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My research interests are in the area of geometric group theory. In particular, my thesis
research is in the area of Teichmüller theory (section 1), and I am involved in collaborations
working on questions about big mapping class groups (section 2), and an analogue of Out(Fn)
for infinite graphs (section 3).

While a master’s student I had the opportunity to work as the graduate student advisor
of an REU; in section 4 I highlight one of these projects. We worked on the conjecture
that Thompson’s group V is a universal context free co-word problem group. This project
was conducive to undergraduate work because both the definitions for V and context free
languages are explicit and hands on; the best way to understand them is by drawing pictures
and doing examples.

The Teichmüller space of a Riemann surface R parameterizes the possible complex
structures on R up to homeomorphisms homotopic to the identity. The Mapping Class
Group of a surface is the group of homeomorphisms of the surface up to isotopy. As such,
mapping class groups act on the corresponding Teichmüller spaces. This action is properly
discontinuous and the quotient is the moduli space of the surface. The moduli space appears
in many branches of math from mathematical physics to algebraic geometry.

Let Fn denote the free group on n generators, which we identify with the fundamental
group of a wedge of n circles. Then Out(Fn), the group of automorphisms of Fn up to
conjugacy, is like a mapping class group for a (finite) rank n graph. There is even a nice
cell complex that Out(Fn) acts geometrically on, called Culler-Vogtmann outerspace. These
spaces can be thought of as Teichmüller spaces for rank n graphs. There are many parallels
between Out(Fn) and mapping class groups, and results in one setting often inspire research
in the other.

Classical study of these objects focuses on finite type surfaces and finite graphs. We say
a surface is of finite type if its fundamental group is finitely generated, otherwise the surface
is of infinite type. Following a blog post of Danny Calegari and the thesis work of Juliet
Bavard, there has been a recent rise in interest in the mapping class groups of infinite type
surfaces, which we call Big Mapping Class Groups. This led Algom-Kfir and Bestvina
to define an analog of Out(Fn) for infinite graphs, which we call Big Out.

1 The Lp metrics on Teichmüller Space

One way to study Teichmüller space is by studying quasi-conformal maps of C, or those with
bounded dilatation. One advantage of this viewpoint is that it allows us to realize the tangent
space of a point in Teichmüller space as a quotient of the space of Beltrami differentials.
Intuitively, this is because they are the infinitesimal form of deformations of conformal
structures. Holomorphic quadratic differentials, are then seen to be the cotangents, because
they naturally pair against Beltrami differentials.
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Let ρ be the area form on a Riemann surface X ∈ T (R). For a quadratic differential φ,

the quantity |φ|
ρ

is a function from X to R. This lets us reinterpret the space of holomorphic
quadratic differentials on a surface as a function space. Once we have a function space we
can endow it with the Lq metrics, and dualize to get the Lp, 1

p
+ 1

q
= 1, metrics on the

tangent space.
This is a natural class of metrics to study because the classical Teichmüller metric is

equivalent to the L∞ metric on the tangent space and the Weil-Petersson metric is the L2

metric. The Weil-Petersson metric is used in bounding the renormalized volume of hyperbolic
3-manifolds. Although, a motivating idea for this project is that the more general Lp metrics
may be the right setting for some questions about renormalized volume.

The Teichmüller metric is complete, and in [10] Wolpert proves that the Weil-Petersson
metric is incomplete. I have shown the following.

Theorem 1. For a Riemann surface R and any p ∈ (1,∞), Teichmüller space of R with
the Lp metric is incomplete.

The geometric idea of the proof is to take a nice path to the boundary of Teichmüller
space and show that is has finite length. This path corresponds to pinching a curve on the
surface, or shrinking it’s length down to zero so that the curve becomes a node.

Figure 1: The noded surface on the right is a natural limit of points in Teichmüller space.

Naturally, the next question to ask is what the completion of Teichmüller space is under
the different metrics. In [6] Masur shows that the completion of the Weil-Petersson metric is
an augmented Teichmüller space, which contains Teichmüller spaces of noded surfaces, and
extends the metric to this boundary. I am currently working on proving similar results for
the general Lp metrics.

Beyond questions of completeness, I would like to investigate questions about the cur-
vature of the metrics, and if they have any negative curvature or hyperbolic properties. I
would also like to answer questions about how similar these metrics are to each other by
studying the identity map on T (R) between different Lp metrics.
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2 Subgroups of Big Mapping Class Groups

To topologically classify infinite type surfaces we need to consider their end space in addition
to the numbers of genus and boundary components. Intuitively, an end of a surface is a way
to walk to infinity (leave every compact set) on the surface. A puncture is a simple example
of an end because every neighborhood of a puncture is noncompact. Surfaces with infinitely
many genus will also have ends accumulated by genus.

Figure 2: An infinite type surface with two ends, one an isolated puncture, the other an end
accumulated by genus.

For a surface S (of finite or infinite type) we define the mapping class group of S to be

Map(S) = π0

(
Homeo+(S, ∂S)

)
where Homeo+(S, ∂S) is the subgroup of Homeo(S) consisting of orientation preserving
homeomorphisms which fix the boundary of S pointwise. We can topologize Map(S) as
a quotient of a subgroup of Homeo(S) with the compact-open topology.

An element of the Map(S) induces a well-defined homomorphism on Ends(S), we call
the kernel of the map MCG(S)→ Homeo(Ends(S)) the pure mapping class group, denoted
PMCG(S). The pure mapping class group is just the subgroup of MCG(S) which fixes
the ends of S pointwise. Patel-Vlamis [7] showed that the pure mapping class group is
topologically generated by the closure of compactly supported mapping classes and handle
shifts. We can think of a handle shift as a +1 shift along a Z-indexed sequence of handles
between two ends of the surface. So, to better understand big mapping class groups it helps
to better understand handle shifts.

If two handle shifts have disjoint support, they commute and generate a copy of Z2 in
the mapping class group. One of the next simplest configurations is when the support of
two shifts intersect in exactly one handle, as in figure 3 below.

Jointly with Carolyn Abbott, Marissa Loving, Priyam Patel, and Rachel Skipper in a
collaboration formed through the Women in Groups, Geometry and Dynamics program we
are working to prove the following.

Conjecture 2. In the setup described above, 〈a, b〉 = F2.

Another reason this would be an interesting example of a free group is because it does
not appear to arise from parabolic or loxodromic actions on an associated complex. In fact,
the action of a handle shift on the curve graph, omnipresent arc graph, and the translatable
curve graph, among others, has a large fixed point set. Even worse, our two handle shifts
will generically have large overlap in their fixed point sets.
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Figure 3: The handle shift a moves handles from left to right, while b moves handles from
bottom to top. Each handle shift tapers to the identity on the boundary of its support.

In general, finding and classifying subgroups is useful because they can provide algebraic
invariants. For example, Patel and Vlamis show that an infinite braid group embeds into
Map(S) when S is infinite type with finite genus. They then show that the braid group
is not residually finite, so can conclude that Map(S) is also not residually finite. We are
particularly interested in the following question.

Question 3. For which surfaces Σ are the Thompson groups F, T or V a subgroup of
Map(Σ)?

3 Big Out(Γ)

Finite valence infinite graphs have a classification analogous to the classification for infinite
type surfaces. Two graphs are homotopy equivalent exactly when they have the same rank
and isomorphic end spaces [1]. Infinite graphs have natural embeddings into infinite type
surfaces. Figure 4 demonstrates why the analog of an end accumulated by genus is an end
accumulated by loops.

Definition 4. For any (infinite) locally finite graph Γ, we define PHE(Γ) as the group of
proper homotopy equivalences, namely

PHE(Γ) = {f : Γ→ Γ is a PHE | ∃g : Γ→ Γ is a PHE s.t. gf ' IdΓ ' fg}.

Then we define the big outer automorphism group Out(Γ) of Γ as the group of proper
homotopy classes of proper homotopy equivalences on Γ:

Out(Γ) = PHE(Γ)/proper homotopy.
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Figure 4: An embedding of an infinite graph into an infinite type surface.

As with surfaces there is also a pure outer automorphism subgroup, POut(Γ), which
arises as the kernel of the homomorphism Out(Γ)→ Homeo (Ends(Γ)).

Algom-Kfir and Bestvina also show that Out(Γ) is polish, that is, a topological group
which is homeomorphic to a separable complete metric space. This is an important property
in light of recent work of Rosendal on the notion of course boundedness, abbreviated CB.
One can think of course boundedness as an analog of compactness for non locally compact
spaces.

Theorem 5. (Rosendal [8]) Let G be a Polish group that has both a CB neighborhood of the
identity, and is generated by a CB subset. Then the identity map is a quasi-isometry between
G endowed with the word metrics from any two symmetric, CB generating sets.

A quasi-isometry between metric spaces is weaker than an isometry, but close enough
to an isometry that the large scale geometry of the spaces is preserved. In practice, this
theorem tells us that if your Polish group is locally CB with a CB generating set, then it has
a well defined quasi-isometry type. If in addition your group is CB then its quasi-isometry
type is trivial.

Recently, in [5] Mann and Rafi gave a complete classification of infinite type surfaces
whose mapping class groups are locally CB and an almost complete classification of surfaces
with a CB generating set. Together with George Domat and Sanghoon Kwak we are working
on modifying the ideas of Mann and Rafi to get classifications of infinite type graphs for which
Out(Γ) is locally CB and CB generated. Proper homotopy equivalences of graphs are less
rigid than homeomorphisms of surfaces. In particular, if Γ has zero or infinite rank then it
has no compact non-displaceable subgraphs. We use Stalling’s folds to show the following.

Theorem 6. (with Domat and Kwak) For an infinite graph Γ of zero or infinite rank,
POut(Γ) is coarsely bounded.
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We think of this result as saying that for Γ of zero or infinite rank the quasi-isometry
type of Out(Γ) is determined by the geometry of the end space. In particular, we have the
following corollary.

Corollary 7. For an infinite graph Γ of zero or infinite rank with finite end space Out(Γ)
is coarsely bounded.

Note that if Γ has finite positive rank n, then Out(Γ) contains Out(Fn), which is known
to not be coarsely bounded.

However, the end space of a graph can be much more complicated, and even have points
of arbitrarily high Cantor-Bendixson rank and degree. As we determine for which graphs
Out(Γ) has a well defined quasi-isometry type, we are considering the following.

Question 8. For two infinite type graphs Γ and Γ′, which are not themselves homotopy
equivalent, when is Out(Γ) quasi-isometric to Out(Γ′)?

Beyond questions of coarse boundedness and quasi-isometries, the study of Out(Γ) for in-
finite graphs is a brand new field so presents many avenues for future research. In particular,
we would like to define an analog of the curve graph that Out(Γ) acts on.

4 The co-word problem of Thompson’s Group V

Richard Thompson introduced the groups F ≤ T ≤ V in 1965 and showed that they are all
infinite but finitely presented. The group F is a subgroup of Aut([0, 1]), T is a subgroup of
Aut(S1) and V is a subgroup of automorphisms of the Cantor set, Aut(C). The groups have
nice representations as operations on rooted binary trees.

Figure 5: The elements A,B generate F . Add the element C, a cyclic permutation, to get
the group T . Further add the element π0 to get the group V .

We will take an approach to quantifying the complexity of groups that comes to us from
computer science and formal language theory. The Chomsky hierarchy classifies languages
by the sophistication of automaton required to recognize the language. By language we mean
a set of words in an alphabet, and by automaton we mean a device that reads input strings
from a tape and accepts some of them. So, we say an automaton recognizes a language if it
accepts precisely the words in the language.

The word problem of a group G, with respect to a generating set S, is the set of all words
in the generating set which are equivalent to the identity in G. The co-word problem is the
compliment of the word problem, so those words in S which do not reduce to the identity
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Figure 6: The Chomsky Hierarchy

in G. So given a group and generating set we can ask what type of languages are the word
problem and co-word problem of G? For example, the word problem (and co-word problem)
of G is a regular language exactly when G is a finite group. In fact, the Cayley graph of
a finite group can be reinterpreted as a finite state automaton that will accept its word or
co-word problem. In 1983 Muller and Schupp proved that a group G has context-free word
problem if and only if G is virtually free. So, the next natural thing to classify are groups
with context free co-word problem, which we call coCF groups. The seminal work on these
groups was done by Holt, Rees, Röver and Thomas in [4]. It should be noted that this
property does not depend on the choice of (finite) generating set.

In 2007 Lehnert and Schweitzer proved that Thompson’s group V is a coCF group. In
light of work by Bleak, Mattucci and Neunhöffer [2], Lehnert has conjectured that every
coCF group embeds in V , i.e.

Conjecture 9. (Lehnert) Thompson’s Group V is a universal coCF group.

In [3], joint work with Rose Berns-Zieve, Dana Fry, Johnny Gillings and Heather Matthews,
an REU group I advised while at Miami University, we present a potential counterexample
to this conjecture. We use the cloning systems of Witzel and Zaremsky, [9], to define a
family of groups V(G,θ) which contain V as a subgroup, but have no obvious embedding into
V when θ is not the identity homomorphism. These groups are nice to work with because
they also have representations as tree pairs, where we think about elements of G as living
on the leaves of the trees. Our main result is the following,

Theorem 10. [3] The group V(G,θ) is coCF .

Our method of proof was to explicitly construct a pushdown automaton that accepts the
co-word problem of V(G,θ). These groups still stand as a potential counter-example to this
conjecture.

7



5 Bibliography
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