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Abstract. We consider wave propagation in random cell materials when the wavelength is finite,
so that scattering effects must be taken into account. An effective dielectric coefficient is introduced,
which in general, is a spatially dependent function, yet reduces, under the infinite wavelength as-
sumptions, to the constant effective parameter in the quasistatic limit. We present an upper bound
on the effective permittivity and a bound on its spatial variations that depends on the maximum
volume of the inhomogeneities and the contrast of the medium. Numerical experiments illustrate the
rigorous results. The dependence of the effective dielectric coefficient on the contrast in the medium
is also investigated and an approximation formula is derived.
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1. Background. Usually, when one considers the propagation of an electromag-
netic wave in a random medium, two parameters are of importance. The first, §/\
is the ratio of the length scales of the typical inhomogeneities in the medium to the
wavelength of the electromagnetic wave probing the medium. The second one is the
contrast of the medium. Considerable effort over many decades has been applied to
building effective medium theories that are applicable to wave propagation when the
wavelengths associated with the fields are much larger than the microstructural scale.
This limit where the ratio /A goes to zero is called the quasistatic or infinite wave-
length limit. In this case the heterogeneous material is replaced by a homogeneous,
fictitious medium whose macroscopic characteristics are good approximations of the
initial ones. The solutions of a boundary value partial differential equation describing
the propagation of waves converge to the solution of a limit boundary value problem
which is explicitly described when the size of the heterogeneities goes to zero. Simi-
larly, in the limit when the contrast goes to zero, convergence of the solution to the
solution of a constant coeflicient partial differential equation is obtained.

The problem of finding bounds on the effective properties of materials in the
quasistatic limit has been investigated vigorously, and there have been significant
advances not only in deriving optimal bounds, but also in describing the materials
that attain these bounds. See [15] and references within. Wellander and Kristensson
[20] and Conca and Vanninathan [4] have both recently analyzed the homogenization
of time-harmonic wave problems in periodic media, using entirely different methods.
Their results are each applicable to problems in which the wavelength of the incident
field is much larger than the microstructure.

For waves in random media, Keller and Karal [13] and Papanicolaou [17] use
averaging of random realizations of materials in order to describe the effective prop-
erties of the composites when interacting with electromagnetic waves. Both analyses
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assume that the random materials deviate slightly from a homogeneous material, i.e.
the contrast of the random inclusions is small. Keller and Karal assume a prior: that
the effective dielectric coefficient is a constant. Using perturbation methods, they
approximate the dielectric constant with a complex number, whose imaginary part
accounts for the wave attenuation.

A comprehensive overview of the subject of wave propagation in random media
is given in a book by Ishimaru [12]. Also, recent results in this field can be found in
the AMS-IMS-SIAM proceedings edited by Kuchment [14].

The above methods that provide bounds and describe the behavior of the dielectric
coefficients do not account for scattering effects which occur when the wavelength
is no longer much larger than the inhomogeneities of the composite and when the
contrast is large. Results for this problem are sparse. The problem is difficult and the
techniques that come from the quasistatic regime cannot be applied directly to the
scattering problem since the quasistatic methods utilize the condition that the size of
the heterogeneities goes to zero.

Even the correct definition of “effective medium” is somewhat unclear outside the
quasistatic regime. In this work, we assume that the purpose of the effective medium
is to reproduce the average or expected wave field as the actual medium varies over a
given set of random realizations.

For simplicity in this work we consider waves in two- or three-dimensional random
cell materials (discussed in Section 2.2) governed by the Helmholtz equation

Au+w?eu = f,

where realizations of the random permittivity function £(z) belong to some probability
space. We average over all the possible material realizations to obtain the equation

Alu) +w?(eu) = f,

where (-) denotes expected value, i.e. averaging over the set of realizations, and not a
spatial average. The source f is assumed to be independent of the material. We seek
to find the dielectric coeflicient * that will solve the problem

A(u) + w?e* (u) = f, (1.1)

where (u) is the expected value of the solution u. From the above two equations, it
is easy to see that the appropriate definition for £* is

e = <5_u> (1.2)

Note that the definition of ¢* does not preclude spatial variations, £* = £*(x).

The definition in 1.2 is similar to the definition of the effective dielectric coefficient
of an isotropic medium in the quasistatic case. In this case, the effective permittivity
e* is defined by

e(E) = (D) = (¢E),
where the averaged electric field (E) = E is a given constant, and the averaged

dielectric displacement (D) is independent of 2 which ensures that €* in the quasistatic
case is a constant.
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We can calculte the quasistatic effective dielectric constant by letting the wave-
length A go to infinity, or equivalently, by letting the frequency w approach zero. Let
e =eox —e1(1 — ), where x is a characteristic function of the material €y and the ex-
pected value of x when we sum over all possible material realizations is p, i.e. {x) = p.
Let G, ., be the free-space Green’s function for the operator Lv = Av + w?v (with
the outgoing wave condition). Our problem can be rewritten to yield the Lippmann-
Schwinger equation

u(w) =we1 ~20) [ Gl ~ yDX)u(w)dy + a(o), (13)
Q

where ¢ = G, ., * f. Define the operator A, : L?(2) — L*(Q) by

(A r)() = / Guoer(z — y)o(y)dy, € Q. (1.4)

In the case when w?|e; —eo| ||Au e, || < 1,

u= (I —w(e1 —0)Aue, X) g, (1.5)
and the Neumann series

u=q+w?(e1 —c0)Aw e Xq+ - - (1.6)
converges absolutely. Take the average over all realizations to obtain

(u) = q+ w2(51 —e0)Awe, (X)q+ - -
=q+w?(e1 —0)pAue, g+ ...

and
(eu) = (e)g + w?(e1 — eo){eAwe, X)q+ - ..
Thus, the quasistatic effective dielectric coefficient is

. limg_sofeu)  (e)g
wllH>10€ = m = T = 50p+€1(1 —p)

Wave localization and cancellation must be accounted for when the wavelength
is on the same order as the size of the heterogeneities, which means that the effective
coeflicients are no longer necessarily constants as in the quasistatic case, but functions
of the spatial variable. We have illustrated in section 4 that as w increases (which will
decrease the wavelength), we begin to see spatial variations in the effective dielectric
coefficient due to the presence of scattering effects. Nevertheless ¢* as defined in (1.2)
is a ”correct” definition of the effective dielectric coefficient, in that it reproduces the
average field response through equation (1.1).

Since €* cannot be calculated explicitly in general, to be useful in applications it is
important that we can bound both &* itself, and some measure of the spatial variations
in €*. The main result of this paper, presented in Theorem 3.1, is a bound on the
magnitude of ¢* and a local bound on the total variation, ||*||pv. The estimates
hold for any fixed frequency w > 0 and show an explicit dependence on the feature
size and contrast of the random medium.
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The paper is organized as follows. We pose the model problem of electromagnetic
wave propagation in a composite material in subsection 2.1. The two-component com-
posite material is random, and its structure is defined in subsection 2.2 using random
variables which describe its geometry and component dependence. In subsection 2.3
we obtain existence and uniqueness of solutions and uniform bounds on the solutions,
as well as Lipschitz bounds with respect to the dielectric coefficients of the materials.

Both the uniform and Lipschitz bounds are instrumental in obtaining the results
of the paper. Spatial variations due to scattering effects are allowed. Bounds on
the effective dielectric coefficient and its spatial variations are obtained when certain
conditions are satisfied. These results are stated in the theorem in section 3, which is
proved using methods that incorporate both PDE analysis and probability arguments.

We note that while the paper is focused on results in two- and three-dimensional
spaces, simple modifications also provide one-dimensional results.

2. Model Problem.

2.1. Electromagnetic wave propagation. Consider time-harmonic electro-
magnetic wave propagation through nonmagnetic (1 = 1) heterogeneous media. As-
suming that the electric field vector E = (0,0, ) and ¢ is independent of 3, Maxwell’s
equations reduce to the Helmholtz equation

Au+ w?eu = 0, (2.1)

where w represents the frequency, and ¢ € L*°(R") is the dielectric coefficient. In
media with heterogeneities in all three dimensions, each field component satisfies
(2.1).

Let our bounded spatial domain be 2 C R", where n = 2,3. The region outside
Q is filled with a homogeneous material. In particular, assume for x ¢ ), we have
e(z) = 1. Let Sy be the sphere of radius Ry, i.e. Sop = {r = Rp}, and let Qo = {|z| <
Ro}.

Outside the ball 2y, we separate the solution u to (2.1) into the incident and scat-
tered field: u = u; + us. The scattered field us can also be separated. Wellposedness
of the problem requires imposing Sommerfeld’s radiation condition as a boundary

condition at infinity, i.e.
n— 8
lim "= (——iw)uzo,
r—00 87“

uniformly in all directions, where n = 2, 3 is the spatial dimension. Here, it is assumed
that the time-harmonic field is e =%y,

The linear operator T: H2(Sg) — H~2(S,) (Dirichlet-to-Neumann map) defines
the relationship between the traces us|{,—pg,} and Opus|fr—pr,y, i-e. T(us|{r=ry})
= (Orus)|{r=ro}- The Dirichlet-to-Neumann operator defines an exact nonreflecting
boundary condition on the artificial boundary Sy, i.e. there are no spurious reflections
of the scattered solution introduced at Sy. We write T explicitly for the two- and three-
dimensional cases in the Appendix. On the boundary Sy = {r = R}, the solution

u = u; + us should then satisfy

Oru — Tu = Opu; — Tu; + Orug — Tus = Opuy — Tu; = c.
In this way the problem on R" is equivalently replaced by

Au+w?eu=0 inQyDQ,
(Oru —Tu)=c on Sp.
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2.2. Random structure. We are interested in computing expected values of
wave fields as the underlying medium ranges over some class of random materials. In
this section, we define the probability space characterizing these materials.

We fill our bounded domain Q by random cell materials (see e.g. Milton [15]).
Our two-phase random materials are constructed as follows. The first step is to divide
Q into a finite number of cells. The cells may vary in size and shape, but their volume
is bounded by a parameter.

The second step is to randomly assign to each cell a material of permittivity €qg
with probability p or €; with probability 1 —p in a way that is uncorrelated both with
the shape of the cell and with the phases assigned to the surrounding cells. We then
have a probability space (U5, Js, Ps), where Uy is a set of material realizations with a
o-algebra Js of subsets of ¥, and a probability measure Ps on Js5 with Ps () = 1.
The parameter § bounds the volume of each cell and its precise definition is given
later in the section.

Elements 1) € Us are characterized by two random variables, ¢ = (m, g), where
the variable m depends on the random variable g. The variable g describes the
geometry of the material by partitioning the domain € into N, parts, each of which is
filled either with material €9 or material €1, which is done by the random variable m.
Thus, g describes the subdivision of our domain into subdomains; once the geometry g
is fixed, the random variable m distributes the material in the subdomains. Denoting
some set of partitions of Q2 by I's, the variable g € I's, partitions the spatial domain
Q into N, disjoint subdomains {Qj}év:“’l such that UQ; = Q. The variable my =
{ma,...,mp,} assigns zero for material eo with probability p or one for material &;
with probability 1 — p in each spatial subdomain. The real part of the dielectric
constant in the composite material is defined by

e o) = eo if m; =0and z € Qy;
IV er ifmy=1and x € Q.

We assume without loss of generality that €1 > €g.
Fix a geometry g. Denote the set of realizations for geometry g by Ry:

Rg:{mg:(ml,...,mNg):mj:Oormjzl,jzl,...,Ng}

The set R, has 2Ns elements. Thus the set of material realizations, ¥s is described
as follows,

Vs ={(g,mg): g € Ts, my € Ry}.

The probability measure is

Ny
P=Y J[» ™ a-p™as (2.2)

mgERy j=1

where Gy is the probability measure on the space of all geometries, I's. The product
describes the multiplication of the probabilities of the materials in each subdomain
Q;, which is summed over the set of all realizations for a particular geometry g.
(¥s, s, Ps) depends on a parameter § > 0. Let k be a whole number, independent
of §. We make the following assumptions on the subdomain partitions in I's:
Al: The volume of each subdomain {Qj}év:“’l is bounded by ¢, i.e., |©;| < . Note
that since the volume of Q is fixed, as § decreases, the set of realizations ¥s
must change.
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A2: For each ¢, there exists p with 0 < n < § such that a ball with volume 7, B,(x),
intersects at most £ subdomains €; for all x € Q. This condition excludes
from consideration materials with infinitely many subdomains interfacing at

any « € Q2. Here B,(z) denotes the ball of radius r = 1/n/7 in two dimensions

. 1/3 . . .
and radius r = (Z’—Z in three dimensions, centered at x.

A3: Using B,(zo) from A2, define the set

Suor = (LJ0% ) () Br(ao).

There exists a constant C), (independent of §) such that the Lebesgue measure
of the set Sz, satisfies

Enil(szo,r) < Cprnila
for every xg € €. This condition excludes from consideration materials con-
taining subdomains with boundaries with infinite perimeter in B, ().
2.3. Existence and uniqueness of solutions and Lipschitz bounds. For a
fixed dissipation constant €; > 0, define a set
A:={e=¢, +ic;: e, =ep,4 for some (m,g) € ¥s}.

Given an incident field u;, we must solve the following problem

Au+ weru + iw?e;u =0 in Qo (2.3)
ou
(E - Tu) =c¢ on Sp. (2.4)

Existence and uniqueness of weak solutions, with a uniform bound, may be obtained
for materials with a little bit of absorption, i.e. g; > 0.

Throughout the remainder of the paper, in order to simplify estimates within
proofs, C' will denote a constant which is independent of (¢,u), whose value may
change from line to line.

LEMMA 2.1. For each € € A, problem (2.3)-(2.4) admits a unique weak solu-
tion uw € H?(QY). Furthermore, there exists a constant C depending on A, such that
llull g2y < C, independent of € € A.

Proof. The ideas for the proof of the lemma come from the proof of a similar
lemma in [6]. Define for u,v € H'({2)

a(u,v)—/QVU~W—LU2/QEUE—/SD(TU)E,
b(v)zc/soﬁ.

Using bounds (7.3) and (7.5) in the Appendix for the two- and three-dimensional
problems respectively, it is straightforward to show that a(u,v) defines a bounded
sesquilinear form over H'(Q) x H'(f2), and that b(v) is a bounded linear functional
on H'(£2). Weak solutions u € H*(Q) of (2.3) solve the variational problem

and

a(u,v) =b(v) for allv e H(Q). (2.5)
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The sesquilinear form a uniquely defines a linear operator A : H'(Q) — H(Q) such
that a(u,v) = (Au,v)q1(q), and the functional b(v) is uniquely identified with an
element b € H'(Q) such that b(v) = (b,v). By reflexivity, problem (2.5) is then
equivalently stated as

Au =b. (2.6)

We intend to show that a is coercive by establishing a bound |a(u, u)| > ¢ > 0 for
all u € H'(Q) with ||u|| 1) = 1. We have

a(u, 1) = /Q Vul? — o /Q e lul? = R (/SO(Tu)ﬂ) (2.7)
—i (/SO(TU)E) —iw?e; i |u|?.

For the two-dimensional problem we have
/ Tuu—/ vau "m0 = Z%n|um|
S0 m=1

where 4, are the Fourier coefficients of the trace u|g, (see Appendix). R(vm,) < 0
and S(yy,) > 0 for every m. Thus,

%(/SO(Tu)ﬂ> <0 and %</SO(Tu)E) > 0.

Similarly, for the three-dimensional case
frm= [ 3o 3 aiom=3 o 3 o
So S0 =0 m=-1 m=—1

where i, are the coefficients in the spherical harmonics expansion of the trace u|g,
(see Appendix). R(y;) < 0 and () > 0 for every [. Thus,

§R(/SO(Tu)E> <0 and s</SO(Tu)a) > 0.

Assuming HuHHl(Q Jo IVul? + [, [ul?> = 1, and noticing that the first three terms
on the right-hand side of (2.7) are purely real and the last two terms are purely
imaginary, we find

2la(u, u)| > ’1 _ /9(1 + e, fuf’ — R (/SO(Tu)ﬂ)’
+‘—w25i [ |u|2—%(/SD(Tu)E> .

For convenience, write r = fQ 1+ w?e)|ul?, s = fQ |u|?,

N S R(Ym) |l |2 in two dimensions;
— o RO X, Jium[? in three dimensions.
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Obviously ¢,7, and s are nonnegative real numbers which depend on « (and ¢ in the
case of r). Although t and s are essentially independent, r must satisfy

(1+w?e)s <7 < (1 +w?ey)s. (2.8)
With this notation,
2la(u,u)| > |14+t —r| + w?e;s.

2,
we have |a(u, u)| > Jw?e;s > Tirotey- Other-

and |a(u,u)| > 3|1+t —r| > 1. Hence, for all

Note that in the case s >

: 1
wise, s < 0+w?e)

s,t >0, and all r satisfying (2.8),

o] 2 o= min { 145 2
alu,u C=miny ————5 <, 7 (-
W= A1+ wle,) 4

1
2(1+w251) )

so that r < %,

The bound thus holds for every u with ||ul[g1q) = 1 and for every ¢ € A with
g; > 0. Given this coercivity bound, direct application of the Lax-Milgram Theorem
yields existence of the bounded solution operator A~! for problem (2.6) such that
[A7H| < 1/c. Thus [Jull o) < [blla @) /e

Given the bound on ||ul| (g, a uniform H?(Q) bound follows easily, since Au =

—w?eu is uniformly bounded in L2(£2). O

LEMMA 2.2. There exists a constant K such that for every es,e¢ € A, if us(es),
u¢(er) are the corresponding solutions of the Helmholtz equation (2.3)-(2.4), then us
and uy satisfy the Lipschitz condition:

lue — usl 2 < Klley — €5l 2 (2.9)
Moreover, there exists a constant C' such that,

lue — usl|wre < CK|ler — es]|z2 (2.10)

Proof. We subtract one of the Helmholtz equations from the other to obtain:
Auy — Nug + w?epus — w?esus = 0.
Subtract w?e;us on both sides:
A(ug — ug) + w?er(ur — us) = —w? (g — €5)us.
Let w = u; — us. Thus the above equation is written as:
Aw + w?eyw = —w?(ep — e4)us (2.11)

The function —w?(e; —e5)us € L*(Q) and thus Lemma 2.1 applies and w is a solution
to our equation (2.11). Let us rewrite (2.11) using the operator L.,:

Lo,w:= Aw + weiw = —w? (e — €4)us.

Lemma 2.1 ensures that the inverse operator LZ': L*(Q) — H?(Q) exists and is
uniformly bounded with respect to ¢; € A. Thus,

w= —w2L;1(£t — €5)Us.
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For both two- and three- dimensional materials, the Sobolev Imbedding Theorem
implies that H%(Q) C C%(Q) [1] and hence |lus|| = is bounded, so

lwllaz < 1LE L2, 20 ler = esllzz usl e < Kller — es]] 2.

To prove the second part of the Lemma, we use the Sobolev Imbedding Theorem
and interpolation inequalities. We prove that w € W24 for any ¢ such that 3 < ¢ < cc.
Using the interpolation inequalities in [1] we see that for any solution u of (2.3)-(2.4)

8] pa < ([ Aul 22 Aull 22 < WP full2d eul 12 < wPer™ 9 ul o

Thus u € W29, However, the Sobolev Imbedding Theorem [1] implies that W24(Q) C
CL(€), i.e., there exists a constant C' such that

Jur — s [1,00 < Cllue — usllwze < CKller — &sllz2, (2.12)
where
[lu]|1,00 ;== max sup |D%u(x)]|.
0<|al<1 zeQ

We deduce the Lipschitz condition (2.10) from (2.12). O

We also obtain a Lipshitz-type bound that estimates the proximity of solutions
u of the Helmholtz equation (2.3)-(2.4) and the solution @ of the constant coefficient
Helmholtz equation, where the constant coefficient is the expected value of ¢, i.e.
€ = () =eop+e1(1 —p). The bound is in terms of the local proximity of the random
medium e and the homogeneous medium €.

LEMMA 2.3. Let 4 be the solution to the Helmholtz equation with constant coef-
ficient € = eop + e1(1 — p), still satisfying the boundary condition (2.4):

AT+ w2l = 0. (2.13)

Let v > 0 and 3 < q < oo be fized. For any subdomain Q@ C Q we define the
diameter

d(Q) = sup |z —yl.
z,ycl

There exist constants K* and KX , and v > 0 such that if Q is divided into N’

non-overlapping subdomains O; such that d(O;) <~y for alli=1,...,N’, then

N/
lu—alle < K [0 / E—e)de| | +v (2.14)
i=1 170
and
N’ e
Ju =l < Koo) [ K7 (3 / G—oyde | +cv| . (@15)
i=1 17 0:

for all realizations (u,€), and 3 < g < co.
Proof. In the following proof, the difference between the solutions of the two equa-
tions (2.1) and (2.13) is written in terms of the solution operator Lz"'. This compact
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solution operator is approximated by a sequence of finite-rank operators L, !, written
in their canonical form in terms of orthonormal basis functions. These measurable
functions are approximated outside of a set of small measure by continuous functions.
The domain Q is divided into N/ non-overlapping subdomains O; of diameter at most
v, such that the uniformly continuous functions are approximated by a sequence of
step functions with characteristic functions of O;. Hoélder continuity of w is proven,
and the difference between the solution u for every x in O; and the maximum of u
over the set O; is bounded in terms of the diameter . All of these are combined to
give the desired inequalities. The details of the proof follow.

Subtract the two equations (2.1) and (2.13) and manipulate them to get the
equation:

Au—10) +w?é(u—10) = w*(é —e)u
for any realization (e,u). Thus, we can apply the solution operator Lsfl to obtain:
u—a=wL((€ —e)u).

Now, Lgl is a bounded operator Lgl : L? — H? and a compact operator Lgl

L? — L2. Since LT : L? — L? is compact, it can be approximated by a sequence
of finite-rank operators L1, and for every given error v; > 0, there exists M; such
that ||Lé — LY e @),22() < v1 for n > My [5]. We apply the triangle inequality to
obtain:

Ju— a2 = W?|LZ (€ — e)ul| L2
<L = LM ey 2@ IE — ellpe lull e + w? 1L, (€ — €)ul| 2
< Cuv + w2||L;1(§ —e)ullrz,

where C' is independent of the material €. Finite-rank operators can be decomposed

L, U—Zw e)u, gty 12

where g7 € L?(Q) and w* € Range(L;;!). Thus,

1L (e - u||Lz—||Zw /s—augz dollir <3

=1

/ (€ — e)ug] dx| .
Q

Fix n > Mjy; g is a measurable function on €. Given o > 0, there exist continuous
functions v on €2 such that |S,,| = m{z : ¢"(z) # v (x)} < vy, foreachi=1,...,N
[18]. Decompose the integral

[e-amgrar=[ ot [ E-ougran
Q S, Suy

Using this we obtain the following bound for each i =1,..., N

/ (€ —e)ugldz| < / (€ —e)ug} dz| + / (€ —e)ugl' dx
Q Q\S,, s

v2
/ (€ —e)ug] dz
Q\S,,

1
= + & = ellzee [Su.]? ullzellgi'l 2 < + Covs.

/ (€ —e)ug; dzx
o\

v2
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The function v}" is continuous on the compact domain €2 and thus it is uniformly con-
tinuous and can be approximated by a sequence of step functions /. Divide 2 into
N’ non-overlapping subdomains O; such that d(O;) < 7. Define ¢y, = Efil CLZN,XO“
where xo, is a characteristic function of the subdomain O;. For every given error
vs > 0, there exists v > 0 such that ||v]' — Yn/||L~ < v3. Thus,

/ (€ —e)ug] dx / (€ —e)uv) dx| = / (€ — e)uv] do — / (€ — e)uv} dx
Q\S,, Q\S,, Q s

v
< /(E—E)uv dx| + (1€ = ellzoe |Sus | ]l oo |07 || Los
Q

<| [ E=eputer — ) do| +

/ (5 — E)’U/(/)N/ dx| + CQVQ
Q

+ [|vi" = N |l [|€ — el [ul Lo + Cave

< ‘/Q(é - E)U’QZJN/ dx

S/a—a Za Xo, dz +C3V3+ng2<2|aN|}/ (E—e)udx
Q

i=1 i=1

Lemma 2.2 implies there exists a constant K such that ||u|| g2 < K for every realization
u. Since H? imbeds in C%1/2, there exists a constant K, such that

u(z) —u(y)| < Kplz —y['/?,
for all v and for all z,y € Q. Let
ul, = grgréao)fu(x)
and we have
u(a) | < Kpn'V?
for all z € O;. Thus,

/ (€ —e)ug] dz
Q\S,,

<Z|aN|‘/ E—e)(u—ul)de|+
<KL71/QZ|(1N|‘/ €—¢e)dx|+

<Cvl/2+Z|a

i=1

+ C3vs3 + Covg

Z|CLN|‘/ € —¢)(uy) dr
Z|aN|‘/ € —¢)(ul)dr

(€—¢)dx

i

+ C3vg + Covy

+ Csv3 + Covs.

We obtain the desired bound by taking ~y, v2, and v3 sufficiently small. Let Cy/2 +

Csovs + C3v3 < v; hence

N/
/ (E—¢e)dx
O;

lu—illp <K | >

=1

+u. (2.16)

+ Csvz + Covs.
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The interpolation inequality [1] states that there exists a constant K such that

1 1
[ullwra < KrllullfyeqllullZa-

Since W4 imbeds in Cp for 3 < ¢ < oo [1], there exists a constant C' such that
= @l < Cllu— s,

Also, the interpolation inequality for LP-spaces [8] states that when 3 < ¢ < oo

2 a-2
lulle < flull fellull L% -

Combining the above inequalities and the bound (2.16), we prove the second bound
in the statement of the Lemma:

~ s a1 ol o1 2
u—tllLe < CKpllu—alljyeqllu—tlz, < CKrllu—allfaqllu—allf2lu —al o2

N’ a

< Ki(q) | K* Z/O_(g—g)dx +v

i=1

3. Effective Dielectric Coefficient. The expected value (u) of the solution u
of the Helmholtz equation (2.3)-(2.4), that depends on the random variables through
its dependence on the composite material, is defined, recalling (2.2), as follows

Ng
<u>_/p6udP—/F S IIe ™ (0 =p)™ ulemg x) dGs. (3.1)

S myER, j=1

Note that () is an expectation over material realizations, not the spatial variables, so
that (u) is in general still a function of x. Thus, the effective dielectric coefficient,
defined in (1.2) as

is a function of the spatial variable .

Our main theorem gives a bound on the effective dielectric coefficient and its
spatial variations provided we have a lower bound on the expected value of u. Such
a bound is proven to exist for sufficiently small §. The theorem shows that as the
maximum volume ¢ of the subdomains decreases, so does the magnitude of the spatial
variations, and as § — 0, the effective coefficient equals the constant predicted by the
quasistatic case.

THEOREM 3.1. Let e*(z) be the effective dielectric coefficient of the medium
defined by (1.2). There exists 5o > 0 and a constant C* such that for all 0 < § < dg
and any g € §2, the local total variation of €* satisfies

/ |Ve*| de < C*|er — €0l
By (o)

where r is determined as in Assumption A2. As the size of the inhomogeneities goes
to 0, the spatial variations decrease in magnitude, and €*(x) — peo + (1 — p)ey.
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Ky

Fic. 3.1. Proximity to the constant coefficient solution. Left: From numerical experiments,
solutions u for a medium with 10 layers at * = 0.5 (red dots) and the solution to the constant
coefficient problem 4(0.5) (blue square); Right: For an appropriate parameter 8, the probability that
solutions u cluster within a circle with center 4 and radius o is 1—[3. The probability (3 that solutions
lie outside this circle depends on &, and B — 0 as § — 0. All solutions are contained in the circle
with radius K1, since ||u||pe < K1.

Thus, |e*(x)| is uniformly bounded above for all z, and the spatial variations of
¢* are bounded in terms of the size of the inhomogeneities § and the contrast of the
medium |e1 — &q].

Proof. The proof applies to one-, two-, and three-dimensional random media. In
order to obtain a bound on |¢*| = %, we must obtain a lower bound on the denom-
inator |(u)|. We show that a uniform bound exists provided § is chosen sufficiently
small, i.e. |(u)| > ¢ > 0 for all z € Q. The proof is based on a probability argument
that shows that the probability that the solutions u will be within a certain radius
« from the solution of the constant boundary value problem with dielectric constant
€ = peg + (1 — p)e1 goes to one as the maximum volume § or the contrast |e; — &g
goes to zero. The probability 4 that a solution w lies outside the circle with radius «
depends on the parameter §, and 8 — 0 as § — 0. This prevents (u) from equaling
0 and gives a lower bound on |[{(u)| > ¢ > 0. The numerical experiment in Figure 3.1
illustrates this argument, and the proof follows.

We let a and § be arbitrary constants such that § <1 and a < K;. We want to
prove that for every such a and 3, one can find § > 0 such that

[(w) = (1= B)(A—a) - 8K,

where ||t]|p« = A and |Jul|p~ < Kj.

We use Lemma 2.3. There our domain 2 was divided into N’ non-overlapping
subdomains O; such that d(0;) <~ for alli =1,..., N'. Each O; contains at most N
subdomains {2; and subdomains £2; N O;. We are guaranteed that any subdomain €;
coming from material realizations has volume less than or equal to J, hence |Q2,;N0;| <
6. Denote by x the indicator function assigning 1 if we have material ¢ or 0 if we have
material 1 in a given domain. Given the radius « and using Chebyshev’s inequality
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[7] and estimate (2.15), we obtain

Q=

N/
P(lu—1il~ <a)>P| K | K* Z/(é—s)d:c +v| <a
i=1 170
> P max/(a—a ) dx S( °°)
i o K*N
_ q
a )y
> P 03] — plO —(K‘”)
- JZlXJ | p| M| K*N/(El _EO)
_ q
Ka*) -V
=1-P OM —plO (""’—
;Xﬂ | | M| K*N/(El—go)
N
(K5)1K*N'(e1 — £0) | M
21— (S ) v (it
Jj=1
=1-p (3.2)

Here OM is the set over which the quantity ’ /. 0. (E—¢) d:v‘ is maximized and the sets

03 = Q; N OM. We have also used the fact that <Z;V:1 xj|0§”|> = p|OM]|. We
notice that the random variables x; are independent and calculate the variance

5 5
S 10| =10 PVar(x;) = p(1 —p) > 03> < p(1 — p)N&>.
j=1 j=1

j=1
Thus,
N
_ ((KL)IK*N'(e1 —£0) \* M
6:< woE ) Ver| 2010
00 =1
KX )IK*N' (g1 — £0)\ > .
S(( ozq—y(lé*l)q O)> p(L = p)No*.

We have shown that the probability that solutions w are within a radius « of the
constant coefficient solution % goes to one as either § or the contrast in the medium
ler — €o| goes to 0.

Let us call ||u—a||~ < « condition L and the complement - condition L. Define
the conditional expectations

f%(LC) udP

JusyudP
P(Le)

(u|L) = PL) and (u|L°) =

and note that P(L) > 1 — 8 and P(L¢) < . The expected value (u) is given by

(u) = P(L)(ulL) + P(L%)(ul L),
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Fic. 3.2. Sample materials in \Ilg and \Ilé for fized x. Left: Material realization 1po; Right:
Corresponding material realization 1 obtained by switching material €9 with material €1 in the
domain containing x.

and using estimate (3.2) we obtain
[(w) = (1= B)|[(ul L)| = BI(ulL)]-
If u satisfies condition L, then w satisfies the inequality
[ullzoe = flullpe —a> A—a.
Now using the uniform upper bound ||u||~ < K7, we obtain the desired result:
[(uw) = (1= B)(A—a) - BKY,

where the constant 8 depends on ¢, the maximum volume of the subdomains, and
on the contrast |eq1 — g¢], and § — 0 as § or |e; — 9| — 0. Thus by picking the
appropriate a and (3, where (8 is controlled by the parameter ¢, we obtain the lower
bound [{(u)| > ¢ > 0 for all z € Q. This provides a bound on the effective dielectric
coefficient:
EK
e < —*.
c
The uniform lower bound on |(u)| is utilized in proving that ||e*|| gy < C*|e1—¢ep]d,
as follows. Formally, the gradient Ve* is given by:

(W) {(Ve)u) + (u)(eVu) — (Vu)(eu)
(u)? ’
where Ve is understood in the sense of a distribution. Now choose § such that

[(u)] > ¢ > 0. We want to bound the numerator in terms of this § and the contrast
ler — eo|. First we bound

Ve* = (3.3)

() (eVa) — (Vu){eu)| < Croler — eof (3.4)

pointwise, where C; is a constant. In the proof we use the Lipschitz bound (2.10)
from Lemma 2.2.

The bound (3.4) is obtained by looking at material realizations that differ only in
one particular subdomain 2; and realizing that the pointwise difference in solutions
propagating through two such material realizations can be bounded in terms of the
L?-norm of the difference in the two materials, where the two materials differ only on
the subdomain Q; with [©;] < 4.
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Fix z. Divide the set of material realizations U5 into two subsets U5 = ¥ U U},
where ¥ is the subset of realizations such that e(z) = gy and ¥} is the subset of
realizations such that £(z) = 1. Representative elements of the subsets U9 and W}
are shown in Figure 3.2. For each geometry g, let RS and Ré be subsets of the set of
material assignments R, such that

Rg:{mg: (ml,...,mNg) T my :OfOI'ZEGQj},
and
R;:{mg: (ml,...,mNg) :my; =1 for x € Q;}.

Thus, Ry = R) U R}. The expected value of u is given by:

<u>(:v)=/ udP = Z le (1 —=p)" ulem,g, ) dGs

Us maeR, 1=1

Ng
_p/r Z le m™(1=p ludG(;—i—(l—p)/F Z le_ml (1—p)" udGs
s 5

mgERY ll;ﬁl myER, ll;:él

= = p(u)go + (1 = p)(u)g1,

where (u)ygo = (ule(z) = eo) and (u)g: = (ule(z) = e1). Using this notation we can
rewrite

() (V) — (Vu) (=)
= e1p(1 = p) (W (Vi) ay — (u)as (Vuhus)

+ eop(1 = p) ((1)u3 (Tuhug — (o (V) ) -

For every material described by \IJ(O;, there exists a material described by \I/}; such that
the two materials differ only in a subdomain €); > z. Let us call uy, the solution of
the Helmholtz equation when the material realization belongs to ¥{ and u,, the cor-
responding solution of the Helmholtz equation when the material realization, differing
only in m;, belongs to U}. We have

/ Uy, () dP—/ Uy (z) AP
wl w9

< sup  luy, (M1, g) — uy, (Mo, 9) | L=
gely
m1ER}
moERS

<CK sup ey, (m1,9) — vy (mo.g) 2 < CKler — ol
er
75161(;51]
’ITL()ERS

2Ng—1 N,

/ STTIP ™ (= p)™ g, = u,|(x) dGs
s

=1 l 1
#3j

The preceding comes from the fact that for any material realization in W}, there exists
a material realization in \II(O;. The application of Lemma 2.2 yields the second-to-last

inequality. Thus, we have that ‘<u>\pé - <u>\p(§‘ — 0 pointwise as 6 — 0. By a similar
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X

Fic. 3.3. Sample materials in ¥§ and \Ilg for fized x on the boundary between several ma-
terials. Left: Material realization vo; Right: Corresponding material realization g obtained by
interchanging the materials at domains interfacing at x.

— 0 pointwise

< CK6le1 —¢o, and ‘<vu>q,é — (Vu)go

argument, ‘(Vu)wé — (Vu)go
as § — 0. Now,

() ag (Tubas = (w)ay (V) ug

< [whus | [(Tubas = (Fuhuy

(3.5)

+ |(Vu)ug

<U>q1§ - <U>\pg .

Referring to Lemmas 2.2 and 2.1, we know that u € Cj(2), and that there exist
constants K1 and K such that ||u|p~ < Ky and ||Vu||p~ < K for every u. Then

< KCler —eold(K1 + K2) -0 as 6 —0

() ag (Vu)us = (o (Tu)ug
and similarly for the second term in (3.5). Thus, we obtain the following bound
[(u){eVu) = (Vu)(eu)| (3.6)
<ew(l—-p) ‘<U>qxg<vu>\p§ — (W1 (Vu)go| + op(l — p) [(w) g1 (Vu)go — (W) go(Vu)y:
< KCp(1—p)(e1 +eo)ler — ol (K1 + K2)d.

Looking back at (3.3) to get an upper bound on |Ve*|, we now want to prove that
[(Ve)u)| < Cadler — g0 in the distributional sense.

Since e(x) equals a constant in every subdomain ;, Ve = 0 there, and the
only problem occurs at the interface between two or more subdomains with different
materials, where ¢ is discontinuous and Ve is defined only in the distributional sense.

Fix a realization 1, such that zg is at the interface between k subdomains §};,
7 = 1...k with alternating materials €9 and ¢; in them. This assumption will pose no
loss of generality since the other cases are attained at material realizations satisfying
our assumptions. Call ¢ the realization that has the same geometry as realization 1),
but with the materials in the k subdomains interfacing at xo switched, e.g. Figure 3.3.
Without loss of generality let realization v, have material g9 in €2y; thus realization
1 has material €1 in the same subdomain Q. Let ¢ be a test function ¢ € C§°(2,R™)
such that supp ¢ C B;(zg). We can find V(e,)u, at o in the generalized sense:

/ uaV(ea)ddx
Br(zo)

= (81 - 80) / ua¢Va(leQz) dx + (81 — 80) / UQ¢V3(Q2093) de +---
8(91092) 8(92093)

+(e1 — 50)/ UaPVa(y_1n0y) AT + (€1 — 50)/ Ua PV (0, nQy) AT,
8(Qkflﬁﬂk) 8(Qlﬁﬂk)
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where 9(€2; NQ2) is the interface between subdomains 2; and Q2 and vy, o, is the
unit normal vector to {2; on the interface with 2. Note that vy,na,) = —Va(.na.)-
Similarly, we find that V(eg)ug at xo in the generalized sense is

/ ugV(eg)p dx
BT(LE())
=—(e1— 50)/ UsPVy(0, N AT — (61 — 80)/ UBPVH(QanQs) AT — + - -
8(91092) a(ﬂgﬂﬂg)
—(e1 — 80)/ UgPVa(y_1nay) 4T — (€1 — Eo)/ UBPVa (0, NQy) AT
8(Qk71ﬂﬂk) 8(Qlﬂﬂk)

Divide again W¥s into three subsets Ws = W¥§ U U§ U \Ilgz US is the subset of
realizations such that zy is inside some subdomain; ¥§ is the subset of realizations
such that xg is at the interface between k subdomains £2;, j = 1...k for any integer k
with alternating materials €y and 1 in them and material g¢ in €2y; ‘Ilf; is the subset
of realizations such that ¢ is at the interface between k subdomains Q;, j =1...k
for any integer k with alternating materials €1 and ¢¢ in them and material &1 in ;.
Note that (Ve)ye = 0. Utilizing assumptions A2 and A3, we obtain

‘ </BT - (uVe)pdr)

oNg—1 Ny

(3.7)

k
k k —mi mi
< |€1—€o|||¢||LwZ||stj||Bv/ Yopr(=p= [ » (0 =p)™ Jua — ugllL- dGs
=1 ¢

5 =1 =1
1#5+1...
Jtk
< kKCCyp(1 = p)[[ ]~ |e1 — 0| b.
Note that the inequality
H’U,a — ugHLoo < kKC |81 — Eo| 1)

comes from Lemma 2.2 and the fact that for any material in U§ one can find a material
in \Ilf , which differs only on the subdomains €2; through €2, each with volume less
than or equal to 9.

Choose § small enough that |(u)| > ¢ > 0. Using the lower bound |(u)| > ¢ > 0,
(3.6), and (3.7), we obtain

/ |Ve™|dx <
By (o)

where Ve* is defined in the generalized sense. This will ensure that €* € BV (Q2), and
thus, we can bound the spatial variations of ¢*

S C*lé'l — Eolé, (38)

Cle1 — eold]| ¢l L=
C2

V(e*, Q) :=sup {/ e*divodr : ¢ € C3(Q,R™), Pl ooy < 1}
Q
<C | |Ve*|dr — 0 asdor|eg —egl — 0.
Q

The formula that prescribes the appropriate ¢ takes into account the contrast |e; —eg
in the medium (Theorem 3.1, (3.6) and (3.8)).
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Note that
o ew peofu)wo + (1 = pler(u)y:
(u) pluygo + (1 —p)(u)gr

Since |(u)g1 — <u>‘p§} — 0 pointwise as § — 0, we obtain that ¢* — peg + (1 — p)e;
as § — 0, which is consistent with the quasistatic case since by letting § — 0, we are

effectively operating in the quasistatic limit.
O

We can obtain an estimate of how much * differs from the expected value é:
gy Nl — 2w
[(u)

< Ipgo(u)w, + (1 = pler(u)w, — (peo + (1 = p)e1) (p{w)w, + (1 = p){u) g, )|

le

p(1 = p)ler — eol{w)w, — (u)w,|
C
< p(1 = p)Cler — eolo.

<

4. Numerical Experiments. We observe the spatial dependence of the effec-
tive dielectric coeflicient by numerically calculating e* and graphing it as a function of
x. In these numerical experiments, ¢* is calculated by dividing the interval (0, 1) into
the corresponding number of intervals m, each layer of length %, and going through
all possible realizations by assigning in each layer either material of type one or ma-
terial of type two, both with probability % The solution u for each particular layered
material is computed by the transfer matrix method [19]. Sample realizations in the
case of a six-layer medium are given in Figure 4.1. In these numerical experiments
w = 53. The graph on the left shows the sample six-layer medium, composed of
material of type one (g9 = 1) in the first, second, and fifth layers, and material of
type two (g1 = 2) in the third, forth, and sixth layers (above), and the solution u and
the product eu (below). The graph on the right shows a six-layer sample medium,
composed of material of type one (9 = 1) in the first, second, and sixth layers, and
material of type two (¢; = 2) in the third, forth, and fifth layers (above), and the
solution u and the product cu.

The expected (u) is obtained by evaluation the solution u for each realization and
multiplying it by the probability of the particular realization, i.e.

NQ
()= ula,my) [[p™ (1 —p)™.
mgER, Jj=1

In the case when both materials are assigned according to probability %, each solution
u is multiplied by (%)m The expected (cu) is computed similarly. We observe that
when the length of the layers is 1/6, the spatial variations of ¢* are more pronounced
than in the case when the length of the layer is 1/16 (Figure 4.2).

Without loss of generality, assume that the dielectric coefficient of the medium is

e(x) = 1+ 2x(z,¢),

where the function x(z, ) is a random characteristic function in . The main theorem
3.1 showed that the spatial variations in the effective coefficient are bounded by the
contrast in the medium z (or as appears in the theorem, |e; — &g]).
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Fic. 4.1. Sample realizations in a siz layer medium: € (top) and corresponding real part of u
(bottom).

Numerical experiments also show that the spatial variations decrease in magni-
tude when the contrast z between the two materials is small (Figure 4.3). In these
experiments we are looking at a ten-layer medium and w = 53. We vary the contrast.
In the first experiment, we assign material of type one (¢g = 1) or material of type
two (g1 = 1.5), both with probability % In the second experiment, we assign material
of type one (g9 = 1) or material of type two (g1 = 13), both with probability % The
dependence of the magnitude of the spatial variations on the contrast in the medium
is obvious.

Numerical experiments are performed in a two dimensional random medium, that
is periodic in the x direction. The medium is obtained by randomly picking points in
a square cell with sides equal to 27 and drawing circles of random radii around the
randomly selected points. The coordinates of the points and the values of the radii
are drawn from a normal distribution. After the cell is divided into subdomains either
material €y or material 7 is assigned to each subdomain, both with probability 1/2.
The variational problem (2.6) was discretized with a first-order finite element method,
using piecewise bilinear elements on a uniform, rectangular grid. The design variable
€ was approximated by a piecewise constant function on the same uniform grid. The
nonlocal boundary operators T' defined by (7.1) in the Appendix were approximated
by explicitly calculating the Fourier coefficients of the traces of the finite element
basis, then truncating the sum in (7.1). The resulting finite element scheme can be
shown to converge and to conserve energy, provided all the propagating terms are
included in the sum [2]. This discretization leads to a large, sparse (except for the
boundary terms), non-Hermitian matrix problem, which for simplicity is solved using
the direct sparse solver in Matlab. Despite the convenience of imposing a positive
lower bound on the imaginary part of € in Lemma 2.1 for obtaining a uniform upper
bound on solutions, we found that the numerical experiments were quite insensitive
to small dissipations. Thus in all of the examples below, we set ¢, = 0.

In all two-dimensional numerical experiments, the frequency w = 1.2. In Figure
4.4 a single material realization (top), the real part of the corresponding solution u
(middle) and the real part of the product eu (bottom) for a medium with contrast
z = 0.5 are displayed. In Figure 4.5 another material realization (top), the real part of
the corresponding solution « (middle) and the real part of the product eu (bottom) for
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Fic. 4.2. Spatial Variations. Upper left: Real and imaginary €* in a medium of six layers;
upper right: Real part of (eu) (dashed line) and (u) (solid line) in a medium of siz layers; lower
left: Real and imaginary €* in a medium of sizteen layers; lower right: Real part of (eu) (dashed
line) and (u) (solid line) in a medium of sizteen layers.

a medium with contrast z = 3 are shown. The average (cu) is obtained by calculating
eu for each material realization, summing up over realizations, and dividing the sum
by the number of realizations. In our experiments the number of material realizations
is 75000. The expectation (u) is calculated similarly. The effective coefficient £* is

the quotient of these quantities: ¢* = <<8;‘>>.

In Figure 4.6 the expectations (u) and (su) are shown. The effective dielectric
coefficient for a random medium with contrast z = 0.5 is displayed in Figure 4.6. Let
us investigate the effect of increasing the contrast z in the medium on the magnitude
of the spatial variation in €*. In Figure 4.7 we have shown the averaged quantities
(u) and (eu) for a random medium with contrast z = 3. The spatial variations of the
effective coefficient (Figure 4.7) are much larger in magnitude for the medium with
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F1a. 4.3. Spatial variations. Upper left: Real and imaginary €* in a medium of ten layers and
contrast z = 0.5; upper right: real part of (eu) (dashed line) and (u) (solid line) in a medium of
ten layers and contrast z = 0.5; lower left: Real and tmaginary €* in a medium of ten layers and
contrast z = 12; lower right: real part of (eu) (dashed line) and (u) (solid line) in a medium of ten
layers and contrast z = 12.

the greater contrast.

5. Approximation formulas. In general, it is difficult to calculate exactly the
effective dielectric coefficient ¢*. Thus, finding good approximation formulas is im-
portant. These approximation formulas are derived assuming the contrast z is small.
They take into account the geometry of the material through the material distribution
and correlation functions.

Keller and Karal analyzed the propagation of waves in a random medium assum-
ing that the medium differs slightly from a homogeneous medium. Assuming that the
homogenized medium has a constant dielectric coefficient, and thus the averaged wave
is a plane wave, the authors derive an equation satisfied by the average wave that is
correct through terms of order v2, where v measures the deviation of the medium
from homogeneity. From this equation, they determine the effective dielectric con-
stant of the medium. The propagation constant for the average or coherent wave is
complex even for a nondissipative medium, because the coherent wave is continually
scattered by the inhomogeneities and converted into the incoherent wave. The prop-
agation velocity of the average wave is also diminished by the inhomogeneities. The
effective dielectric constant depends upon certain trigonometric integrals of the auto-
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Fi1G. 4.4. Sample Material I: constitutive materials eg = 1 and e1 = 1.5 (top). Contributions
from Sample Material I to the real part of solution u (middle) and real part of eu (bottom).

and cross-correlation functions of the coefficients in the original equations, i.e., of the
various coefficients characterizing the medium [13].

In our analysis, we also calculate the effective dielectric coefficient using integrals
of the the auto- and cross-correlation functions of the coefficients in the original equa-
tions as suggested by Keller and Karal. However, our analysis does not assume that
the effective dielectric coefficient is a constant, but allows for spatial variations. We
illustrate below by considering media with particular random variations so that our
approximation formulas capture the spatial variations.

Let g, be the free-space Green’s function for the operator Lv = v” + w?v (with
the outgoing wave condition). Our problem can be rewritten to yield the Lippmann-
Schwinger equation

u(z) = —2w’ /Q 9w (x — y)x(y)u(y)dy + q(z), (5.1)
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Fic. 4.5. Sample Material II: constitutive materials eg = 1 and €1 = 4 (top). Contributions
from Sample Material II to the real part of solution u (middle) and real part of eu (bottom).

where ¢ = g, * f. As in (1.4), define the operator A4, : L2(2) — L?(Q) by

(4)@) = [ gule =iy, aen (52)
In the case when |zw?||| AL | < 1,
u=(I+2024,%)"q, (5.3)
and the Neumann series
u=q—2w?A,xq+ 22w (Aux) g — ... (5.4)

converges absolutely. Take the average over all realizations to obtain

(u) = g — 2w* Ay (x)q + Z°w* AL (X Aux)q — - -
= q— zpw?Auq + 22wt A, (XAuXx)q—-..
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and

(xu) = (x)q — 20> (xAwX)q + 22w (XAuxAuX)q — . ..
= pq — 2w (xAwX)q + 22w (XAuxAuX)g — . . .

Thus, the effective dielectric coefficient can be represented with a Taylor series ex-
pansion in z

2, 2 (XAux)a — p*Aug
q
+ 62501 < (xAwxAuX)q — p(xAux)g  PAua((xAux)q — p2AwQ)) N
q g

e (x)=142p—2z (5.5)

We have also proven that the complex-valued (u) is a holomorphic function of
z provided that % belongs in the resolvent of the operator w?A,x. In this case, we
can approximate the effective dielectric coefficient by the Taylor series expansion in
z. In the case of small z every term in the series is a constant provided the medium
is stationary. In such media, the correlation functions depend only on the distance
between the points, and not their positions. In this case all the correlation functions
depend on the distance between all of the points, i.e., the three-point correlation
function N(z,y,s) = N(Jlx —y|, |z — s|,|s — y|). An example of such a medium is one
constructed by varying the length of the first layer (and thus the last to compensate),
and leaving the length of the middle layers constant. The material in each layer is
assigned with a chosen probability. Knowing the N-point correlation function allows
us to approximate €*. In order to do that we must develop a method to evaluate the
terms of form (xA,x)q, (xAwxAwX)q, etc. Keller and Karal suggest how this can be
done when calculating (xA.,X)q. The mean value theorem for the solution ¢ = g, * f
of the constant coefficient problem

u +wPu=f
is applied [13], where f is the delta function and ¢ is a plane wave solution. The
Green’s function for this problem is
ieiw\w\
2w

Knowing the correlation function N(z,y) = N(Jz — y|) = N(r) and using the mean-
value theorem in one dimension, we can calculate

(xAux)d = (b — %) / go(lz — y)N (2 — y)ay) dy + p? / 0ol — y)aly) dy

o =

oo

—a(p—p?) / " go(r)N (r)cos(wr) dr q(z) + 2 / g (r)cos(wr) dr g(z)

In a medium where the length of the first layer varies from 0 to d, the correlation
function is

1—lvl hen 0 < |2 —y| < d;
N(z,y) = N(lz —y[) = { 0 ‘ zlther;vvis;.w =

Calculating the integrals for r € supp(NN) , we obtain

— p2)4 ) .
(xAux)q = (—ngfd)z (2d%w? — 1 + e¥d) 4 fﬁ(em“’d + 2iwd — 1)> q(x).



28 L. B. SIMEONOVA, D. C. DOBSON, O. ESO AND K. M. GOLDEN

The mean value theorem is applied repeatedly to calculate the multiple integrals of
the form (xA, ...xAwX)q, when the N-point correlation is given. Once these are
calculated our formula (5.5) gives the approximation to the needed order, e.g.

e =1+ z2p
2y ; 2iwd

_ 22(,«)2 <_%(2d2w2 -1 +e2iwd> + ;ﬁ(e%wd + Qiwd — 1) _p2 <'Ld e

Numerical experiments show that in a medium with a correlation function de-
pending on position, the best approximation may be a function of the space variable.
In the numerical experiments illustrated in Figures 5.1 and 5.2, we have graphed the
real and imaginary parts of €* and its second order spatially dependent approxima-
tion, calculated using (5.5). The appropriate correlation function for the medium is
spatially dependent and assigns 1 (or fully correlated), if the two points are in the same
interval and 0 (no correlation), otherwise. Since the expansion is done around z = 0,
it gives a better approximation for small z’s and w’s. In the experiment, depicted in
Figure 5.1, we use media of four layers and contrast z = 0.1 and z = 0.5, when the
frequency is w = 10. We see that our second order approximations (thick line) give
a very good approximation of both the real and imaginary parts of €* (thin line),
capturing the spatial variations. In Figure 5.2, we observe the real and imaginary
parts of €* (thin line), and its second order spatially dependent approximation (thick
line) in a medium of four layers, contrast z = 0.5, and w = 2. The approximation is
very good in the case when z and w are small even if we have only four, relatively
long, layers. In the last numerical experiment depicted in Figure 5.2, w = 53. For
large frequencies, we expect the approximation to fail, but nevertheless, we see that
our second order spatially dependent approximation (thick line) captures some of the
behavior of the real and imaginary parts of ¢* (thin line). In this experiment, we are
looking at a medium of four layers and contrast z = 0.5.

6. Conclusions. When we consider wave propagation in a medium for which
the size of the inhomogeneities is of the same order as the wave length, scattering
effects must be accounted for and the effective dielectric coefficient is no longer a
constant, but a spatially dependent function. In this paper we use novel approaches
to bound the spatial variations of the effective permittivity. Numerical experiments
confirm the presence of spatial variations and their dependence on the size of the
inhomogeneities and the magnitude of the contrast. Related optimization problems
that seek the class of materials, described by the probability density function of the
geometry of the medium, that optimize certain properties of the effective permittivity
will be considered in the future.

7. APPENDIX. In two dimensions using polar coordinates (r, ) and assuming
no incoming waves, the exterior scattered solution is

Uey (1, 0) = Z A HY (wr)e'™?,

m=1

where H! (wr) are Hankel functions of first kind. Suppose that the Dirichlet data w;,
is given on the circle. The interior solution u;, € LQ(SO), and thus it has a Fourier
series representation

o0
win(0) = Z Gme™9
m=1

1

% a1t

)



Spatial bounds on the effective permittivity for time-harmonic waves 29

1.05

o 1.0495
1.049
1.0485

1.048
0

0.01
0.005

-0.005

-0.01

1.26

1.24

Re

1.22

0.15

_0.05 Il Il Il Il
0 0.2 0.4 0.6 0.8 1

Fi1G. 5.1. Second order approximation I. Above: Real and imaginary €* (thin line), and its
second order spatially dependent approxzimation (thick line) in a medium of four layers, contrast z =
0.1; below: Real and imaginary e* (thin line), and its second order spatially dependent approximation
(thick line) in a medium of four layers, contrast z = 0.5. The frequency w = 10.

where

1 [ o’
0 u(wRy, 0)e™ ™% dg'.

m = §5_
27T0

The constants A,, are found from the Dirichlet condition to be

Um,

Ay =— "
H%l(wRo)
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Fic. 5.2. Second order approzimation II. Above: Real and imaginary €* (thin line), and its
second order spatially dependent approximation (thick line) in a medium of four layers, contrast
z = 0.5, w = 2; Below: Real and imaginary €* (thin line) and its second order spatially dependent
approzimation (thick line) in a medium of four layers, contrast z = 0.5, w = 53.

Thus the radiating solution is given by

= Hvln(wr) ~ im0
us(r,0) = Z mume .
m=1""™mM

Differentiating in the radial direction and setting » = Ry leads to

s (R 0) = w i Mu ™0 = (Tu,)(6)
or 0T HL (wRy) ™ VS

m=1
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Thus, we see that

o dH
(Tv)(0) = w (M> D™ (7.1)

where 0, are the Fourier coefficients of v, where v satisfies the Helmholtz equation
(2.1).
Let

OH}
7 (who)

(7.2)

By using the properties and identities of Hankel functions, it can be shown that
S(¥m) > 0 and R(ys,) < 0 for all m.
For m > 0 and r in compact subsets of (0, co), we have [3]

2™
‘H,ln(wr)| <C m .
(wr)™
The derivative of the Hankel function is
OH}, mH} (wr)
5 (wr) = — wH) 4 (wr).
This way we can bound the ratio
OH}
87_7" (WR()) <C
H (WRo) | ="
‘We obtain the bound
oo OH* 2
9Hm RO)
Toll2 < 1 o1 | 5w o, |2
|| U||H7%(So) = anZI( +m ) 2 Hrln(WRO) |U |

C(1 +m?) " 2m>|op)?

NE

<

3
I

2\ LA 12 2
CQ+m?)2omf* < Clloll3y

NE

< < C””qul(szo)v

3
I

where we have used the trace imbedding theorem [1].
In three dimensions using spherical coordinates (r, 6, ¢) assuming (x) = 1 and
no incoming waves, the scattered solution is

) l
Uea(1,0,0) =Y Y Bimhi (wr)Yim (6, 9),
=0 m=—1

where h} (wr) are spherical Hankel functions of first kind and Y;,,(6, ¢) are the nor-
malized spherical harmonics. The latter form an orthonormal complete set of L?(Sp)
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[16]. Suppose that the Dirichlet data is given on the sphere. Since u;, € L?(Sp), it
can be expanded into spherical harmonics as

[e%S) l
with
ﬂlm - / ’LL(R(), 9/7 (b/) m(e/’ ¢/) dS/
So

The constants By, are found from the Dirichlet condition to be

ﬁ’lm
By, = —m
! hi(wRo)

Thus,

T‘9¢ Z l( Z ulevlm

1=0
Differentiating in the radial direction and setting r = Ry gives

hz

6’us 00 6] l
o (R0, 0,0) = > w2 WloRe) wRo Zulmmm = (Tus)(0, ).
=0 m=—I

We see that

(TU)(97¢) = Zw ( hl :)];10 ) Z Oim Yy lm (73)

=0

where 7;,, are the coefficients in the spherical harmonics expansion of v, where v
satisfies the Helmholtz equation (2.1).
Let

Bhl (L«JRQ)

w hl(wRo) (7.4)

=
The following is obtained by very slight modification of the analysis of the exterior
scattering problem discussed in [11]: for all I, S4; > 0 and Ry, < 0.
The Sobolev space H*(Sy) with real parameter s consists of all distributions f
such that

(o' l
1350y = D D L+ X)* | fim]* < o,

=0 m=—1

where flm are the spherical harmonics Fourier coefficients and A\; = (1 4+ 1), [ > 0 is
the eigenvalue of the Laplace-Beltrami operator on Sy. For [ > 0 and r in compact
subsets of (0, 0o0), we have

2
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The derivative of the spherical Hankel function is

Oh} 1
a—Tl(wr) =3 (whll_l(wr) -

h} (wr) + wrh  (wr) >

r

This way we can bound the ratio

dh}
M <.
hl (wRo)
‘We then obtain the bound
(7.5)
S ) aHl (wRo) 2
Tv|)? <w 14+1(1+1) 72 | & ——2 m|?

2
ro) < CllvllE )

I/\
gM8

Z 1+ 11+ 1))2 [orm|? < CIIUIIZ%(
0]

where we have used the trace imbedding theorem [1].
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