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We present a general theory for critical behavior of transport in binary composite
media. The theory holds for lattice and continuum percolation models in both the
static case with real parameters and the quasi-static case (frequency dependent)
with complex parameters. Through a direct, analytic correspondence between the
magnetization of the Ising model and the effective parameter problem of two phase
random media, we show that the critical exponents of the transport coefficients
satisfy the standard scaling relations for phase transitions in statistical mechanics.
Our work also shows that delta components form in the underlying spectral measures
at the spectral endpoints precisely at the percolation threshold p. and at 1 — p..
This is analogous to the Lee-Yang-Ruelle characterization of the Ising model phase
transition, and identifies these transport transitions with the collapse of spectral

gaps in these measures.



I. INTRODUCTION

Lattice and continuum percolation models have been used to study a broad range of dis-
ordered composite materials including semiconductors [48], radar absorbing coatings [32],
bone [25, 46], rocks [8, 9], glacial ice [16], polycrystalline metals [11], carbon nanotube com-
posites [33], and sea ice [23, 24]. A key feature of these materials is the critical dependence
of the effective transport properties on the connectedness, or percolation characteristics, of
a particular component. The behavior of such composite media is particularly challenging

to describe physically, and to predict mathematically.

Here we construct a mathematical framework which unifies the critical theory of transport
in two phase random media. By adapting techniques developed by G. A. Baker for the
Ising model [2], we provide a detailed description of percolation—driven critical transitions
in transport exhibited by such media. The most natural formulation is in terms of the
conduction problem in the continuum R?, which includes the lattice Z¢ as a special case
20, 26]. Although, symmetries in Maxwell’s equations [36] immediately extend our results

to the effective parameter problem of electrical permittivity.

An original motivation for this work was to gain a better understanding of critical transi-
tions in the transport properties of sea ice. In particular, fluid flow through sea ice mediates
a broad range of processes that are important to studying its role in the climate system, and
the impact of climate change on polar ecosystems [22]. In fact, the brine microstructure of
sea ice undergoes a percolation threshold at a critical brine volume fraction ¢ of about 5%
in columnar sea ice [23, 24, 38]. This leads to critical behavior of fluid flow, where sea ice is
effectively impermeable to fluid transport for ¢ below 5%, and is increasingly permeable for
¢ above 5%, which is known as the rule of fives [23]. Percolation theory can then be used to
capture the behavior of the fluid permeability of sea ice [24]. There has also been evidence
28, 37] that this critical behavior in the microstructure also induces similar behavior in the
effective electromagnetic properties of sea ice, such as its effective complex permittivity €*.
In [28] and [37], for example, microstructural properties of the brine phase were recovered
from measurements of the complex permittivity of sea ice. The current paper helps lay the
groundwork for the analysis of sea ice permittivity data collected in the polar regions, and
how it can be used to monitor changes in the microstructure, the fluid transport properties,

and the geophysical and biological processes that are controlled by fluid flow.



II. BACKGROUND AND SUMMARY OF THE RESULTS

The partition function Z of the Ising model is a polynomial in the activity variable
2, 34, 42, 44]. In 1952 Lee and Yang [34] showed that the roots of Z lie on the unit
circle, which is known as the Lee-Yang Theorem [34, 42]. They also demonstrated that
the distribution of the roots determines the associated equation of state [51], and that the
properties of the system, in relation to phase transitions, are governed by the behavior of
these roots near the positive real axis.

In 1968 Baker [1] used the Lee—Yang Theorem to represent the Gibbs free energy per
spin f = —(NB)'InZ as a logarithmic potential [45], where N is the number of spins,
B = (kT)~!, k is Boltzmann’s constant, and T is the absolute temperature. He used this
special analytic structure to prove that the magnetization per spin M(T,H) = —0f/0H
[40] may be represented in terms of a Stieltjes function G in the variable 7 = tanh fmH,
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where H is the applied magnetic field strength, m is the (constant) magnetic dipole moment
of each spin [27], and ® is a non—negative definite measure [1, 2]. The integral representation

in (1) immediately leads to the inequalities
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where u = 72. The last formula in equation (2) is the GHS inequality, which is an important
tool in the study of the Ising model [20].

In 1970 Ruelle [43] extended the Lee—Yang Theorem and proved that there exists a gap
0o(T) > 0 in the roots of Z about the positive real axis for high temperatures. Moreover,
he proved that the gap collapses, 0y(T) — 0, as T decreases to a critical temperature
T. > 0. Consequently, the temperature-driven phase transition (spontaneous magnetization)
is unique, and is characterized by the pinching of the real axis by the roots of Z [42].

Baker [2, 18] then exploited the Lee—Yang—Ruelle Theorem to provide a detailed descrip-
tion of the critical behavior of the parameters characterizing the phase transition exhibited
by the Ising model [12]. He defined a critical exponent A for the gap in the distribution of
the Lee—Yang—Ruelle zeros, 0y(T) ~ (T —T.)%, as T — T.", and proved that the measure
1 is supported on the compact interval [0, S(T)] for T > T, , with S(T) ~ (T — T,)%2 as



T — T;. He demonstrated that the moments v, = [~ y" di(y) of ¢ diverge as T — T
according to the power law 1, ~ (T'—T.)™", n > 0, by proving that the sequence -, satisfies
Baker’s inequalities 7,11 — 27, + 7,—1 > 0. They imply that this sequence increases at least
linearly with n. He later proved that this sequence is actually linear in n, v, = v + 2An,
with constant gap 7; — ;-1 = 2A [2]. The critical exponent v is defined via the magnetic
susceptibility per spin x = OM/OH = —0?fJOH?* ~ (T —T,) 7, as T — T.".

The phase transition may be concisely described with two other critical exponents. When
H =0, M(T,0)~ (T—T.)", as T — T, , where the critical exponent 3 is not to be confused
with (K7)~', and along the critical isotherm T' = T, M(T., H) ~ H'? as H — 0 [2, 12].
Using the integral representation in (1), Baker obtained (two—parameter) scaling relations

for these critical exponents [2]
f=A—=v  0=A/A=7), m=7+24n (3)

The critical exponent v, for example, is defined in terms of the following limit, and vy exists
when this limit exists [2],

v = limsup (— . (4)
T—TF, H=0 In(T —T¢)

In 1997 Golden [21] demonstrated that Baker’s critical theory may be adapted to provide
a precise description of percolation—driven critical transitions in transport, exhibited by two
phase random media in the static regime. This result puts these two classes of seemingly
unrelated problems on an equal mathematical footing. He did so by considering percolation
models of classical conductive two phase composite media, where the connectedness of the
system is determined, for example, by the volume fraction p of inclusions with conductance
09 in an otherwise homogeneous medium of conductivity oy, with h = o;1/0y € [0,1]. He
demonstrated that the function m(p, h) = o*(p, h)/o9 plays the role of the magnetization
M(T, H), where o* is the effective conductivity of the medium [3, 26, 35]. Moreover, he
showed that the volume fraction p mimics the temperature 7" while the contrast ratio h is
analogous to the applied magnetic field strength H. More specifically, critical behavior of
transport arises when h =0 (07 = 0, 0 < 09 < o0), as p — pS [21], and critical behavior
of the magnetization in the Ising model arises when H = 0, as T — T, [12]. Using these
mathematical parallels, it was shown that the critical exponents of transport satisfy an

analogue of Baker’s scaling relations (3).



Here, using a novel unified approach, we reproduce Golden’s static results (h € R) and
obtain the analogous static results associated with a conductive—superconductive medium
in terms of w(p, z) = 0*(p, z) /o1, where z = 1/h. Using Stieltjes function integral represen-
tations of m(p, h; u) and w(p, z; ), where p and « are each spectral measures of a random
self-adjoint operator, we determine the (two—parameter) critical exponent scaling relations
of each system. We then extend these results to the frequency dependent quasi—static regime
(h € C). We link these two sets of critical exponents, showing that they are all, in general,
determined by only three critical exponents, and are determined by only two critical expo-
nents under a physically consistent symmetry in the properties of p and «. In arbitrary
finite lattice systems we explicitly show that there are gaps in the supports of the measures
a(dX) and p(dX) about the spectral endpoints A = 0,1 for p < 1 and 1 —p < 1, respectively,
which collapse as p tends towards p.. Moreover in infinite lattice or continuum composite
systems, we demonstrate that critical transitions in transport are due to the formation of
delta components in p and « located at A = 0,1. We do so by constructing a measure g
which is supported on the set {0, 1} that links ;1 and «. This general result demonstrates
that, for percolation models, the onset of criticality (the formation of these delta compo-
nents) occurs precisely at the percolation threshold p. and at 1 — p.. We stress that there
are similar critical exponents involving the effective complex permittivity €* of two phase

dielectric media [6, 13], and there are direct analogs of our results regarding such media.

III. THE ANALYTIC CONTINUATION METHOD

We now formulate the effective parameter problem for two component conductive media.
Let (€2, P) be a probability space, and let o (¥, w) and p(Z,w) be the local conductivity and
resistivity tensors, respectively, which are (spatially) stationary random fields in # € R? and
w € Q. Here ( is the set of all geometric realizations of our random medium, P(dw) is the
underlying probability measure, which is compatible with stationarity, and p = o~ [26].
Define the Hilbert space of stationary random fields 2%, C L?*(Q2, P), and the underlying
Hilbert spaces of stationary curl free 52, C 77, and divergence free 77, C ¢, random fields

H, = {Y(w) € # |V xY =0 weakly and (Y) = 0}, (5)
H, ={Y(w) € H#, | V-Y =0 weakly and (V) = 0},



where Y : Q — R? and (-) means ensemble average over (2, or by an ergodic theorem spatial
average over all of R? [26].

Consider the following variational problems: find Ef € J and J_} € s, such that [26]

(c(Ey+E;)-YY=0 VY et and (p(lo+J;)-Y)=0 VY e, (6)

respectively. When the bilinear forms a(@, %) = @70 @ and a(u,7) = 4% p v are bounded
and coercive, these problems have unique solutions satisfying [26]
VxE=0, V-J=0, J=oE, E = Ey+ E, (E)=Ey, (7)

respectively. Here Ef and J} are the fluctuating electric field and current density of mean
zero, respectively, about the (constant) averages EO and fo, respectively.

We assume that the local conductivity o(Z,w) of the medium takes the values o7 and
oy and write o(Z,w) = o1x1(Z,w) + d2x2(Z,w), where x; is the characteristic function of
medium j = 1,2, which equals one for all w € € having medium j at &, and zero otherwise,
with x; = 1 — x» [26]. Similarly, we assume that the local resistivity [o7!](Z,w) takes the
values 1/0y and 1/0y and write [07!|(Z, w) = x1(T,w) /01 + x2(T,w) /0.

As E; € #, and jf € A, equation (6) yields the energy (power density) constraints
(J-E ) = (E - J_}) = 0, which lead to the reduced energy representations

— — -

(J-E)y=(J) Ey and (E-J)=(E)-J. (8)
The effective complex conductivity and resistivity tensors, o* and p*, are defined by
(J)=0"Ey and (E)=p"J, 9)

respectively, yielding <f . E) = U*EO . Eo = p*fo . jo. For simplicity, we focus on one diagonal
component of these tensors: 0* = o;, and p* = pj,, for some k=1,...,d.

Due to the homogeneity of these functions, e.g. 0*(aoy,aoy) = aoc*(01,03) for any com-
plex number a, they depend only on the ratio h = 01/03, and we define the dimensionless

functions

m(h) =c"Joa, w(z)=0"/o1, m(h)=o01p", W(z)=02p", (10)



where z = z(h) = 1/h. The functions m(h) and m(h) are analytic off the negative real
axis in the h-plane, and the functions w(z) and w(z) are analytic off the negative real axis
in the z—plane [26]. Each take the corresponding upper half plane to the upper half plane,
so that they are examples of Herglotz functions [26]. We assume that 0 < |h| < 1, i.e.

0 < |o1| < |oz| < 00, and we further restrict A in the complex plane to the set
U={heC:|h|<1land h¢ (—1,0]}. (11)

A key step in the method is obtaining integral representations for ¢* and p* in terms of
Herglotz functions A; ; and Stieltjes functions S of the form [30]
L Ndv(\) < dv(y)
A (& :/ - S :/ , 12
AU A VAR A -

which follow from resolvent representations of the electric field E and the current density f,

E=s(s+Tx1) "Ey=t(t+Txa) "By and J=s(s—Tx2) "o =1t(t — Tx1) " Jo, (13)

respectively. Here we have defined s = 1/(1 —h), t =1/(1—2) =1—s, I' = V(=A)"'V.,
and T = V x (—=A)"'Vx. These formulas follow from manipulations of equation (7). The
operator —I" is a projection onto curl-free fields, based on convolution with the free-space
Green’s function for the Laplacian A = V2 [26]. More specifically —T" : J#, +— 5, and for
every 5 € ., we have —I’ 5 = 5 For the convenience of the reader we recall a few vector
calculus facts. For every 5 € ., we have 5 =V x (/_f + C_”) weakly, where VxC=0
weakly [17, 31]. The arbitrary vector C can be chosen so that V- A = 0 weakly [31]. Hence,
Vx(=VxVxA= 6(6 L A) — AA = —AA weakly. The vector C' chosen in this manner
gives the Coulomb gauge of 5 [31]. Let . C #, denote the closure of the space of stationary
divergence free random fields of Coulomb gauge. On the Hilbert space %, one can show that
the operator T is a projector, based on convolution with the free-space Green’s function for
the Laplacian A. More specifically T : 7, — 2, and for every 5 € %. we have Tf = 5

It is more convenient to consider the functions F'(s) = 1 — m(h) and E(s) = 1 — m(h),
which are analytic off [0, 1] in the s—plane, and G(t) = 1 —w(z) and H(t) = 1 —w(z), which
are analytic off [0, 1] in the ¢t—plane [3, 26], and satisfy

0<|F(s),|E(s)| <1, 0<|G@)|,|H(t)] <00, hel, (14)

where G(t) and H (t) are not to be confused with the Stieltjes function in (1) and the magnetic
field strength in the Ising model, respectively. We write Ey = Eyé, and Jy = J, Jk, where



&, and Jj, are unit vectors, for some k = 1,...,d. Using equations (7), (9), (13), and the
Spectral Theorem [39], we obtain the following Herglotz integral representations (12) of
F(s), E(s), G(t), and H(t) [3, 26]

Fo) = tals + D) e ad = [P0 B = bals - T e d = [P
(15)
G(t) = (xa(t + Txa) '8 - &) :/5\ 1 ia_();\) COH®) = (a(t—Txa) ™k - k) :/5\ 1 CZKJ_();\) )

or in the compact notation of (12) F(s) = Ag1(s; 1), E(s) = Aoa(s;n), G(t) = Aoq(t; ),
H(t) = Ao1(t; k). Equation (15) displays Stieltjes transforms of the bounded positive mea-
sures p, 7, o, and x which are supported on X, %,, 3., 2, C [0, 1], respectively, and depend
only on the geometry of the medium [5, 26]. The supremum and infimum of these sets are

defined to be the upper and lower limits of integration displayed in equation (15).

The integro-differential operators M; = x;(—I')x; and K; = x,;Tx;, j = 1,2, are com-
positions of projection operators on the associated Hilbert spaces ., and %,, respectively,
and are consequently bounded by 1 in the underlying operator norm [17, 41]. They are
self-adjoint on L?(Q, P) [26]. Consequently, in the Hilbert space L?(2, P) with weight x5 in
the inner product, for example, I'ys is a bounded self-adjoint operator [26]. Equation (15)
involves spectral representations of resolvents involving these self adjoint operators. The
measures (i, 1, «, and k are spectral measures of the family of projections of these operators

in the respective (€, &) or (jr, Jx) state [26, 39].

A key feature of equations (8), (9), and (15) is that the parameter information in s and
Ey is separated from the geometry of the composite, which is encapsulated in the measures p,
71, a, and k through their moments ,,, 7, @, and k,, n > 0, respectively, which depend on
the correlation functions of the medium [26]. For example, ag = 19 = p and pp = ko = 1 —p.
A principal application of the analytic continuation method is to derive forward bounds on
o* and p*, given partial information on the microgeometry [4, 5, 26, 35]. One can also use
the representations in (15) to obtain inverse bounds, allowing one to use data about the

electromagnetic response of a sample to bound its structural parameters such as p [25].



IV. STIELTJES FUNCTION REPRESENTATIONS OF ¢ AND p*

In Section III we formulated the effective parameter problem for two—component con-
ductive media and obtained integral representations of the effective complex conductivity
o* and resistivity p*. In this section we derive Stieltjes function representations of ¢* and
p*. These alternate representations will be used in Sections V and VI to provide spectral
characterizations of critical behavior exhibited by ¢* and p*.

In order to illuminate the many symmetries of this mathematical framework, we will
henceforth focus on the complex variable h = h, + ih;, where h, = Reh and h; = Imh.
Moreover, in the last two formulas of equation (15), we will make the change of variables

t(s) =1—sand A — 1 — A, so that G(t(s)) = — ll:i;\lo[—doz(l —A)]/(s = A), for example.

The change of variables s(h) =1/(1 —h) and AM(y) = y/(1+vy) < y(A) = \/(1 =) yield

Stieltjes function representations [2] of the formulas in (15). For example,

S (L4 y)du(:;)

F(s):(l—h)/s —

where Sy = Xo/(1 — Xo), S = M/(1 = A1), So = (1 —M\)/A1, and S = (1 — Xg)/ Ao, S0

that limy, .o So = lim; _, Sy = 0 and limy, .1 S = 1imxo_)05* = 00. Moreover, du(ﬁ) is

o GlHs) =

- / (+lda(ey] o

1+ hy

the measure du(A) under the variable change A — A(y) = y/(1 + y) and [—da(ﬁ)] is the

measure da(\) under the variable change A — 1 — A(y), where the negative sign accounts

for the switch of integration limits in the second formula of (16). By equations (15) and

(16), the Stieltjes function representations of m(h) and w(z(h)) are given by

* do(y)
1+hy’

W) = 1= (=03, o= [T di) = (14 )l-datt - X))

m(h) =1+ (h—1)g(h), g(h)Z/O do(y) = (1 +y)du(A(y)), (17)

with analogous formulas for m(h) and @(z(h)) involving Stieltjes functions §(h) = S(h; @)
and g(h) = S(h; @), respectively. Equation (17) should be compared to equation (1) regard-
ing the Ising model. The Stieltjes functions g(h), g(h), g(h), and G(h) are analytic for all
h € U [26]. As p, n, a, and Kk are positive measures on [0, 1], ¢, o, ¢, and ¢ are positive

measures on [0, o0]. Consequently, the following inequalities hold

82n§ 8271— 1 C

on¢
ah2n > O’ ah2n—1

Oh™

< 0,

>0, C=g(h),g(h),4(h),g(h), hel, (18)
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for n > 0, which are analogs of equation (2) for the Ising model [20]. The first two inequalities
in (18) hold for h € U N R, and the last inequality holds for h € U such that h; # 0.
By equation (17), the moments ¢,, of ¢ satisfy

¢n:/Oooy"dgﬁ(y):/Oooy"(1+y)dﬂ()\):/0 %z«%,m(l;u)- (19)

A partial fraction expansion of A\"/(1 — X\)"™! then shows that

i=0

Equation (20) demonstrates that ¢, depends on fol du(N) /(1 — X\)™ and all the lower
moments ¢;, j =0,1,...,n—1, of ¢.

We now show that the moments ¢; have physical significance. The energy constraints
(J - Ef> = (E - J}) = 0 lead to detailed decompositions of the system energy in terms of
Herglotz functions involving u, 7, «, and . For example, (j Ef) = 0, E = Ey+ Ef,
(Ef) =0, and 0 = 0p(1 — x1/s) imply that 0 = (0E - E) = (02(1 — x1/5)(Ey - Ey + E2)) =
oy [(E7) — ((1Ef - Ep) + (x1E7))/s| . The Spectral Theorem [39] then yields

<E,%>/E02 = Ai2(s; ) = Ara(t; @), <J,§>/J02 = Ai2(s;m) = A1a(t; k). (21)

Equation (21) then leads to Herglotz function representations of all such energy components
involving p1, 1, a, and k, e.g. (x1E; - Ey)/E2 = A11(s; 1) = Ap(t; a).

From equations (15) and (21), we see that the first two moments, ¢¢ and ¢, of ¢ are
identified with energy components:

<X15'Eo> ¢ . <E12”>
E2 0 TN TS B2

Thereby equation (20), all of the higher moments ¢;, j > 2, depend on these energy com-
ponents. Equations (14) and (19) imply that ¢q is bounded. We prove in Lemma V.1 below
that the higher moments ¢,,, n > 1, become singular as A\; = sup{%,} — 1.

Similarly, the moments ¢, of ¢ satisfy

S M= Nrda(y) (ST GHs) [T da(d) < (n) -
%_/o R n! fim ot _/0 Nl — <j)¢j- (23)

J

Equations (15) and (21) also identify the first two moments, do and ¢y, of ¢ with energy
components. Equation (23) then implies that all of the higher moments qBj, J > 2, depend
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on these energy components. We prove in Lemma V.1 below that all the moments QASn,
n > 0, become singular as Ay = inf{¥,} — 0. By the symmetries in equations (15) and
(17), equations (19) and (20) hold for ¢ with E(s) and 7 in lieu of F(s) and p, respectively,
and equation (23) holds for ¢ with H(t(s)) and & in lieu of G(t(s)) and a, respectively.

We now give some key formulas which will be used extensively. Equations (8) and (9) yield

the energy representations (J - E) = oym(h)E2 = oyw(z(h))E2 and (E - J) = m(h)E2/oy =
w(z(h))EZ /oy involving o* and p*, which imply that
m(h) = hw(z(h)) < 1—F(s)=(1—1/s)(1 — G(t(s))), (24)

and an analogous formula linking m(h) and @w(z(h)). Equations (17) and (24) then yield
g(h) +hg(h) =1, g(h)+hg(h) =1, hel. (25)

For h € U, the functions g(h), g(h), g(h), and g(h) are analytic [26] and have bounded h

derivatives of all orders [41]. An inductive argument applied to equation (25) yields

an an—l ~
I n I 4n

ang _ ang an—lg
T I T

g
0, +hed o

onn "ot T M apn

0, n>1. (26)

When h € U such that h; # 0, the complex representation of equation (26) is, for example,

angr an—lgr angr angl B angl an—lgi angl an Ar B

g ot Tl TG =0 Gt T g i =0
angr B eang angi B Imang angr B eang anfh B Imang (27>
ohr T Ohn’  Ohm T OhM ohr T Ohn’  Ohm T Ohn

The analog of the formulas in (27) involving ¢ and ¢ follows from the substitutions g — §
and g — §. The integral representations of equations (26) and (27) follow from Lemma IV.1
below. We focus on the measures ¢ and qg, as the analogous results involving qg and ¢ follow

by symmetry.

Lemma IV.1 Set Y, ;(h,y) = y'/(1 + hy)?. Then for all h € U and i,j € R satisfying
0<i<j—1, wehave Yy (h,y) € L'(6(dy)), and for 0 < i < j, Yi;(h,y) € L (¢o(dy)).
Consequently ([17] Theorem 2.27), the Stieltjes functions g(h) and g(h) may be repeatedly
differentiated under the integral sign, i.e. for allmn =0,1,2,... we have

0"g(h) ooy [ ydo(y) omg(h) o [ ydd(y)
o~ U ”!/0 (04 hy) o~ U ”!/0 0+ hy) i

(28)
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Before we prove Lemma IV.1, we note that equations (26) and (28) imply that
* yrdo(y) / >y ldo(y) / *_yrdd(y)
Yy _ [ Y ) g [ YY) s heu. 29
el e e 2
Moreover, Lemma IV.1 and equation (29) yield the integral representations of (27) using,
for example,

(—=1)" omg(h) /°° Yo (y) IR ey NI A /°° Y Hde(y)
_= —1 n — j
Aoy TR =2 ) [ e (0

where h denotes complex conjugation of the complex variable h.
Proof of Lemma IV.1: The supports of ¢ and ¢ are ¥4 = [Sp, S] and Xy = S0, 5],
respectively, which are defined in terms of ¥, and ¥, respectively, directly below equation

(16). For every h € U, it is clear that there exists real, strictly positive Sj, such that
1 < |h|S, < oco. (31)

Set h € U and 0 < S, < oo satisfying equation (31), and write Xy = [Sy, Sp]U(Sh, S| and
Yy =[S0, Sh] U (Sk, S]. Equations (14) and (19) imply that 0 < limj_o [m(h)| = 1— ¢ < 1,
which implies that the mass ¢q of ¢ is uniformly bounded. Therefore for all h € U,

e Si, &([So, Sh)) Sh @([So, Sh))
| Washlast < RS T

Here ¢([So, Si]) is the bounded ¢ measure of the set [Sy, S|, and the boundedness of the

Y

Sh
Y;jha d —
., / Vi y)ldo(y) <

0

second formula follows from equations (16) and (17), showing that the ¢ measure of the
compact interval [Sy, Sy is bounded. Specifically, in terms of ¥, we have A\; = 1—S;/(1+S,)
and Ay, =1 — S, /(1+S),) > 0. Thus equations (16) and (17) imply that

(1505 = | " ddly) = / M1ty {—da (ﬁ)] -/ h ) 2 <o,

If ¥y and X; are compact intervals, we are done. Otherwise set S = S = co. In terms of
3, and X, we have A, = S),/(1+ Sy) and A\, = S/(1+S) =1, and \g=1-5/(1+5) =0
and \, = 1 — Sp/(1 4+ Sy), respectively, where 0 < A\, < 1 and 0 < Ay, < 1. When
0 <i<j—1, equations (17) and (31) imply that, for all h € U,

e . S14y 1 1230 (1 — A== [—da(1 — A)]
Wi [ Vi, y)|dd(y) ~ iy = —
& sh| alhy)ldo) /sh Yy a<1+y> /1_xh N

B /ih N da() N a

o (L=AY70 T (1= ),

< Q.
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When 0 < ¢ < j, equations (14), (17), and (31) imply that, for all h € U,

[0 M1 = ayt (=) (M du(N)
hﬂ/ Y i(h,y)|d ~/ S du(\) < h / < 00,
Al Shl (P y)|do(y) . NE (A N 1A

h

as 0 < F(1) = fol dp(N)/(1 — A) < 1. This concludes the proof of Lemma IV.1 O.

All the equations given in this section display general formulas holding for two—component
stationary random media in the lattice and continuum settings [21]. In section V below,
we demonstrate that equations (24) and (25), and the Stieltjes-Perron Inversion Theorem
[30] allow us to construct measures o and g, supported on the set {0,1}, which link the
measures y and « and the measures 1 and &, respectively. The properties of ¢ and ¢ imply
that critical transitions in the transport properties of ¢* and p* are due to the formation of

delta function components in the spectral measures u, a, , and k at A =0, 1.

V. SPECTRAL CHARACTERIZATION OF CRITICALITY IN TRANSPORT

In this section we demonstrate that the integral representations of ¢* and p* in (15) and
(17), and the Stieltjes—Perron inversion theorem [30] provide a precise spectral characteri-
zation of critical transport behavior in binary composite media. More specifically, we will
construct measures g and ¢ which are supported on {0, 1} which link the measures p and
«, and the measures n and k, respectively. This result characterizes the critical behavior of
o* and p* via the formation of delta components in these spectral measures at the spectral
endpoints.

The Stieltjes transforms of these measures completely determine the effective transport
properties of the medium. Conversely, given the Stieltjes transform of a measure, the
Stieltjes-Perron Inversion Theorem [30] allows one to recover the underlying measure, e.g.

1
(o) = —= lilngImF(v +ie), veX,. (32)
T €

To evoke this theorem directly, in equation (15) we define da(\) = [—da(1—\)] and di(\) =
[—dr(1 — )], and write G(t(s)) = — [, da(\)/(s — \) and H(t(s)) = — [, d&(\)/(s — \).
Setting s = v + ie, equations (24) and (32) imply that

vp(v) = (1 —v)[=a(l —v)] —wve(v),  o(v) =lim (33)

€l0 V2 + €2

—e/7 [P (v+X—1)da())
/0 (V+A—=1)24¢€’

and an analogous formula involving a measure ¢ which links 1 and k.
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We now demonstrate that equations (24), (25), and (33) explicitly determine the measures

o and 9. The integral representations of equation (25) follow from equation (17), and are

* de(y) < doly) < d(y) * do(y)
/0 1+hy+h/0 1+hy_1’ /0 1+hy+h/0 1+hy_1' (34)

Due to the underlying symmetries of this framework, without loss of generality, we hence-

forth focus on F(s;p), G(t(s);a), g(h:¢), and §(h;$). We wish to re-express the first

given by

formula in equation (34) in a more suggestive form by adding and subtracting the quantity
h [y yde(y)/(1+ hy). This is permissible if the modulus of this quantity is finite for all
h € U [17, 41]. The affirmation of this fact is given by Lemma IV.1 and we may therefore
add and subtract it in equation (34), yielding

h/:o Ollqu%y) =1—¢o=m(0), dPo(y) =do(y) —yde(y), hel, (35)

as 1 — ¢g = 1 — F(s)|s=1 = m(h)|n=0 (see equation (19)). Equation (35) provides another
representation for the quantity m(0) and shows that the transform h [ d®o(y)/(1+ hy) of
®, a signed measure [41], is independent of h for all h € Y. Equation (17) and the identity
y=MA(1—-2X) <= X=y/(1+y) relates this representation of m(0) to the measure p

defined in equation (33):

d@ﬂﬂz@f%F«L—Mde1—my4MMM%:a@gé:yﬂ+ngcﬁﬁ).

We may now express equation (35) in terms of g(d\) as follows:

> 4P > y(l+y)do(f; ! Ado(\
7M®=h/i 0@):h/ S @w>:/ QQ() . (36)
o 1+hy 0 1+ hy o (1=X)2/h+A1-X)
Remark V.1 Define the transform D(h; 0) of the measure o by

' Ado())
D(h;0) = .
(”)‘4(1—mwh+x1—m
Equations (14) and (36) show that D(h; o) has the following properties for all h € U:
(1) D(h; o) is independent of h, (2) 0 <|D(h;0)| <1, and (3) D(h;p) =m(0) # 0.

(37)

Lemma V.1 Let the quantities m(0) = m(h)|n—0 = 1 — F(s)|s=1 and w(0) = w(z)|.—o =
1 — G(t)|=1 be defined as in equation (15), which satisfy 0 < m(0),w(0) < 1. If D(h;p),
defined in equation (37), satisfies the properties of Remark V.1 for all h € U, then

o(dX\) = —w(0)dp(dX) +m(0)(1 — )y (dN), (38)

where §y,(dN) is the Dirac measure centered at \g.
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Proof: The proof of the second formula in equation (38) follows directly from the proof of
the first formula in (38) and the underlying symmetries of this mathematical framework. Let
D(h; p), defined in equation (37), satisfy properties (1)—(3) of Remark V.1. The measure p
is independent of h [26]. If the support X, of the measure g is over continuous spectrum [39]
then D(h; o) depends on h, contradicting property (1). Therefore the measure g is defined
over pure point spectrum [39]. The most general pure point set ¥, which satisfies properties

(1) and (3) is given by ¥, = {0,1}. This implies that the measure p is of the form
o(dX\) = Wo(X)do(dX) + Wi(A)di(dN),

where the W;()), j = 0, 1, are bounded functions of A € [0, 1] which are to be determined. In
view of the numerator of the integrand in equation (37), we may assume that the function
Wo(A) = Wy(0) = Wy # 0 is independent of A. In order for properties (2) and (3) to
be satisfied we must have Wi(\) ~ (1 — A\)! as A — 1 (any other power of 1 — \ would
contradict one of these two properties). Therefore without loss of generality, we may set
Wi(A) = wy (1 — A), where wy is independent of A. Property (3) now yields wy; = m(0).

We have shown that o(d\) = Wy dp(dA) + m(0)(1 — X)d1(dN), Wy # 0. By plugging this
formula into equation (33) (Adu(A) = (1 —A)[—da(l —\)] — Ado()) ), we are able determine
Wo. Indeed using the definition of F'(s) in (15), equation (24) (F(s) — (1 —1/s)G(t(s)) =
1/s),and (1 —=X)/(A(s—= X)) =—(1—1/s)/(s—=A)+1/(sA), we find that

) e Ty S Sy
- (1= e+t [T 123 v s

1—A s A—1 s

which implies that —Wy =1 — fol da(N)/(1 =) =w(0) O.

Corollary V.1 If we instead focus on the contrast variables z and t in lieu of h and s,

respectively, equations (33) and (38) become
va(v) = (1 —v)[=p(l —v)] —ve(v), o(dA) = —m(0)do(dA) +w(0)(1 = A)d1(dA), (40)

It is worth mentioning that equation (29) can be written as [~ d®,1(y)/(1+hy)" ™ = 0,
for all n > 1 and h € U, in terms of the signed measure d®,_;(y) = 4" 'd®y(y). By Lemma
IV.1, this integral involving ®,,_;(dy) is defined. Furthermore in equation (27) for n = 1,
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equation (30) implies that [~ d®i(y)/|1 + hy|* = 0, for all h € U such that h; # 0. These

formulas are consistent with equation (38) of Lemma V.1.

Lemma V.1 and Corollary V.1 are the key results of this section. They provide a rigorous
justification, and a generalization of an analogous result found in [14] by heuristic means.
They demonstrate that A = 1 is a removable simple singularity under p, o, n, and «, and
illustrate how the relations in (14), 0 < |F'(s)|, |E(s)| < 1, can hold even when s = 1 (h = 0)
and the spectra extends all the way to A = 1. In Section VI, we discuss how these general

features relate to percolation models of binary composite media.

VI. SCALING LAWS FOR CRITICAL EXPONENTS OF TRANSPORT IN
LATTICE AND CONTINUUM PERCOLATION MODELS

We now formulate the problem of percolation—driven critical transitions in transport
exhibited by two—component conductive media. In modeling transport in such materials,
one often considers a two component random medium with component conductivities oy
and oy, in the volume fractions 1 — p and p. The medium may be continuous, like the
random checkerboard [7, 47] and Swiss cheese models [6, 29, 49], or discrete, like the RRN
[6, 13, 49]. In the simplest case of the 2—d square RRN [49, 50], the average cluster size of
the oy inclusions grows as p increases, and there is a critical volume fraction p., 0 < p. < 1,
called the percolation threshold, where an infinite cluster of o, bonds first appears. In the
limit h = 01/09 — 0, the system exhibits two types of critical behavior. First, as h — 0
(01 — 0 and 0 < |o3] < 00), the effective complex conductivity o*(p, h) = o2 m(p, h) and the
effective complex resistivity p*(p, z) = o5 '(p, z(h)) undergo a conductor-insulator critical

transition [6]:

[0%(p,0)| =0, for p<p, and 0= |o1| <[o"(p,0)| <|o2] <00, for p>p, (41)
lim, lp*(p, 2(0))| = 0o, and 0 < |oo|™" < |p*(p, 2(0))| < |o1]* = 00, for p > p..

P—Pc

Second, as h — 0 (03 — 00 and 0 < |oy| < 00), the effective complex conductivity o*(p, z) =

o1w(p, z(h)) and the effective complex resistivity p*(p, h) = o “m(p, k) undergo a conductor—
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superconductor critical transition [6]:
0 < [oa] < [o"(p, 2(0))] < |oa] = 00, for p<p., and lim |o"(p,2(0))] = 0. (42)
P—Pc

0= ool " < |0 (,0)| < |on| " < 00, for p<p., and |o"(p,0)| =0, for p>p,.

We will focus on the conductor—insulator critical transition of the effective complex con-
ductivity o*(p,h) = oam(p,h) and the conductor-superconductor critical transition of
the effective complex conductivity o*(p, z(h)) = o1w(p, z(h)). It is clear from equations
(17), (41), (42) and that our results immediately generalize to p*(p,h) = oy m(p, h) and
p*(p, z(h)) = o5 b (p, 2(h)), respectively, with p — 1 — p.

This critical behavior in transport is made more precise through the definition of critical
exponents. Recall that the existence of a critical exponent is determined by the existence
of a limit like that given in (4). In the static limit, h € Y N R, as h — 0 the effective
conductivity o*(p,h) = oo m(p, h) exhibits critical behavior near the percolation threshold
a*(p,0) ~ (p — p.)t, as p — pf. Here, the critical exponent ¢, not to be confused with the
contrast parameter, is believed to be universal for lattices, depending only on dimension [21].
At p = p., 0*(pe, h) ~ /% as h — 0. We assume the existence of the critical exponents ¢ and
J, as well as ~, defined via a conductive susceptibility x(p,0) = dm(p,0)/0h ~ (p — p.) ™7,
as p — pS. For p > p., we assume that there is a gap 6, ~ (p — pe)® in the support of u
around h = 0 or s = 1 which collapses as p — pJ, or that any spectrum in this region does
not affect power law behavior [21]. Consequently, for p > p. the support of ¢ is contained in
the interval [0, S(p)], with S(p) ~ (p — p.)~> as p — pF. We demonstrated in (19) that the
moments ¢; of ¢ become singular as ¢, — 0. We therefore assume the existence of critical
exponents 7, such that ¢,(p) ~ (p — p.)" "™ as p — pi, n > 0. When h € U such that
h; # 0, we also assume the existence of critical exponents t,, d,, t; and d; corresponding to

m, = Re(m) and m; = Im(m). In summary:
m(p> 0) ~ (p - pc)ta mr(pv O) ~ (p _pc)tra mz(p> 0) ~ (p - pc)tia as p — pj (43)
m(pcv h’) ~ h1/67 mr(pcv h’) ~ ‘h‘l/&u mi(pcu h) ~ |h‘1/6i7 as ‘h‘ - 07
X, 0)~(p—p) " G~ m—p) ", Slp) ~(p—pc)" % as p—p/.

We also assume the existence of critical exponents v/, ~/, and A’ associated with the left
hand limit p — p_. The critical exponents v, J, A, and =, for transport are different from

those defined in section II for the Ising model in (3).
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In a similar way we define critical exponents for the conductor-superconductor system:

w(p, 2(0)) ~ (p —pe) ™, wr(p,2(0)) ~ (p—pe)™", wi(p,2(0)) ~ (p—pc)~*, asp—p,

wW(pe, 2(h)) ~ Y0 w(pey 2(R)) ~ [TV, wilpe, 2(R)) ~ [BTY%, as |h| =0,
X(p) ~ (p—pe)7, G ~ (p—pe) ™, S(p) ~ (p—po)™, as p — p;
(44)

where s is the superconductor critical exponent, not to be confused with the contrast pa-
rameter. We also assume the existence of critical exponents 4, ¥, and A, associated with
the right hand limit p — p7.

The key result of this section is the two—parameter scaling relations between the critical
exponents of the conductor—insulator system, defined in equations (43), and that of the
conductor—superconductor system, defined in equations (44). Moreover, Lemma V.1 shows
that measures p and «, hence ¢ and quS are related, and we therefore anticipate that these two
sets of critical exponents are also related. This is indeed the case and, assuming a symmetry
in the properties of © and «, the resultant relationship between the critical exponents ¢ and
s is in agreement with the seminal paper by A. L. Efros and B. I. Shklovskii [15]. These

results are summarized in Theorem VI.1 below.

Theorem VI.1 Let t, t., t;, &, 0., 0i, v, Yu, A, 7', 7., and A’ be defined as in equation
(43), and s, s, S;, 5, 8., 0;, ¥, A, A, 4, An, and A be defined as in equation (44). Then

the following scaling relations hold:

1) M= 71:7/a ’?1:’% and ’?1:’3/ 2) ’7(/):0, ’}/()<0, 7;>0and7n>, n > 1.
3) n >0 for n > 0. 4) v =40 and A = A. 5) v =4 and A = A

6) vn=7+A(n—1) forn>1. 7) A =40+ An =4+ A(n—1) forn>0.

12) ¢, =t; =t. 13)s,=s;=s. 14)0,=0;,=0.  15) 6, =6; = 0.
16) If A=A and v=+', then t+s=A and 1/6+1/6 = 1.
17) In general 1/5 +1/5 =1, t/A+s/A =1, and A=A — ~ =4

It is important to note that the scaling relations ¢, = t; = t and s, = s; = s are a fundamental

identity, as these sets of critical exponents are defined in terms of m(p,0) and w(p, z(0)),
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where h = 0 € R. The relation 1/6 + 1/ = 1 is also a fundamental identity which follows
from equation (24) and the definition of these critical exponents. The calculation of these
scaling relations will serve as a consistency check of this mathematical framework.

Before we present the proof of Theorem VI.1, which is given in section VIB below, we
first demonstrate that the critical exponents of effective medium theory (EMT) satisfy the
critical exponent scaling relations therein. This verification is essential, as there exists a
binary composite medium which realizes the effective parameter of EMT [36]. Through our
exploration of EMT, we will uncover features which illuminate general features of critical
transport transitions exhibited by two phase random media. These features will be discussed

in detail in Section VIC.

A. Effective Medium Theory

An EMT for the effective parameter problem may be constructed from dilute limits [14].
The EMT approximation for ¢* with percolation threshold p. is given by [14]

Hiey 1+pj<la:/f; = )

o9 —0F
1+ p.(09/0* — 1)

p

Equation (45) leads to quadratic formulas involving m(p, h) = 0* /oy and w(p, z(h)) = o* /0.
The quadratic equation demonstrates that the relation m(p,h) = hw(p, z(h)) in (24) is
exactly satisfied and that

—=b(s,p,pc) + v/ —C(5,D)

mp, ) = “EBLIEVD) g3 ) a1 - o (1= (19
wlp, o)) = THTRIAEVBIZD 1) = a o apa 2 -

where b(A, p,p.) = 2pc — DA+ (1 —p—p), ¢ = ¢P,pc) = p(1 — pc) + pe(1 — p), and
v=uv(p,p.) = 2+/p (1 —p)p.(1 — pe).

The spectral measures g and « in (15) may be extracted from equation (46) using

the Stieltjes—Perron Inversion Theorem in (32). These measures are absolutely continu-
ous, i.e. there exist density functions such that p(dA) = p(A)dA and a(d\) = a(N)dA.
Direct calculation shows that, for p # p., 1 — p., these measures have gaps in the spec-
trum about A = 0,1: u(A) =0 <= (A\p) <0 <= A—(1—-¢)| > v and
a(d) =0 < ((\1—-p) <0 <= |X—¢| > r. The Stieltjes transformations of u
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and « are given by

1-6 A1 _
F(p’s):/ - VA p)dA Glp.t) = VA1 —p)dA (47)

v 21— p)A(s—N)’ P s 2n(1—po) At — )’

where 0 = 0(p,p.) = ¢ — v and M =1— X = ¢+ v define spectral gaps, which satisfy
lim,_1_p, Ao = 0, limy_,.0 = 0, and lim,_;_, A\ = 1.
|A

Define a critical exponent A for the spectral gap 0(p) ~ |p — pc|=, as p — pe, in u(dX)

about A = 1 and a(d\) about A = 0. Using the definition of a critical exponent in (4)
and L'Hopital’s rule we have shown that A = 2. Moreover A\g = 1 — A\, ~ lp— (1 —pe)|?,
as p — 1 — p., with the same critical exponent. The absolutely continuous nature of the
measures p and a in EMT implies that critical indices are the same for p — pf and p — p_ .
Therefore the spectral symmetry properties in the hypothesis of Lemma VI.11 hold for EMT.

We have explicitly calculated the integrals in equation (47) for real and complex h using
the symbolic mathematics software Maple 15. Using the exact representation in (47) of
G(p,t(h)), as a function of 0 < # < 1 and 0 < |h| < 1, we have calculated the critical
exponents s, 5, 57«, Si, and 4,, for n = 0,1,2,... These results are in agreement with our
general theory. With h = 0 and 0 < 6 < 1, we found that w(p, 2(0)) ~ #~*/2 which yields
s =A/2=1. When # = 0 and 0 < h < 1, one must split up the integration domain,
Ya D (0,h—€)U(h+e, 5\1), and take the principal value of the integral as ¢ — 0. Doing so
yields 6 =26,=0; =2. Asin our general theory, the values of the exponents are independent
of the path of h to zero. More specifically, these relations hold for 0 < |h,| = |ah;| < 1 with
arbitrary a € R, and for independent h, and h; satisfying 0 < |h,|,|h;| < 1. The critical
exponents 7, associated with the moments gzgn of the measure QAS satisfy our general relation
An = Yo + An with 49 = A = 2 so that 4, = A(n + 1).

Similarly, using the exact representation of F'(p, h) in (47), as a function of 0 < 6 < 1 and
0 < |h| < 1, we have calculated the critical exponents t, ¢, 6., §;, and 7, forn =0,1,2,. ..
These results are also in agreement with our general theory. In accordance with [14], we
obtain t = A/2 =1, so that the relation s +¢ = A = 2 is satisfied. By direct calculation we
have obtained 0 = §, = d; = 2. We have also obtained these values using m(p, h) = hw(p, h)
and the associated relations for complex h, m, = h,w, — h;w; and m; = h,w; + h;w,, with
6 =06, = 0; and 1/6 +1/6 = 1. The mass ¢o(p) = F(p,1) of the measure ¢ behaves
logarithmically as 6 — 0, yielding vy = 0. The exponents of the higher moments satisfy our

general relation v, = v+ An =+ A(n—1), or 7, = An, forn =0,1,2,....
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In summary, we have extended EMT to the complex quasi—static regime and shown that
the critical exponents of EMT exactly satisfy our scaling relations displayed in Theorem
VI.1. Moreover we have shown that, in EMT, the percolation threshold p. and 1 — p.
coincide with the collapse of gaps in the spectral measures about the spectral endpoints
A = 0,1. We will discuss this link between spectral gaps and the percolation threshold in

more detail in Section VIC.

B. Proof of Theorem VI.1

Baker’s critical theory characterizes phase transitions of a given system via the asymptotic
behavior of the underlying Stieltjes functions near a critical point. This powerful method
has been very successful for the Ising model, precisely characterizing the phase transition
(spontaneous magnetization) [2]. We will now show how this method may be adapted
to provide a detailed description of phase transitions in transport, exhibited by binary
composite media. Theorem VI.1 will be proven via a sequence of lemmas as we collect some
important properties of m(p, h), g(p,h), w(p, z(h)), and §(p, h), and how they are related.

The following theorem characterizes Stieltjes functions (series of Stieltjes) [2].

Theorem VI.2 Let D(i,j) denote the determinant
& Siv1 o Gitg
D@, j)=1|: t . i (48)
Eitj Sitjr1 o itz
The &, form a series of Stieltjes if and only if D(i,7) >0 for alli,j =0,1,2,...
Baker’s inequalities for the sequences ~, and 4, of transport follow directly from Theorem

VI.2. For example, ¢, ~ (p — p.)~ " and Theorem VI.2 with ¢; = &;, i = n, and j = 1,
imply that, for |p — p.| < 1,

(p - pc)_'YvL—’Yn+2 — (p _ pc)—z'YnJrl Z O — <p _pc)_77l_7n+2+2’yn+1 Z 1

<~ —Tn — Yn+2 + 27n+1 S 0 < "Vn-i-l - 2’7n + Yn—1 Z 0]. (49)

The sequence of inequalities in (49) are Baker’s inequalities for transport, corresponding

to m(p, h), and they imply that the sequence 7, increases at least linearly with n. The
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symmetries in equations (17), (43), and (44) imply that Baker’s inequalities also hold for
the sequences 7, Jn, and 7.
The following lemma provides the asymptotic behavior of the h derivatives of g(p, h) and

g(p, h), which will be used extensively in this section.

Lemma VI.1 Let 0 < |h| < 1 and |p — p.| < 1. Then the integrals in equation (28) have
the following asymptotics forn >0

0"g(p, h) a"g(p,h) -
oh™ ohn On: (50)

Proof: The asymptotic behavior in equation (50) follows from equations (19), (20), (23),
Baker’s inequalities (49), and equation (17) (g(p, h) = sF(p, s) and g(p, h) = —s G(p, t(s))).

~Y ¢n’

These equations imply that, for ¢;,b; € Z,

TCACITYIC) I

lim ST o

g(p,h) ~~ . OF(p,s) . O"G(p,h)
b o = G o Im =D b

s’ hoo ohn

j=0 7=0

Lemma VI.2 vy =7, v =79, %1 =7, and 3| =%

Proof: Set 0 < p — p. < 1. By equations (17) (g(p, h) = sF(p, s)), (20), (43), and (49)

(p _pc>_7 ~ X(p7 0) = w = lim [_aFéi’ S):| = (bO + ¢1 ~ ¢1 ~ (p _pc)_%? (51>

s—1

hence 7, = 7. Similarly for 0 < p. — p < 1, we have 7| = 4/. By equation (51), the
symmetries between m and w given in (17), and the critical exponent definitions given in
(43) and (44), we also have 4; = 4 and 4] =4/ O.

Equation (24) is consistent with, and provides a link between equations (41) and (42).
We will see that the fundamental asymmetry between m(p, h) and w(p, z(h)) (v, = 0 and
44 > 0), given in Theorem VI.1.2-3, is a direct and essential consequence of equation (24),

and has deep and far reaching implications.

Lemma V1.3 Let the sequences 7y, and 7., n > 0, be defined as in equation (43). Then

1) % =0, v%<0,~, >0, and v, >0, for n>1.
2) 0<}llin%<xlﬁ-ﬁo>/E02<1 forall pe|0,1], h e U.

Proof: By equation (42) |w(p, z(0))] is bounded for all p < p.. Thus for all p < p,, equations
(20), (24), and (43) imply that

/

0= lim hw(p, 2(h)) = limm(p, h) = lim(1 — F(p,s)) = 1 = do(p) ~ 1 = (pe. —p) 7,

s—1
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where the rightmost relation holds for 0 < p. —p < 1 and the leftmost relation is consistent
with equation (41). Therefore, 7, = 0 and ¢ is a probability measure for all p < p.. The
strict positivity of the v/, for n > 1, follows from Baker’s inequalities in (49). Thus, from
equation (51) we have

oo = lim ¢1(p) = — lim M
P—Pc P—Pc oh

(52)

For p > p., equations (20) and (41) imply that 0 < lim,_q|m(p,h)] = 1 — ¢y < 1.
Therefore, (p — p.)™ " ~ ¢g < 1 for all 0 < p — p. < 1, hence vy < 0. The strict positivity
of 7 follows from equation (52), and the strict positivity of the -, for n > 2 follows from
Baker’s inequalities (49). Equation (22) and the inequality 0 < limp,_o |m(p, h)| = 1—¢y < 1
imply that 0 < 1imh_)0<xlﬁ . E@/Eg <1 forall p€|0,1] O.

Lemma VI.4 Let the sequence 7),, n > 0, be defined as in equation (44). Then

1) 4,>0 forall n>0.

2) flgr})(E]%) =00 forall p>p..

Proof: By equation (41) we have 0 < lim,_q|m(p,h)| < 1, for all p > p.. Therefore
equation (24) implies that lim, o w(p, z(h)) = lim,_om(p, h)/h = oo, for all p > p., which
is consistent with equation (42). More specifically, for all p > p., equations (24) and (41)
imply that 0 < lim,_ |m(p, h)| = lim,_o |hw(p, 2(h))| = L(p) < 1, where L(p) = 0 for all
p < pe. Therefore, by equation (17), we have

lim [ 0(p, (h))| = lim [k 3(p. h)] € (0,1). for all p > p. (53)
lim | w(p, z(h))| = lim [2 g(p, h)| = 0, for all p <p..
By equations (23), (42), and (44) we have, for all p > p,,
0o = lim lim w(p, z(h)) = lim lim(1 — G(p,t(s))) = 1+ lim ¢o(p) ~ 1+ lim (p, — p) o,
p—pe h=0 p—pe 57 p—pe p—pe
hence 4 > 0. Baker’s inequalities then imply that 4/ > 0 for all n > 0. Equations (22) and
(53), and 4 > 0 imply that limj,_o(E7) = oo for all p > p. O.

The asymptotic behavior of g(p,h) in equation (50), and Lemma VI.4 motivates the

following fundamental homogenization assumption of this section [2]:
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Remark VI.1 Near the critical point (p, h) = (pe,0), the asymptotic behavior of the Stieltjes
function §(p, h) is determined primarily by the mass ¢o(p) of the measure ¢ and the rate of
collapse of the spectral gap 0.

By remark VI.1, and in light of Lemmas VI.2-V1.4, we make the following variable changes:

A7 (§) = (pe — p) dé(y), (54)
dr(q) = (p — pe)” ydo(y),

i =y(pe—p)~, Q(p) = S()(pe — )~
q=ylp—p)*, Q(p) = S(p)(p — pe)®,

N

so that, by equations (43) and (44), Q(p), Q(p) ~ 1 and the masses 7y and 7, of the measures
7 and m, respectively, satisfy 7y, m9 ~ 1 as p — p,.

Equation (54) defines the following scaling functions Gy,_(z), Gn(2), Gn_14(z), and
Gn.;(2) as follows. For h € U NR, equations (28) and (54) imply, for n > 0, that

8n

g = (r+AR-1)) o AR A (s
8h" X (p pc) Gn—l(l’)a 8h" X (pc p) Gn(x)> (55)
Qp) n—1 g . Q) Gnda(g
Gosle) = [ LT Gty = [ LT
o (I+zgnt o (1+zg"t
z=h(p—p) 2 0<p—p. <1, E=hpe—p) Y, 0<p.—p< L

Analogous formulas are defined for the opposite limits involving A, 4o, A’ and +'.
For h € U such that h; # 0, we define the scaling functions R,_1(x), Zr_1(x), Ra(Z),
and Z,(#) as follows. Using equations (30) and (54) we have, for 0 < p — p, < 1,

g KAE Sy NS AN Y dg(y)
= (—1)"n! E n’ —_— 56
o = U —\ /0 1+ hy[20m+D o0
n+1

= (=1)"n! Z (n ;L 1) [Z(p — pe) 2 (p — pe)~OTATIHING, ()

= (_l)nn'(p _pc)_(FH_A(n_l))ICn—l(l’)a ’Cn—l(x) = Rn—l(x) + iIn—l(x)a

g e Am e a2 . .
S = (=1)"nl(p = po) "I, (@),

Here, x and & are defined in equation (55) and

9= | g

) =3 (" T )a Gy,

=0 \ 7

Q) GnHida(a
- q"dr(q)
(7)) = , (57
g J(x) /0 |1 +ZIA§'qA|2(n+1) ( )

n+1
k) =3 (") #usto),

=0 \ 7
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where we have made the definitions R,_1(z) = Re(K,-1(x)), Zp-1(2) = Im(K,—1(x)),
Rn(2) = Re(K,(2)), and Z,(2) = Im(K,(&)). Analogous formulas are defined for the
opposite limit, 0 < p, — p < 1, involving A/, Y6, A, and .

From equation (18) we have, for h € U, p € [0, 1], and n > 0,

N

Gpo1(z) >0, Gu1j(z) >0,  Gu(@) >0, Gn (&) >0. (58)

By our gap hypothesis the h derivatives of g(p, h) and g(p, h), of all orders, are bounded at
h =0 for p > p. and p < p., respectively. Therefore,

}llirr(l) Gn_1(z) < 00, }llir% Gn-1,(z) < o0, forall p>p., n>0 (59)
}llirr(l) Gn(i) < 00, }llir% ,C’;n](i") < 00, for all p <p., n>0.

Lemma VL5 Let G, (&), Gn_1(z), and the associated critical exponents be defined as in

equation (55), for p > p.. Then

1) Gupa(x)~1 as ©—0(h—0 and 0<p—p. < 1) forall n>1.

2) [Gno1(#) —2Gn(@)] ~1 as @ —0(h—0and 0 <p—p, < 1) forall n>1.
3) v="%-

4) A=A

Proof: Let h € U NR and p > p.. Equations (29), (55), (58), and (59) imply that we have,
foralln>1,0<p—p. < 1l,and 0 < h < 1,

(0,00) 3 (p — pe) OFAEIG, () = (p — po)~OFA-DG, 1 (2) — 2G(2)]. (60)

Equations (58) and (59) imply that G,,_1(z) ~ 1 as z — 0, for all n > 1. Equation (60) then
implies that [G,_1 (&) — 2G,(2)] ~ 1 as & — 0, for all n > 1 (a competition in sign between
two diverging terms). Or equivalently, generalizing equation (53), Go(%) — #"G,(2) ~ 1.

Therefore,
Y+ An—1)=4%+An—-1), n>1 (61)

Which in turn, implies that v =4y and A = A o.
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Lemma VL6 Let G, (&), Gn_1(z), and the associated critical exponents be defined as in

equation (55), for p < p.. Then

N

1) [Go1(d) —2Gn(#)] ~1 as & —0(h—0 and 0<p,—p< 1), forall n>1.
2) Gpi(x)~1 as x—=0(h—0 and 0<p.—p <1, forall n>1.

3) 7 =%

4) AN =A.

Proof: Let h € U NR and p < p.. Equations (29), (55), (58), and (59) imply that, for all
n>1,0<p.—p<Ll,and 0 < h < 1,

~ N

(0,00) 3 (pe — p)" WA= 1 (3) — 2G(3)] = (pe — p) O TYCDIG,_(z)  (62)

Equations (58) and (59) imply that [Gp,_1 (&) — Gy ()] ~ 1 as & — 0 for all n. > 1. Equation
(62) then implies that G,_1(z) ~ 1 as x — 0 for all n > 1. Therefore,

Y4+ Nn—-1)=4+An-1), n>1.
Which in turn, implies that 4" = 4{ and A’ = A o.

Lemma VI.7 Let G,(2), Gu_1(z), and the associated critical exponents be defined as in

equation (55). Then

1) v%=7+AMn-1), foral n>1.

2) A =4 +An=4+AN(n-1), foral n>0.
3) t=A—~.

B s—ih =7 A

Proof: Let 0 < p — p. < 1. By equations (43), (50), and (55), and Lemma VI.5 we have,

for all n > 1,

_ . 0"g(p,h _ 1)) e _ e
(P - pc) My~ }lgr(l) # ~ (p _ pc) (v+A(n—1)) ilf% Gn—1(£l?) ~ (p _ pc) (y+A(n-1))

Therefore v, = v+ A(n — 1) for all n > 1, with constant gap v; — vi—1 = A, which is

consistent with the absence of multifractal behavior for the bulk conductivity [49].
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Now let 0 < p. — p < 1. By equations (44), (50), and (55), and Lemma VI.6 we have,
for all n > 1,

—A n . a”gp’h (A LA 1 A A
(pc_p) ﬁ/nN(banllli%%oc(pc_p) (PYO+A )glAclif(l]Gn(SL’)N(pc_p) (“/o-i-A )

Therefore, by Lemma VL2, we have 4, = 4, + A'n = 4/ + A’'(n — 1) for all n > 0, with
constant gap y. — yi_; = A, which is consistent with the absence of multifractal behavior
for the bulk conductivity [49].

Again let 0 < p — p. < 1. Equations (17), (25), (43), (53), and (55) yield

(p—p)' ~ limm(p,h) = 1 = lim g(p, h) = lim hj(p, h) = (p — pc)*~* lim #Cio(#)

z—0

~ (p—p)ie. (63)

Therefore, by Lemma VI.5 we have t = A — 49 = A — .
Finally let 0 < p. —p < 1. By equations (17), (44), and (55), and Lemmas V1.4 and
VI.6, we have

(pe = )" ~ Tim w(p, 2(0)) ~ lim g(p, h) = (pe = ) lim Go(2) ~ (pe — p) .

z—0

Therefore, by Lemma VI.7.2, we have s =) =9 — A o.

Lemma VL8 Let G, (&), Gn_1(z), and the associated critical exponents be defined as in

equation (55), for p > p. and p < p.. Then for alln > 1

1) Goa(2) ~ [Gri(2) — 3G (8)] ~ 2~ 0FAO=D/A Dgs i 00 (p — pf and 0 < h < 1).
2)  Goo1(z) ~ [Gno1(2) — 2G(2)] ~ 2~ O FAO=D/A s 1 00 (p— po and 0 < h < 1)
3) 6=A/(A-7)

4) d=N/3=N/F - A

Proof: Let 0 < h < 1, so that g(p, h) and §(p, h) are analytic for all p € [0,1] [26]. The
analyticity of g(p,h) and g(p, h) implies that all orders of h derivatives of these functions
are bounded as p — p., from the left or the right. Therefore, equation (60) holds for
0 < p—p. < 1, and equation (62) holds for 0 < p. —p < 1. Moreover, in order to cancel
the diverging p dependent prefactors in equations (60) and (62) we must have, for all n > 1,

Gpy(2) ~ g~ OFAC=D/A (G (3) — 3G (2)] ~ 2~ CorA0=D/A - ag )t (64)

~

Gn_l(x> -~ x_(,\//—i-A’(n—l))/A’7 [Gn_l(i’) - i’én(i‘)] ~ i,—(’Ay(l)-l-A’(n—l))/A/’ as p N pc_
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Lemma VI.8.1 and VI.8.2 follow from equation (64) and Lemmas VI.5 and VL6.
Now by equations (17), (24), (43), (55), and (64) for n = 1, we have

W% ~ lim m(p,h) = lim hw(p, z(h)) ~ lim hg(p,h) = h lim (p — p.) °Go(2)  (65)

p—pd p—pd p—pd p—pd

~ h(p _ pc>—% h—%/A (p _ pc)_A(_%/A) — h(A—%)/A.

Therefore by Lemma VL6, we have § = A/(A —4) = A/(A — ). Similarly by equations
(17), (44), (55), and (64) for n = 1, and Lemma VI.4, we have

L%~ lim w(p, 2(h)) ~ lim §(p,h) = lim (p — p.) 0Go(2) = ™ %/2". (66)

P—Pc P—Pc P—DPc

Therefore, by Lemma VI.7 we have 6 = A’/5, = A//(5' — A .

Lemma V1.9 Let h € U such that h; # 0, and G, ;(2), Rn(&), Z,(%), and the associ-
ated critical exponents be defined as in equations (56) and (57) for p > p. and p < p..
Furthermore, let s,, s;, t., and t; be defined as in equations (43) and (44). Then,

1) [Goo(®) + 2,Go1(2)] ~ #:Go1(2) ~1 as i — 0 (h— 0 and 0 <p.—p<1).
2)  lm[2,Goo(#) + |2°Go. (2)] ~ lim[#:Goo(#)] ~ 1 for 0<p—p. < 1.

3) s, =8 =% =s.

4) t,=t;=A—y=t.

Proof: Let 0 < p. —p < 1, h € U such that h; # 0, and 0 < |h| < 1. By equations (56)
and (57), for n = 0, we have

i W dgy) 5 [T ydé(y) G (a4 R (s
g(p,h) = /0 m + h/o m = (pe —p) [Go,0(Z) + £Go ()], (67)

so that

/

Gr = (pe =) 0Ro(2) = (pe — p) 0[Go.0(&) + £,Go,1(2)] (68)
G = (pe =) 0Zo(2) = —(pe — p) NG (2).
Equations (53) and (58) imply that Ro(&) ~ Zo(Z) ~ Lasi — 0 (h — 0and 0 < p,—p < 1).
Therefore, equations (17), (44), (68) and Lemma VI.4 imply that
(pc - p)—sr ~ wr(pa O) ~ gr(pa O) ~ (pc - p)_% glcl_)r% 7%0(‘%) ~ (pc - p)_%> (69)

(pe — p) ™% ~ wi(p,0) ~ §i(p,0) ~ (pe — p) 70 lim Zy(2) ~ (p. — p) 0.

z—0
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2

Equation (69) and Lemma VI.7 imply that s, = s, =) = s.
Now let 0 < p — p. < 1 with h as before. In equation (63) we demonstrated that
m(p,0) = limy,_o hg(p, h). Therefore equation (68), for p > p., implies that

mr(p> 0) ~ }Lﬁ%[hrgr(pv h) - h’zgz(p> h’)] = (p - pC)A_;YO }:EI%)[‘%TQO,O(@) + |‘%T|2gAO,1(‘%)]
my(p,0) ~ lmfig(p. h) + hodi(p. )] = (p — po)>~ lim[2,Go (2] (10)

By equation (53) we have limi_)o[aﬁ"rg’;o,o(i) + |i|2(3071(:i7)] ~ limi_)o[:iiéo,o(:i')] ~ 1 for all

0 < p—p. < 1. Therefore, equations (43) and (70) imply that

(p—pe)' ~m(p,0) ~ (=), (p—po) ~mi(p,0) ~ (p—p)>70. (T1)

Equation (71) and Lemmas VL5 and VL7 imply that ¢, = t; = A — 4 = A —y =¢ O.

~

Lemma VI.10 Let h € U such that h; # 0, and G, (), Rn(%), Z,(%), and the associ-
ated critical exponents be defined as in equations (56) and (57) for p > p. and p < p..
Furthermore, let 6., b;, 6,, and &; be defined as in equations (43) and (44). Then,

1) Ro(#) ~ Zo(#) ~ |2]79/2 as & — oo (p— p, and 0 < |h| < 1).

W N

)
) [ Ro(2) — 2:20(2)] ~ [2:Z0(2) + 3:Ro(2)] ~ £/ 45 5 — oo,
)
)

4

Proof: Let h € U such that h; # 0 and 0 < |h| < 1, so that g(p, h) and §(p, h) are analytic
for all p € [0, 1] [26]. Equations (17), (44), (68) and Lemma VI.4 imply that

B3 0 (pes ) ~ G (pes ) ~ lim (pe = p) T 6Ro(3), 72)
P—Pc

175~ wi(pes 1) ~ Gpes ) ~ lim (p — p) 0o (2).
P—DPc

The analyticity of g(p, h) and §(p, h) implies that they are bounded for all p € [0, 1]. There-
fore, in order to cancel the diverging p dependent prefactors in equations (72), we must have

Ro(2) ~ To(2) ~ |z|~5/4 as & — 0o (p — p; and 0 < h < 1). Equation (72) then implies
(B (e — p) ORI/ (p — p) AR [T || T [T (73)

Therefore, by Lemma V.8, 6 =6 = N [ = 5. It’s worth mentioning that these scaling
relations are independent of the path of the limit h — 0.
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Equations (17) and (24) imply that m(pe, h) ~ lim,_, + hg(p, h), for 0 < |h| < 1. There-
fore equations (43) and (70) implies that

[~y (pes h) = (p = )7 lim [2,Goo(#) + |2 Goa ()] )
P—DPc

A% ~ mi(pe, h) = (p — pe)® 70 lim [#:Go0(%)].
P—Pc

The analyticity of g(p, h) and g(p, h) implies that they are bounded for all p € [0, 1]. There-
fore, in order to cancel the diverging p dependent prefactors in equations (74), we must have
[2:Go0(2) + |2:2G01(2)] ~ £:Goo(#) ~ |z|A710/2 a5 2 — 0o (p — pf and 0 < h < 1).
Therefore equation (74), and Lemmas VI.5 and VL8 imply that 6, = 6; = A/(A — 4,) =
A/(A —v) = 6. As before, these scaling relations are independent of the path of the limit
h — 0 O.

Lemma VI.11 The measure ydo(y) has the symmetry property (A = A" and v = ') if
and only if the measure do(y) has the symmetry property (A = A and 5o = 4)). If either

measure has this symmetry, then

~

1) s+t=A. 2) 1/64+1/6=1. 3) A=A=AN=A" 4) y=+=4=4,

Proof: We have shown in Lemmas VL5 and VL6 that v = 59, A = A, v/ = A, and A" = A
Therefore, it is clear that, (A = A’ and v = 7/) <= (A = A’ and 4, = 4}). Assume that
cither of the measures, dg(y) or ydd(y), has this symmetry. Thus, A = A = A’ = A’ and
v =% =4, =7 By Lemma VL.7 we have t = A — v and s = 4(, and by Lemma VI.8 we
have § = A/(A —~) and § = A’/4}. Therefore,

sStHt=9+A—7=9%+A—7=A.
§=A/(A—7)=1/(1—y/A) =1/(1 = 4/A) = 1/(1 = 4/A") = 1/(1 - 1/5) ©.

As mentioned above, the scaling relations ¢, = t; = t and s, = s; = s that we proved
in Lemma VI.9 are a fundamental identity, and serve as a consistency check of this mathe-
matical framework. Another consistency check was given in Lemma VI.11, where we proved
that 1/6 +1/6 = 1. This is also a fundamental identity which follows from the relation
in (24), m(p,h) = hw(p,z(h)), and the definition of these critical exponents in (43) and
(44): A% ~ m(pe, h) = hw(pe,h) ~ hh=Y5 ~ 1719 for 0 < |h| < 1. It follows that

the relation in (24) provides a partial converse to the assumption underlying Lemma VI.11.
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FIG. 1. The spectral function for the 2-d and 3-d square random resistor networks (RRN). In

the 2-d RRN (a)—(c), as the volume fraction p increases from left to right, the width of the

gaps in the spectrum near A = 0,1 shrink to 0 symmetrically with increasing connectedness as

p— pe=1—p.=0.5. In (c) the effective medium theory (EMT) prediction of the the spectral

measure, which coincides with the exact duality prediction, is also displayed. In the 3-d RRN (d)—

(i), as p — pe = 0.2488 the width of the gap near A = 0 shrinks to 0, and as p — 1 — p. ~ 0.7512

the width of the gap near A = 1 shrinks to 0.

Indeed as 1/6 +1/6 = 1 in general, where § = A/(A —~) = A/t and § = A'/3) = A'/s,
then 1 —v/A=1/6=1—1/6 =1—4}/A" implies that, in general,

t/A+s/AN =1, and A=A — =4, (75)

This concludes the proof of Theorem VI.1 O.
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C. Spectral Gaps and Critical Behavior of Transport

We now discuss the gaps 6, and 6, in the spectral measures p and «, respectively. As the
operators —I" and T are projectors on the associated Hilbert spaces .7, and %,, respectively,
their eigenvalues are confined to the set {0,1} [39]. The associated operators M; and K;,
7 = 1,2 are positive definite compositions of projection operators, thus their eigenvalues are

confined to the set [0, 1] [19].

While in general, the spectrum actually extends all the way to the spectral endpoints
A = 0,1, the part close to A = 0,1 corresponds to very large, but very rare connected
regions (Lifshitz phenomenon). It is believed that this phenomenon gives exponentially
small contributions to the effective complex conductivity (resistivity), and does not affect
power law behavior thereof [21]. In [10] O. Bruno has proven the existence of spectral gaps
in matrix/particle systems with polygonal inclusions, and studied how the gaps vanish as the
inclusions touch (like p — p.). In Figure 1 we give a graphical representation of the spectral
measure « for finite, square 2-d and 3-d RRN [25] (explained in more detail below). In the
2-d RRN, as p — p. = 0.5 the gaps in the spectrum near A = 0, 1 shrink to 0 symmetrically.
In the 3-d RRN, as p — p. =~ 0.2488 the spectral gap near A = 0 shrinks to 0, and as
p — 1 —p. ~ 0.7512 the spectral gap near A\ = 1 shrinks to 0. As p surpasses p. and
1 — p. the spectra pile up at A = 0 and A = 1, respectively, forming delta function-like
components in the measure. In Section VI A we showed that, for EMT, there are gaps in
the spectral measures p and « for p # p.,1 — p.. The gaps in p and a about A = 1 and
A = 0, respectively, collapse as p — p., and the gaps in g and o about A = 0 and A = 1,

respectively, collapse as p — 1 — p..

This is precisely the behavior displayed in Lemma V.1 and Corollary V.1, which hold
for general percolation models of stationary two phase random media with m(0) = m(p,0)
and w(0) = w(p,0). In this way the spectral measures p and « truly are independent
of the material contrast ratio, and are independent of how we define it. For example, we
have focused on the contrast ratio h = 0y /09 and defined an insulator—conductor system by
letting o7 — 0, resulting in critical behavior (the formation of a delta component in p at
A = 1 with weight m(p,0)) as p surpasses p., where p = (x2) (see Lemma V.1). We could
have instead focused on z = 0y/0y and defined an insulator—conductor system by letting

o9 — 0, resulting in critical behavior (the formation of a delta component in o at A = 1
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with weight w(p,0)) as p surpasses 1 —p,. (see Corollary V.1). Lemma V.1 and Corollary V.1
demonstrate, through spectral means, the equivalence of these two systems. Moreover these
lemmas rigorously prove, for general percolation models of two phase stationary random
media in the lattice and continuum settings, that the onset of critical behavior in transport
is identified with the formation of delta function components in g and a at A = 0, 1 precisely
atp=p.and p=1-—p..

We now provide an analytical proof for the existence of spectral gaps in a about the
spectral endpoints A = 0, 1 for arbitrary, finite lattice systems. More specifically, for p < 1,
inf ¥, > 0 and sup ¥, < 1. For lattice systems with a finite number n of lattice sites, the
differential equations in (7) become difference equations (Kirchoft’s laws) [20]. Consequently,
the operators M;, j = 1,2 are given by N x N matrices, say [20, 25]. We focus on My =
X2(—I")x2 and «, as our results extend to M; = y1(—=I")x; and p by symmetry.

In this lattice setting, —I' is a real symmetric projection matrix and can therefore be
diagonalized: —I' = QDQT, where D = diag(1,...,1,0,...,0) is a diagonal matrix of L ones
and N — L zeros along the principle diagonal, 0 < L < N when N > 1, and Q is a real
orthogonal matrix with columns ¢;, ¢ = 1,..., N, which are the eigenvector of —I'. More

specifically,

where (G- @)z = S212,(@)i(@))1, and (), is the I™ component of the vector ¢ € RYN. Here,
we consider the non—degenerate case L < N.

The spectral measure a(d\) of the matrix Mj is given by a sum of “Dirac § functions,”

a(d)) = [ﬁ: m;6), (dA)] dX = a(N)d, (76)

i=1

where dy,(d)) is the Dirac delta measure centered at X;, m; = (& [0;0,7] &), € is a N-
dimensional vector of ones, and \; and ¥ are the eigenvalues and eigenvectors of Mo,
respectively [25]. In this matrix case, the associated Stieltjes transformation of the measure
a(d)) in (15) is given by the sum G(t) = >°°_ m;/(t — A;), and a(}) in equation (76) is
called “the spectral function,” which is defined only pointwise on the set of eigenvalues { ), }.

In Figure 1 we give a graphical representation of the spectral measure for finite 2-d and 3—d

RRN. It displays linearly connected peaks of histograms with bin sizes on the order of 1072,
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The apparent smoothness of the spectral function graphs in this figure is due to the large
number (~ 10°) of eigenvalues and eigenvectors calculated, and ensemble averaged.

In the matrix case, the action of ys is given by that of a square diagonal matrix of zeros
and ones [25]. The action of x, in the matrix x2(—I")y2 introduces a row and column of zeros
in the matrix —I", corresponding to every diagonal entry of y, with value 0. When there is
only one o, inclusion (p = 1/n) located at the j*® bond, y, has all zero entries except at
the j*™ diagonal: yo = diag(0,---,0,1,0,---,0) = diag(¥;). Therefore, the only non-trivial
eigenvalue is given by Ao = (§j-@j)r = Yo, (@5)7 = 1 =S 1, 1 (7))?, with eigenvector ¥; and
weight mo = 1/n. This implies that there is a gap at A =0, 6y = Zle(cfj)% > 0, and a gap
at A=1, 0, = ZIJ\LLH(QZ)% > 0. It is clear that these bounds hold for all w € © such that
p=1/n when L > 1. We have already mentioned that the eigenvalues of M; are restricted
to the set {0,1} when p = 1 (x2 = Iy). Therefore, there exists 0 < py < 1 such that, for
all p > po, there exists a w € § such that 6y(w) = 0 and/or #;(w) = 0. This concludes our

proof.

VII. CONCLUDING REMARKS

We have constructed a mathematical framework which unifies the critical theory of trans-
port for binary composite media, in continuum and lattice settings. We have focused on
critical transitions exhibited by the effective complex conductivity o* = gom(h) = oyw(z),
as the symmetries underlying this framework extend our results to that regarding the effec-
tive complex resistivity p* = o 'm(h) = 0, '@ (z). We have shown that critical transitions
in transport properties are, in general, characterized by the formation of delta function
components in the underlying spectral measures at the spectral endpoints. Moreover, for
percolation models, we have shown that the onset of the critical transition (the formation
of these delta components) occurs precisely at the percolation threshold p. and 1 — p,.

The mathematical transport properties of such systems, displayed in section III, hold
for general two—component stationary random media in lattice and continuum settings [26].
Moreover, the critical exponent scaling relations and the various transport properties, dis-
played in Lemmas VI.2-VI.11, hold for general percolation models regarding this class of
composite media [21]. This type of critical behavior has been studied before for the lattice

[6, 13, 15], and alternate methods have shown that A = s+1¢, § = (s+1¢)/t, and 7 = s
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[21]. These are precisely the relations that we have shown to hold for general lattice and
continuum percolation models, under the symmetry condition of Lemma VI.11. There is no
apparent mathematical necessity for this spectral symmetry, in general. Although it leads
to the well known two dimensional duality relation s = t for the lattice [6, 13, 15].

As in EMT, our general scaling relations involving || are independent of the limiting path
as h — 0. This represents an alternative to the results of other workers [6, 13, 15] who have
used heuristic scaling forms as a starting point. For our critical theory the starting point is
equation (15), which displays ezact formulas for infinite systems [21]. We have verified the
validity of our framework using several consistency checks including the verification that our

relations are satisfied directly by the exponents of effective medium theory.
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