, The examination 1s made basing on an invariance of Maxwels cquation:

relative 1o (he certain fvpe of transformation of space metele and medivm permeabiltity
tnd permittivity,



}mﬁ ?HHE%TIHG, H4TO A0S pRla CHCTEM 3JACeKTPOMATHHTHLIE IO MOTYT OBITh
cm;gc-]rlfl:[,r JLE HEMOCPEACTBEHHOTO DEMICHHH YpaBHesni Makcsesua, MnyTemn
oo ABACHIA C noAsMI ADYrux, Gosee npocThx cucrem, Cloaa oTHOCATCS
Liep MEDHLIC CTATHYECKHE CHCTEMBL, KOTOPHE MOTYT ObITH HCCAEN0BANEL
CH;‘:&?M fo"J.I'I(];!DPMHGJ'(] PeOCPASOBAHHSA I'PAHHI, TPEXMEDPHHE CTATHYECKHE
bl C KYCOYHO-OOHOPOAHEIM AUINEK TPHYECKHM (MACHHTHEIM) 3aTm0JHE-
HHEM CHJOBLIX TPYOOK HJH 06AacTel, OrpANHYEHHHX 9KBUIOTEHIHANLHEIM
NOBEPXHOCTAMH, 8 TAKME HEKOTODHE BHICOKOYACTOTHEIE CHCTEML CO CIE-
HHATBHO NOAOOPAHHBIMU PACTIPeLeNeHHIMHE TPOHHIAeMOCTel. [lefcTRITEND-
HO, AJST HEKOTOPBIX CHCTEM C OHOPOJHEIM 38MOJHEHNEM YIaerca nogobparth
TAKYIO METDHKY, B KOTOPOH MaKCREJJIOBCKHE ypasHeHia (POPMaJLHO He
OTAHYAIOTCH OT ypaBHEHuN, ONHCHBAIOWHY [OOAE B COOTBETCTRYIOILIM 0f-
pgsgm pacipe/lej€HHON HEOAHOPOJHON CDeAE, HO BANMCAHHBIX B APYTHX
OOOOLLEHHBIX KOOpAMHATAX. Taknm nyreM Obin HaljeHH, B YACTHOCTH,
pemﬂlqma HEKOTODBRIX ABYXMEDHBIX 34784 W 32144 C aAKCHANLHON CHMMeT-
puefr [19]. |
It is known that, for certain systems electromagnetic fields can be found without
directly solving the Maxwell’s equations, by comparing them with the fields for other,
simpler, systems. Here one can mention two-dimensional static systems, which can be
I t H tion two-d | stat t hich b
investigated using the method of conformal mapping of boundaries, three-dimensional
static systems with piecewise constant dielectric (magnetic) material parameters for
domains bounded by equipotential surfaces; examples also include some high-
frequency systems with optimally tuned distributions of the permittivity/permeability.
Indeed, for some systems with a homogeneous medium it is possible to select a metric
in which Maxwell’s equations are formally no different from the equations describing
the field in a corresponding inhomogeneous medium, but expressed in different
generalized coordinates. In this way, one can find particular solutions of some two-

dimensional problems and of problems having axial symmetry [1-3].
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The aim of the present communication is a comparative analysis of analogous three-
dimensional electromagnetic systems.

Let us write down the Maxwell’s equations in generalized orthogonal coordinates:

(See above equations) (1)
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3necs E u H—uanpsieHnocTH A€ KTPHYECKOr0 H MArHHTHOLO nmoaei,
JE U J¥—INIOTHOCTH SJAEKTPHUECKHX H MATHHTHBIX TOKOB, ¢ H o™ —00neM-
HEBEIC TIMOTHOCTH EUGTEETCTB}”DU[HK JApanos, s, H Pojp—KOMIOHEHTH TEH30-
POB OHSASKTDHUBCKOH || i 1w MarsuTHoH | L || NPOHHDAEMOCTEH,

£ 0GOONLEHHBIE ODTOTOHAJALHBE KoopaumaTe (=1, 2, 3), uMewne pas-
MEPHUCTE JLAHHBE, {1, — COOTBETCTBYIOIILE  ITUM  KDOPANHATIM M, CIeioBa-
rednio, DespadMeprbie Kozdduupedta JSlave; nuexen 4, f, R ofpasyior
BCCROAMOWHBIE HEANYECKHE TICPEeCcTanORR o3 uncea |, 2, 4.

Here E and H are the electric and magnetic fields strengths, j€ and j™ are densities of
the electric and magnetic currents, p® and p™ are volumetric densities of
corresponding charges, €;;, and ;; are the components of the tensors of dielectric
permittivity | | €;%|] and of magnetic permeability || w;x || respectively, the &; are
generalized orthogonal coordinates (i=1,2,3) having the dimensions of length, the h;
are the non-dimensional metric Lame coefficients (scaling factors) corresponding to
these coordinates; the indices i,j,k form all possible cyclic permutations of 1, 2, 3.



LleTpyano yOAHTLCT B TOM, YTO  CHeTouil ypasnenuil (1) jam koni-
PIATHBIX COCTARMAIONUIX REKTOPOD HOMY UHBADHATTHA OTHOCHTEALID TAKILN
NpeoGpasoBaiiil  MeTPHKE  TRPOCTPANCTRY, UPONHIENOCTel Cpejinl 1 pac-
Hpejleaenis  HCTOYHHKOR  3AEKTPOMATHLETHOIG 1O, TIPH KOTOPLX 00
APCMEHHO COXPAHSIOTCT CIACAYIONIHC BETiih:

J'!’ehf' - : . .
2, - = e, Jth ok, =rtnvar., o R = invar
l'ili ‘Iri ¥ |I d -|II- ] 1 | i al ¥
{
(2)
fi i
Ji . : . :
- o= nvar,  jU gy, = invar,  g*hhh, = invar
! .

e B, b=1, 2,3 w {5/ k. M3 nupapuawtiHocTH ypaBneunii caenyer
BUIMOMHGCTL CYLECTBOBAHHS HHBAPDHANTHRIX pelaennii™:

G, = invar; I H, = invar, (3)

It is straightforward to verify that the system (1) of equations for the covariant
components of the field vectors is invariant with respect to such transformations of the
metric of the space, the medium’s permittivity and permeability and of the distributions
of the sources of the electromagnetic field, for which the following entities are

simultaneously conserved:
(See the above equations) (2)

where k=1, 2,3 and i#j # k. The invariance of the equations implies the possibility of
existence of invariant solutions*:

hE, = invar; hH, = invar, (3)



Yeaoous (2), (3) mMoryr 6oiTh HOJOKCHL B OCHORY IPHNILANG COMO-
CTABJEHHS NMOJEH B TPEXMEPHBIX CHCTEMAX C HEOJHOPOANEM &HHIOTROIHEIM
sanognenHeM. B ofdiem caydae anusoTpoinHocTh asafercd Hens0ermnon,
THK KAK AA8 CKaAApHBEIX 3HaueHuil & u | rpeboranua (2) Moryt crTarh
IPOTHBOPEYHBBIMH,

[MpouaaioctTpupyenm ofmue coothowenua (2), {3) neckoibknmMi TPOCTHL-
MH IPHMEDAMH. -

HauneM € 3a144H 0 cONCTBENHBIX KOoAeGaligX Pe3oHaATOPOB ¢ HAEANBHO-
IPOBOASIMMH  cTenKaMu. M3 monydeHnux (Qopmya Caeayer, HTO ewan
B BHIPAM(EHHAX A5 [OJEH HEKOTOPOTD HCXOJZHOrO pEe30HATOpPa CleJsarh
(OpMATBHYIO SaMeHy NEPEMEHHBIX, TO MOAyueHubie Takol 3ameHoll dyimic-
1M MOTYT PacCMaTPHBATBCA (C TOUHOCTBIO N0 (QYHKIHOHANBLHEIX MIIOMH-
TegeR) KAK KOMIIOHEeHTHE 3JeKTDOMATHHTHOTD TOJs B HOBOM pPE30HATOPE,
OTAHYAWIIEMCA OT HCXOJHOTO kak cBoel (opMoH, Tak H NapaMeTpami
JANOJAHAIONIEN €70 Cpejkl.

Conditions (2), (3) can form the foundation for a principle of comparison of fields in
three-dimensional systems with an inhomogeneous anisotropic filling. In general, the
anisotropy is inevitable, due to the constraints (2) on € and p.

Let us illustrate the generic conditions (2) and (3) on several simple examples.

Let us start with problems of oscillations of resonators with ideal boundaries. It follows
from the obtained formulas that, if one makes a formal change of variables in the
expressions for the fields in a resonator, then the functions obtained by such a
transformation can be regarded (up to a functional factor) as components of the
electromagnetic field in the new resonator, different from the initial one by its shape as well
as by the parameters of the medium which fills it.



BosbMeM, HATIPHMED, 3d UCXOJHYIO CHCTEMY PE30HATOP,
rPAHHIL KOTOPOro oOpasoBatbl MEPECEMEHHEM KOOpAHHAT-
HLIX MOBEpPXHOCTEd wHMAMHApHuUecKoll cncteMmsr (puc, 1), a
NPOHUILACMOCTH 3ANOJHEHFA & W |+ DABHBL CIHHHUILE. [epe-
X051 OT UHJAHHAZPHYECKHX KOOpPAHHAT #, @, 2 K JEKApTo-
BLIM X, 3, 2, MBI ToAyuaeM OPAMOYTOALHLIE pesonartop,
JOANEHHBHR Cpejlod ¢ NPOHHIAEMOCTIMH

x 0 0
Iz | = | {J*m_” =| 0 lll"Jl': 0.
0 0 x

NN e

Puc. 1.

Let us take, for example, as the reference system, a resonator whose boundaries are formed by
intersection of the coordinate surfaces of a cylindrical system (Fig. 1), and let the normalized
permittivity/ permeability € and p be equal to 1. Changing from the cylindrical coordinates r, ¢, z to
Cartesian coordinates x, y, z we obtain a rectangular resonator filled by the medium with the

permittivity/ permeability

x 0 0
I Sk o= H i p !t =|0 lfx 0 .
0 0 x

2




Cnextp COOCTBEHHEIX 4acTOT 3TOr0 PE30HATOpPA TAKOH e, :

KAK Yy UCXOJHOTr0, 4 cOOCTBEHHbLIE NOJH MOTUYT OHTL Hah-

Aenwl caeaviomum obpasom: ecau Py, 9, 2), Du(r, ¢, 2),

Py(r, ©, 2)— KOMIOHENTH SJAEKTPHUECKOTD HAN MATHHTHOTO

NONA HCXOAHOTO PEe30HATOPA BAOAbL OCeH IHJIHHIPHTCCKOH CHCTEMDI, TO
IPOEKIHH NOJAA NPSMOYIOJABHOTO PEe30HATOPA HA ACKAPTOBE HANPDABAECHHH
PABHRL (bl(-":: y.‘!' 3:'_1 X! trjg{x’ .}': E]: qj.‘-]'[xi ¥, 2]'

* AHANOTHYHEIE COOTHOMICHHH MOFyT OMThL IOAYWENEl H A KOCOYIOJBIHX KOOPHH-
TATHEY CHOTEM. :

The spectrum of the eigenfrequencies of this resonator is the same as for the
original resonator, and the eigenfunctions can be found in the following way: if

D, (rp,z), D,(r,d,z), D3(r,¢,z) are components of the electric and magnetic field of
the original resonator along the axes of the cylindrical system, the projections of the

field of the rectangular resonator on the Cartesian directions equal @4(x,y,z),
x_1(p2 (X,y,Z), d53()(/)/12) .

* Analogous relations can be obtained also for non-orthogonal coordinate
systems.



OF G JIC Ao

S — - = R

L S AL o e e e e L

S T —————E— ] T T | ke o e L .

N comaacmno, yearospns (2), (3) ne nospoasor npeodpasonbiBath rpa-
HUILLE 11 CROACTRA CPeALl He3aBHCcHMO. 3ajanie 34K0Hd H3MCUCHIA 0ANH0ro
H3 nmapaMeTtpon ciucTeMsl ((hopMet rpanine, | g, | win || n,. ) oanosnaudo
OUpeAeIseT Bee JIPYrue, uTo, eCTeCTBeNHO, OrPAHHYHBAET BO3IMOMKHOCTH
PACCMATPHBACMOTO MeTOA,

Ecan npeoGpasosadie KOOPAHHAT H3MEHAET METPHKY B OFDAHHYCHHON
OGJACTH TIPOCTPAHCTRE, TO MAPAMCTPH CPEALl U BRIPAMEHUS JIIS NOJed pie
5Tof ofiacTu coxpansiores, Takiue 1npeofPasoBanis MOPYT OBTb HCIOJbL-
BUBAHDL JLTA KOHCTPYHPOBIHHS HEOTPaNidouX HeoHOPOLHOCTeH,

Unfortunately, the conditions (2), (3) do not allow one to transform the boundaries
and the properties of the medium independently. Setting a rule for transforming one of
the parameters of the system (shape of the boundary, || €;|| or| | wix | |) uniquely
determines all the others, which naturally restricts the potential of the present method.

If a transformation of coordinates changes the metric within a bounded region,
the parameters of the medium and the expressions for the fields outside this region
are preserved. Such transformations can be used for constructing non-reflecting

inhomogeneities.



Floayunm aas npumepa napaMeTpel CHCTEMB, B KOTOPYIO Ipeofpasyercy
CBO0OJMHOE MPOCTPAHCTRO NMPH NEPeXoAe OF cpepnueckux Koopauuar r, H,
P K koopainarad R(r), 0, ¢, rae K=R(r) —dysxuna paauansioil xoop-
ANNATRL, YIOBASTBODAIONLAN VCIOBHIO

R(r) —=r. (4)

Kospduunentot Jlave stoit cucreMsl pasnp Ap = dr(R)/dR, he = r(R),
fe = r(R)sin®, u aaa upouriaeMocTedt CPEAL moJayanM caenywomme dop-
MYJILL

RE_dr(R) |
r3R) dR ! 0 ;
1
Hemll = Dol =1 0 S
ik i ] YT 0 (5)
0 P
dr(R)/dR

Let us obtain, for example, the parameters of a system which would emerge as a result of
a transformation of free space when changing spherical coordinates r, 0, ¢ into coordinates
R(r), 8, ¢, where R=R(r) is a function of the radial coordinate satisfying the condition

R(?‘) - I,

The scale factors for this system are equal to hg=dr(R)/dR, hg=r(R), h,=r(R)sin 6, and for the
permittivity/ permeability of the medium we obtain the following formulas:

(4)

(5)

(See equation above)



! D T
Kax suzHo, npn yeiosuu (4) e, =p,, —->1. Inockasn Boawa, manaio-

mas n3 GeCKOHEYHOCTH HA HEOMHODOAHOCTH C napamerpamu (5), mpofiner
yepes Hee 083 HeKaxeHHH.

[lpuBeseM npumep conOCTABAGHHA CHCTEM ¢ HCTOUHHKAMH. MCXOMHON
CHCTEMOH OyieM Cuurtats cROGOAHOE IPOCTPAHCTBEO, B KOTOPOM PABHOMEPHO
BPALIACTCH II0 OKPYMKHOCTH pDAJHyCa & 34psMeHHan vacTHma. B kauecTse
KOODAHHAT HCXOAHOH CHCTEMH BO3bMeM In(rfa), ¢, 2 (rme r, ©, z—HUAHH-
PUYECKHE KOOPLHHATH) U MOCMOTPHUM, KAK HIMEHATCS XapakTep H3JyueHHs
H CBOHCTBA CHCTEMBI, ecAl MepefiTH K JexapToBbM koopauHaTtaM. [lycrs
ROOpAHHATA P N3MeHsercs B npegenax (— oo, + o). Torma B cucreme
X, Y 2 NOJYUUM OCCKOHETHYIO NMOCHELOBATNBHOCTE YACTHIL, JBHIK Y ILLHXCS
BILOJAL OCH y HA paccrosuun 2= gpyr or apyrd. [TpuMeHenie cooTHomeHul
(2) moxasnBaeT, yTo BeAHYHHA 3apialld H ero CKOPOCTL QCTAIOTCA MPEeXHii-

MH, 4 ITPOCTPAaHCTBO OKASLIBAETCS! 3AUOJHEHHEIM Cpemoft co CAEIYVIOUIHMH
TEH30PAMH NPOHHIAEMOCTENH:

As one can see, under the condition (4) g = y; 2 1asr > oo. A plane wave incident
from infinity upon an inhomogeneity with parameters (5) will go through it without distortions.
Let us give an example of the correspondence between systems with sources. Let the

reference system be free space, in which a charged particle uniformly moves along a circle of a radius

a. Let us take as coordinates of the original system In(r/a), ¢, z (where r, ¢, z are cylindrical
coordinates) and let us consider how the pattern of the radiation and properties of the system
changes if we switch to Cartesian coordinates. Let the coordinate ¢ vary within ( - o, + o=). Then, in
the system x, y, z, we obtain an infinite sequence of particles moving along the y-axis a distance 2mt
apart. Applying the relations (2) shows that the magnitude of the charge and its velocity remain the
same but the space becomes filled with a medium with the following permittivity/ permeability

ten<ors:

SR



1 0 0
Hegll = Mpyll =10 1 0
0 0 e

J KaK BHJIHO, HOABJCHHE MWIJAYYEHHA VIKE He sBAAETCS Pe3yaALTATOM
HCPABHONMEPHOCTH ABIIKENHA 3APA/d, 8 BHI3BAHO B3AHMOACHCTEHEM CO cpe-

AOH! ErO MOIKHO HHTEPNPETHPOBATE KAk UEPEHKOBCKOE H3/AYYEHHE B HE-
OANOPOAHOH anusoTpomHoil cpeje.

‘[E}mﬂ%}éi?ﬁ:gm? TIPAMEDDLl, YHCIO KOTOPBIX MOMET GHTh JErko VBEJIH-
HUsX (2), (3), MOXET 0KA3ATLCS MOME3HHIM TMPH pewreH PANA AEKTPO-
MATHHTHEX  3aua4, DBumecre ¢ Tem CACAYET OTMETHTh, UTO CAQMKHOCTD

1 0 0
heyll = |l Pantl =1 0 1 0
0 0 e%

As one can see, the radiation is no longer the result of a non-uniformity of the
charge’s motion, but is caused by an interaction with the medium: it can be interpreted
as Cherenkov’s radiation in an anisotropic medium.

The above examples, and many more can be devised, show that the correspondence
method based on relations (2), (3), can be useful for solving a number of electromagnetic
problems. At the same time it has to be emphasized that the complexity




TAPANMETPOB  CPEABL, - KOTOPLIC HOAYUAKTCS WP NeHo A L30mmm Mero.
— HCOANOPOAROCTL, QHISOTRONIS, HALHLIe BYACH W H00600B  conne
OPPANHYIBACT BOAMONHOCTI CI'O IPUMEHCHI. | phi-Hle
B sawaouenie creagem npepeannuli nepexon k JABYXMUDHOMY [P
PASOBAHHIO 11 COOOIUIM HEKOTOPLIC 113 PEAVIALTATOR ll'n,:r"u.'ilH'HIIJIl‘v [! Crn
nopontbio B paborax [ Eean ogua na conoctanisnesmy cneros pac-
CMATpRBACTCR B HPAMOYTOALELIX  KOOPAHUATAX X, ¥, 2, & Apyran—n |c|!n|.
BOJAHHEHNLIX  KOOPAHHATAX «, ¥, 2, ua KOTOPLIX  jihe HepHLE HOJY T
KOIMPOPMHLIM NTPEOOPAZOBAHKEM JICKAPTORLIY, o TPOTL Illm.-.nwi':ru:n'-ul Tiy
popuyan (2) MePeXOIIT A8 JUMTOHAALIEY TCIS0DOR B COOTION e

g2 — gl . (2) .
kel ek Pk = F'{.'!z.': [:‘ﬁ - l.' 2);

. : )
o = s /A5 = ) I, "

of the medium’s parameters which emerge as a result of the method’s application — non-
uniformity, anisotropy, presence of zeros and poles — considerably limits its applicability.

In conclusion, let us perform a limiting procedure for a two-dimensional transformation and
generalize some of the results obtained with its help in [1-3]. If one of the two compared systems
is considered in Cartesian coordinates x, y, z and the other in curvilinear coordinates u, v, z, of
which the former two coordinates appear as a result of a conformal mapping of the (first two)
Cartesian coordinates, and the third coordinate (z) is Cartesian, the formulas (2) transform for
diagonal tensors into the relations:

" (6)
22 — g() . (D) — ,
Sk — Spns PO b, (R =1.2);

(2) — (1) 7 p2. o9y ' gy
S — Sy [ %5 By =elih,



(¢ BEPXHAM HHACKCOM , 1" OTMEUCHB BCANUNHLL OTHOCHICCH K Tepnofl

CTBYIOULHH KOOpAHHATAM [, U,
JLast JNBYXMEDHBIX NOJCH TEHsoph MOMKIO 3aMEeHTh Cragaapamit n thop-
My (6) nmepeliiyT B H3BECTHHE COOTHOILOT:

npu  H,=0, E,+0 2 = <l p2
npu £, =0, H,+ 10 u( (0 f2,

where the upper index “1” denotes entities of the first system, while the index “2”
corresponds to those of the second system, and h is the scale factor for coordinates u, v.
For two-dimensional fields, the tensors can be replaced by scalars and formulas (6)

will transform into known relations:

for H,=0, E,+0 &) = <2
for £,=0, H,+ ( w@ e w(OfA2,




ﬂfrnpmyam (6) moasonsioT Aerxo oGOGHLETL 1A CAVIAN  TPEXMePHEIX
nosciH pesyaprator paGor [''], nmocesmennmx sonpocaMm corgacosauns
BOTHOBOJIHBIX TPAKTOB € IIOMONIBIO HEOAHOPOANLIX cpei. Hanpumep, 1ro6u
ANKBIARPOBATL OTPAMEHHE B BOJHOBOAE, HMEIONEM HPUMOYIOJALIOC cene-
nie B Ar000H M3 MAOCKOCTEH, NPOXOAAULHX 4Yepes 0Ch 2, 1 HPOIIBOALIGE
B MIOCKOCTH 2= const (puC. 2), neofxomuumo 3a-
NOANUTL  €r0 AHM30TPOMHOH CDefoH ¢ TeHsupoM y
(6), rae mox /& coepyer nmoWHMATL MeTpHUECKHI “
KOMPOUUHENT TAKOH CHCTEMBI KOODAHHAT, B KOTO- _.f’"ﬁi
POH TDAHHIB BOJHOBOME COBNALAIOT € JHHHAMH LS '
NOCTOAHHOrO 3HAYEGHHS OJAHOH W3 3THX KOOPAUNAT. ~
Has Boan Tuna TFE MOMHO MOAOMHTL p==1 1 ofiec- e
NEYHTL COTJACOBAHHE KOMOOHEHTOR 2.

™y

e, 2,

Formulas (6) allow one to easily generalise to the three-dimensional case the results
in [1-3] devoted to questions of correspondence of waveguides with the aid of
inhomogeneous media. For example, to eliminate a reflection in a waveguide having a
rectangular cross-section in any of the planes containing the z-axis and arbitrary cross-
section in the z = const (Fig. 2), it is necessary to fill it with an anisotropic medium with
tensor (6), where h should be understood as a metric coefficient of such a coordinate
system in which the waveguide’s boundaries coincide with lines of constant value of one
of these coordinates. For waves of TE type one can set u=1 and ensure the desired
correspondence by appropriately choosing the component g55.
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