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@ Line inteqrals



ComPu'l'in3 line in+e3ra|s

C Porame‘l'riaed b)/ X =x(¢) , %s«z(ﬂ, olt<h
(R —R




ComPu'l'in3 line in+e3ra|s

C Porame‘l'riaed b)/ X =x(¢) , %s«z(ﬂ, olt<h
(R —R

b
@ Sc.ﬁ(,g '3) da = S‘ £ (x(®) ,\‘(t)) )l ( x'(t),v'(i‘)) |l d¢




ComPu+in3 line in'l'ejrals

C porametrized by x:x(t), yzy(t), astsh
(R ™R

b
. Scs(, ¥ da = S‘ $(xet), 5 ®) |l (200, 50 | dt

¢ Sc.*"‘"d’ dx = Lbl} (x(8),4()) X () d¢

o Sc.c (x,a) A% = S: S.( x(¢), 3(’ﬂ) \t'(f) dt





















Definition:

$(xty)dx + %) d
SC( P+ akpdy)

= gc-? (x,a) dx + sc %(x,a)a 3




Definition:




EXQW\F'e: C, siven b)/ x.-‘-'f, 3=t, 2=C, 0<5¢ts).
C, aiven by x=1% y=t*, e=¢, Ost:l.

Fina SC’%idx*-xzda,-l-ani 'Fw 2=1,2. sa
l W)




ExamF|e1 C, qiven by x:=t, yst,2et, O5ts)
C, aiven by x=1% y=t*, e=¢, Ost:l.

Fina Sc ’ %%dx-l- xzda, + xada -Fw 2=1,2.
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Solution:

Sc ‘zdz +x%cla+x~ad%

(o0,0,0)

|
= S ttl+t-t-|+¢-¢t | dt
0



_E_X_QV_V\_?_'_Q_: Cl Siven b’ x--f-f: 33':, 2:t , OFEE),
Cz S;VCn b)’ x=t3’ 'a=tz, if-t, OStS'.

Fina SC’%idx*-xzda,-l-ani 'Fw 2=1,2. sa
l W)

Sc ‘&ux"'"%cl&*x‘adz

|
:S t-t-' "'t-t-"l-t.t" Jt
o

=S:3t?-at



ExamF|eI C, qiven by x:t, yst,2st, Ose2).
C, aiven by x=1% y=t*, e=¢, Ost:l.

Fina SC’%idx*-xzda,-l-ani 'Fw 2=1,2. sa
l W)

Solution:

Sc ‘zdz +x%cla+x~adz~

|
- So tt |+t t-|+¢-t.| Jt
=§: 2¢24¢

- [#],



_E_X_QV_V\_?_'_Q_: Cl Siven b’ x--f-f: 33':, 2:t , OFEE),
Cz S;VCn b)’ x=t3’ 'a=tz, if-t, OStS'.

Fina SC’%idx*-xzda,-l-ani 'Fw 2=1,2. sa
l W)

Sc ‘&ux"'"%cl&*x‘adz

|
:S t-t-' "'t-t-"l-t.t" Jt
o




ExamF|eI C. 3iven b)/ x.-‘-'f, 3=t, 2=C, 0<5¢ts).
Cz 5"“\0 197 x=t%, 'a=t", 2=¢, Ost:sl.

Fincl SC . 'a%dx-l- xzda, + 1342 &r 2=1,2.
t .0¢0

Solution:

Sc;&zdz +x-zcl&+x~a¢l%

!
= S t2.t-3tte -2ttt e
o



EZ‘.QL“.?_'F-: C, 3"’3" ")’ x=t, 3‘-‘-«‘—, 2=t , Osts).

Cz 5"“\0 197 x=t%, 'a=t", 2=¢, Ost:sl.

FinJ SCi %%dx+12d&+xaai -cm" 312 l'z .
Solution: y,

S e \31&1 +x%da+xsadz

- S tz’t ‘ 3't + ts‘t‘Zt"‘ta‘tz', J‘t
e

=S'6t54t
0




ExamF|eI C, siven b)/ x.-‘-'f, 3=t, 2=C, 0<5¢ts).
Cz 3’N¢n '97 x=t%, 'a=t", 2=¢, Ost:sl.

Fincl sci va%dx + xzda, + xadz for = 1,2. . o
So : wton:

S cz\&zdx +z-zcl&+x~adz

|

- S tz't ‘ 3'tz+ 'ts. t-Zt...ta.tz, | J‘t
0

=S:6tsdt

- [+4],




ExamF|eI C, siven b)/ x.-‘-'f, 3=t, 2=C, 0<5¢ts).
Cz 3’N¢n '97 x=t%, 'a=t", 2=¢, Ost:sl.

Fincl sci va%dx + xzda, + xadz for = 1,2. . o
So : wton:

S cz\&zdx +z-zcl&+x~adz

i
- S ti-t-3t%+ 'ts-t-Zt-a-ta-t’-l d+
(s
=S:6tsdt
=[] = 1°-0°=I.
o
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ExaumF'ei C, 3iven b)/ x=t, \azt, 2=t , Osts).
CZ 33\[2“ 57 X< ‘ts, va::tz, 2=¢, Ostsl

®
(1,))

Fincl Sc %%dx + xzda. + xadi ‘For

the s'mPle closed curve
C - C| V- Cz .




ExaumF'ei C, 3iven b)/ x=t, \azt, 2=t , Osts).
CZ 33\[2“ 57 X< ‘ts, va::tz, 2=¢, Ostsl

®
(1,))

Fincl Sc %%dx + xzda. + xadi ‘For
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C: asts<b
= x(¢)

i

X

b
@ SCAA = s‘a "(x'(t)'n'(t))" Jt - AfC\eV\S'H‘\ (C)




C: asts<b
= x(¢)

i

X

b
@ SCAA = s‘a "(x'(t)'n'(t))" Jt - AfC\eV\S'H‘\ (C)

@ S dA = S da
c -C













b
® Scalx = L x(t) dt = [x(t)]:



b
& SCAX. = [ 2't) dt = [X(t)]: = x(b) - x(a)

/3




» Ax = / — b
SC 1t dt - [x(t)]‘ = x(b) - x(a)

\JVNJ

c‘umse iy x-coorclino:l'e



b
' - b
ga x(t) Jt - [x(‘t)]‘ - 1(5)"1(4)
\w
o S-ca.x - - Sch C“‘Oﬂﬁ‘ n X‘C“d:ﬂaf"e

® Scclx =




hange in y-coordinate
= - chemy* ™
® S-c&vt - chlaa.



E xamgle:

C Parame‘l'ri%ed by
x=2+4¢
y=7-6¢
o<tsl.




Examgle:

C Parame‘l'ri%ed by
x=2+4¢
y=7-6%




Exam?le: (cost, sint)

C
C Parame'l’ri%ecl by ‘-
X = cost,




Examgle:

C Parame'l’ri%ecl by
X = cost,



















ExaumF'ei C, 3iven b)/ x=t, \azt, 2=t , Osts).
CZ 33\[2“ 57 X< ‘ts, va::tz, 2=¢, Ostsl

®
(1,))

Fincl Sc %%dx + xzda. + xadi ‘For




_E_X_QLV\_?_'_C_: Cl Siven b’ xztl 3"", 2:=T ’ ose<)
Cz 3“\,2" b)’ x:ts’ 'aztz) i’-’-t, OStS'

(AX)

- Sc yrex 1zda‘ + 1342 for

the simple closed curve

S Fhﬁl&&""&h
b S ‘Fh*zdﬁ"x&&z + S ¢ ‘a%h-l-z!tl'ti-x&«l%

= S 162&4-114‘&4-13&; -— S 16%&14'114\&*1311%



_E_X_QLV\_?_'_C_: Cl Siven b’ xztl 3"", 2:=T ’ ose<)
Cz 3“\,2" b)’ x:ts’ 'aztz) i’-’-t, OStS'

(AX)

- Sc yrex 1zda‘ + 1342 for

the simple closed curve

S Fhﬁl&&""&h
b S ‘Fh*zdﬁ"x&&z + S ¢ ‘a%h-l-z!tl'ti-x&«l%

= S 162&4-114‘&4-13&; -— S 16%&14'114\&*1311%
=1-1=0.



@ Four use‘:ul

lemmas
















Lemmal
If C is a vertical

Xcs'(x.a) dx = Sa g(x(t),sa(t)) x'(¢)dt




Lemmai
If C is a vertical

Xcs'(x.a) dx = Sa g(x(t),sa(t)) x'(¢)dt

b
= ga £ (2, 3(1&\) O dt



Lemmai
If C is a vertical







Lemma'
I C is a horizontal




Lemmai
If C is a curve

with a horizontal end,
and terminal Po'm'r (=,%)
then &

o
o ( gc-‘(i.ta)h + 5(".3)3'6) = -f-(x,&)




Lemmai
If C is a curve

with a horizontal end,
and terminal Po'm'i' (=,%)
then &

o
rw ( Scl;(x,ta)h + 5(1.3)33) = S‘-(x,&)‘
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Lemmai
If C is a curve

with a horizontal end,
and terminal Po'm'r (=,%)
then &




Lemmai
If C is a curve

with a horizontal end,
and terminal Po'm'r (=,%)
then &




Lemmai
If C is a curve

with a horizontal end,
and terminal fo'm'r (=,%)
then L




























Lemmai
If C is a curve

with o vertical end

and terminal P°m+ (z ”)

+hen
3

‘8 ( S % (= pax +q(x, 3)33) 3(1 3)
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I‘? C s any Pa‘ﬂn with initial Fo'm"l'
OﬂJ ‘refm.lh0| POW\"' -; ’ then Scdx - b' -a,.




Tf Inde‘:endence o Pa'l"'\

S 5 (X,U.) dx + 3@.3)&8

= S g(d.a.) dx + 3@.})&8

ond have the same initial

whenever

points and the same terminal points, we say

Scc(z.a)ax +¢3(x,‘a)da. 1S inJependen'l’ of Paﬂ'o. +



Tf Inde‘:endence o Pa:l"'\

S 5 (x.a.) dx + 3@.})&3
= S g(x.a.) dx + 5(3.3)33
ond

points and the same terminal points, we say

have the same initial

whenever

Scc(z.a)ax +¢S(Jt.‘a)da 1S inJependen'l’ of Paﬂ'\. *

Example

P S Jl S mclefenéen-r og Pa‘ﬂu




Inde?endence o Pa'l"w
It 2 é

® is a curve with initial Fo’m‘l’
B S

ond +erminal Po'm‘l' b, and




Inde‘:endence o Pa'l"'\
I$ : ©

e is a curve with initial point
—m

ond +erminal Po'm‘l‘ b, and

T

/ \

® ch(x,x) dax + S(z, 3)43 T indeyenclen‘l' of pd"",



Independence o Pa'l"'\
I$ : ©

& is a curve with iniﬁal Fo’m'l'
..

ond ‘terminal Poin‘f b, and

T

/ \

® ch(x.x) dx + 4, Z)Ja is independent of path,

'ﬂ\en

we wwnte

b
S ¢ (x.a) dx + a(x, \J)Ja - S_‘ ¢ (x.a) dx + a(x, 3)13




_E_’SEE.F-'-Q—: We'll see later +hat
sc yedx+ xzda, + xada is independent of path.



..E_’.‘EL"‘-F-'-Q—: We'll see later that

Sc \aidx + xzda, + xadz is independent of path.




@ InJePen Aence OJ-‘

Parame‘i‘r'\Zaﬁon




Any curve has Two

choices for orientation :

‘FO( WOTAS or dek\'lOfAS .




Any curve has Two

choices for orientation :

‘gbf WOTAS or dekwafAS .

As |on3 as orentothion

1S unc"\onsea 5 line in+esra\s

ace inAQPehACI\"’ O¥ Pdfomeffiia‘ﬁbn.

(Us'ms ckamse Og VOf.IOL|eS.)



