Homework 8 Solutions

1. Let F =(1yz)i+(3xz) j+ (9xy)k. Compute the following:

A.divF

V.-F= 8(1yz)+8(3xz) +8(9xy):0+0+0:@
ox dy 0z

B. curl F
i J k
o d 0
VxF=| — — — |=|6xi—-8yj+2zk
x o [6xi=8yi+ 22
lyz 3xz O9xy
C.divcurl F
v.vxp= 208, 9(8y) (%) 6-8+2=[0]

ox dy 0z -



Homework 8 Solutions

2. Let F(x,y,z) =(-5xz°, 6xyz, —6xy°z) be a vector field and f(x,y,z) = x°y’z.

Find V7
(£t )= (3672, 203z, 2'y?)

Find VxF
i j k
dy  dy dy 2 . 3 .
= a_y a_z - [(—6x)(3y )(z)—6xy]1+[6y z—lOXZ]J"‘[yZ_O]k

-5xz° 6xyz —6xy’z

Find F x Vf

i j K
4 4 2

—5xz°  6xyz —6xy’z |= (6x4y3z+12x vz )i+(5x4yzz2 —18x3yszz)j+(—10x4yz3—18x3y3z2)k
3x*y’z 2x'yz xy

Find F-Vf
(—5xz2, 6xyz, —6xy3z)-(3x2y2z, 2x3yz, x3y2)

4 2_2

|—15x3yzz3 +12x*y° 7" — 6x4ysz|
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3. Let F=(10xyz + 3sinx, 5x°z, 5x”y). Find a function f so that F=Vf, and f(0,0,0) =0.

F:(IOxyz+sinx, 5x°z, 5x2y)
f.=10xyz+ 3sinx = f=5x>yz—3cosx
f,=5xz = f=5x"yz+C,(x,z2)
f.= 5x°y = f= 5x2yz+C3(x,y)

f=5x"yz—3cosx+C
£(0,0,0)=-3+C=0 =C=3

f=5xyz—3cosx+3
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4. For each of the following vector fields F, decide whether it is conservative or not by
computing the curl F. Type in a potential function f (that is, Vf = F). If not
conservative, type N.

A F(x,y)=(-16x+4y)i+(4x+2y)j

M =-16x+4y and N =4x+2y

Take the partial derivative in terms of x and y.
(—16x+4y) =4=(4x+2y),

The field is conservative.

Jde =-8x" +4yx+k(y)

(—8x2 +4yx + k(y))y =4x+k'(y)=4x+2y k'(y)=2y

f(x,y) =—8x*+ 4yx+y2

B. F(x,y)=-8yi—7xj
(-8y), =-8#(-7x), =—7

X

Not conservative.

C.F(x,y,z)=-8xi—7yj+k
o-7y)_3(-81)_,
ox dy

It is conservative.
F=(-8x, —7y, 0)+(0,0,1)

f(x,y,z) =—4x* — %yz +z

D. F=(-8siny)i+(8y—8xcosy)j
ON oM

ox dy
f=-8xsiny+4y’

=—SCosy—(—8<:osy)=O

E. F(x,y,z)=-8x"i+4y’j+17°k

-8 5 4 z’
=—Xx +—VvV +—
SRR oAy
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5. Let C be the curve which is the union of two line segments, the first going from

(0,0) to (3,4) and the second going from (3,4) to (6,0).
Compute the integral j?)dy —4dx.
C

[(-4.3) (dr.dy) =—4x+ 3|0 =
C



Homework 8 Solutions

6. Let C be the counter-clockwise planar circle with center at the origin and radius r > 0.
Without computing them, determine for the following vector field F whether the line integrals

JF -dr are positive, negative, or zero and type P, N, or Z as appropriate.
C

x=rcos@ y=rsinf
dr = (dx,dy) =(-y,x)do

A. F = the radial vector field = xi + yj :

(x,y)-(=y.x)d0 = 0]

B. F = the circulating vector field=— yi + xj

(=y,x)-(=y,x)d6 = r*d6 therefore it is

C. F = the circulating vector field = yi— xj

(y,—x)-(=y,x)d6 = —r’d6 which is

D. F = the constant vector field=i+j
The field is constant and a constant field is always conservative.



Homework 8 Solutions

7. Suppose that V7 (x,y,z) = 2xyze” i+ z¢* j+ ye* k. If £(0,0,0) = =3, find £(2,2,6).

fi=2xye" = f=yze" +C (y.2)
fy = Zexz = f = yzexz + C2 ()C,Z)

f = ye’62 = f= yze"2 +C, (x,y)

f(x,y,z)zyze"2 +C
f(0,0,0) =C=-3

f£(2,2,6)=12¢" -3




Homework 8 Solutions

8. Evaluate the line integral Jx“zds, where C is the line segment from (0,2,5) to (7,8,1).
C

L:(0,2,5)+(7,6,~4)=(x,y.2)

ds = (dx)’ +(dy)’ +(dz)’ =](7,6,4)| dt
=/101ds

[_ (1) (5-4r)V101ai

28 14
\/101[7‘%5—73?#} =1 1(74—73?)

1

0




Homework 8 Solutions
9. Evaluate the line integral _[Sxy2 ds, where C is the right half of the circle x* + y* = 36.
C

x=6cos6 y=6sin6, 6 from % to %

V4

j@f .5(6)sin*6cosO(646)  ds= 646 (arc length)
2

V4

5(6")[2 .sin’6d(sin6)

=|(5)(6")(4)
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10. Suppose C is any curve from (0,0,0) to (1,1,1) and
F(x,y,z)=(4z+5y)i+(3z+5x)j+(3y+4x)k. Compute the line integral JF-dr.
C

F is conservative.
Vf=F
f=4zx+5xy+3yz

4zx+ S5xy+ 3yz|§1'1’1) =

0,0,0)



Homework 8 Solutions

11. Let C be the positively oriented square with vertices (0,0), (1,0), (1,1),(0,1).

Use Green's Theorem to evaluate the line integral '[4y2xdx+ 8x’ydy.
C

sz(4y2x, 8x2y) . (a’x,dy)

J‘xlzo J.y1=0(16xy_ S)Cy)dXdy

SLOWI\LOydy:(S)(lj:

4



Homework 8 Solutions

12. Let C be the positively oriented circle x* + y* = 1. Use Green's Theorem to evaluate
the line integral leydx+ 1xdy.
C

:(18y.x)-dr

[ ] (1=18)rdrae
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13. Let F = 2xi + yj and let n be the outward uni normal vector to the positively

oriented circle x* + y2 =1. Compute the flux integral | F-nds.
g
C

Method 1
You can use Gauss' Divergence Theorem gSF ‘nds = HV -FdA.
C S

$F-nds= [[(2+1)da=[3n]

Method 2
j(Zx,y) (x,y)ds = IZxdy+ y(=dx)

x=cosO y=sin@ ds=rd0 = ds=dO because the radius is 1.
dx =—-ydO dy=cos0dO

gf((—y,Zx)'dr
J aa_];]_%—ﬁ;[ = 3(the area) = 3(%(1)2) =

N
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2 2
14. Use Green's Theorem to compute the area inside the ellipse );—2+ ly? =1.

Use the fact that the area can be written as

”dxdyzj [%—S—g—i}z Jde+Qdy.
D D oD

We need P, Q a—Q—a—P:I
dox dy

We choose P =0 and Q = x.
2r
gf((P,Q)-dr = L:Oxdy

2 2

d Y

_+_
3 197
x = 3cos0

y=19sin0 = dy=19cos0dO

er 3(19)cos’ 040

6=0

Jzn 3(19)(C0829+1jd9
6=0 2

2

=(3)(19)7 =

0

1
3(19)=06
(193
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15. Let F = —3yi + 2xj. Use the tangential vector form of Green's Theorem to compute the

circulation integral | F-dr where C is the positively oriented circle x* + y2 =1
g
c

$F-dr=¢F Tds= [[ 2-(-3)dA=[5x]

x? +y2S1
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16. Evaluate ”MF -dS where F = (3xy’, 3x’y, z’) and M is the surface of the sphere
of radius 6 centered at the origin.

UF-dssz-ndszj[jv-de

M B,
[[[3y* +3x* +322av

Bg

Jezjoldej¢n:08in¢d¢J::0 3p4 dp

27:(2)(3)(65): 127 s

5




Homework 8 Solutions

17. Find the outward flux of the vector field F=(x3, y’, zz) across the surface of the region

that is enclosed by the circular cylinder x*> + y* = 9 and the planes z=0and z = 4.

gF-dsz

j“o 30 3r3j::0dzdrd0

6=

JZO JZO "J.::O 2zdzdrd6
3

27:(Z)(34)(4) + (2;:)(%}(32)(42) =

[[ 3% +3y>+22av

x“+y° =9
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18. Let F=(y2 +7°, X+ 77, xz). Evaluate ”F-ds for each of the following regions W :
aw

VF=0+0+x=x

A x> +y°<z<6

-[::o ji L:z rcos@dzrdrd6

sin 9|(2)ﬂ = @

B.x*+y’ <7<6,x20
J%jﬁiji;ﬂcmeduhde
Smeﬁniﬁj6—rﬁr%ﬁ
3
J6 Z(Mj

2(9r3—lr5j _
3775 .

C.x*+y°<7<6,x<0
A=B+C
C=-B

e

0

5
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19. Use the divergence theorem to find the outward flux of the vector field
F(x,y,z)=4x%i+3y’j+ 57’k across the boundary of the rectangular prism:
0<x<1,0<y<5, 0<z<2.
V- F=8x+6y+10z
1 5 2
[ jyzo [ 8x+6y+10zdzdydx
1 5
L:O Jy:O 20+ 16x+12ydydx
| 250 +80xdx
290
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20. Let S be the part of the plane 4x + 1y + z = 3 which lies in the first octant, oriented upward.
Find teh flux of the vector field F = 1i + 4 j + 2k across the surface S.

The surface given by z = —4x—y+ 3 is bounded by (%OO) (0,3,0), and (0,0,3).

(4,1,1)

Jis
ds = \/(zx V' +(z,) +1da

dS = /(-4)’ +(~1)’ + 1A = J/18dA

3 aiax
[* [ (.a2). (L) 75 44

n=(4,1,1) n=

y=0 \/ﬁ
% 3—4x
LO Jy=0 10dydx
3
IOJ 4 3—4xdx
x=0
> 145

10(3x—2x2)‘§ ==
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21. Find directly the flux of F(x,y,z) = (3xy”, 3x’y, z*) out of the sphere of radius 3 centered
at the origin, without the aid of Gauss' Divergence Theorem.

b pd
The flux is given by the integral: 35_[ J f(6.0)d6dy.

V.-F=3y"+3x>+37°=3p’

I:O I ::O I;O 3p’p*singdpdpdo
3

35£ J:r:O J.::O Sln¢d9d¢
0

Sl fO g sinpdode

la=0,b=r1,c=0,d=2r]

Find £(0,0)
HF-ndS

.[ezjojio(3xy2, 3X2y, Z3).(3’§’3)

3% sinpdpd6

£(6,0)=6cos’ Osin’ Osin’ ¢ + cos” Psin¢

J:O J.f_o 3 (3sin4 ¢cos’ ¢sin® 6+ 3sin* ¢ cos® Psin’ 6) +cos* psinpdpdo

7297°
16
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22. Let F =(2x, 2y, 2x+2z). Use Stokes' Theorem to evaluate the integral of F around
the curve consisting of the straight lines joining the points (1,0,1), (0,1,0) and (0,0,1).
In particular, compute the unit normal vector of the plane spanned by the points (1,0,1),
(0,1,0), and (0,0,1) and the curl of F as well as the value of the integral:

Find the normal vector of the plane.

i j Kk
n=[1 0 0 |=(0,1,1)
0 1 -1
_(0,1,1)
NG}
Find VxF
i k
9 9 9 =(0,-2,0)
ox dy 0z
2x 2y 2x+2z

[[VxFds = [[(0.-2,0)(0.1.1)dA  where dS =2dA
o [
—2.[::0(1 —x)dx

—Z(x—%xzj =

0
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23. Use Stoke's Theorem to evaluate IF -dr where F(x,y,z) = xi+yj+3(x* +y° )k

and C is the boundary of the part of the paraboloid where z = 64 — x> — y* which lies above
the xy-plane and C is oriented counterclockwise when viewed from above.

”VxF-ndS
ijF-ndA

s

0 d

dxd
ox oy oz | @

ﬂ' (—2x)(6y)+2y(6x)+0dxdy

x? +) <64

J[ oda=[o]

X+ y2 <64
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24. Use Stoke's Theorem to evalute ”S curlF - dS where

F(x,y,z)=—lyzi+ lxzj+ 18(x2 + yz)zk and S is the part of the paraboloid

z=x"+y* that lies the cylinder x> + y* = 1, oriented upward.

aJ;F -dr = J.J.FX2+y2:l(—yz, Xz, 18r2z) . (dx,dy,O)

ﬂ (=yz, xz, 18r°z)(~yd®, xd6, 0)

7=x2 +y2 =1

I:Oyz +x2df= [ cos’ @ +sin 00 = [ 140 =
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25. Let M be the capped cylindrical surface which is the union of two surfaces,
a cylinder given by x* + y* = 49,0 < z <1, and a hemispherical cap defined by
x>+ +(z—1)" =49, z> 1. For the vector field F=(zx + 2%y + 5y, 2’yx + 5x, z'x?),

compute HM(V x F)-dS in any way you like.

ijFds:jF-dr
oM

M
.[ 22 49(5’“ +2°y+5y, Z3yX) (=y,x)d6 where z=0
»e

X

o]



