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The propagation of ocean surface waves through the polar sea ice covers is a critical process in
Earths climate system. In models which consider the ocean surface layer to be a composite of ice
floes and water characterized rheologically in the long wavelength regime by its effective complex
viscoelasticity, this key parameter has only been fitted to wave data. Here we present the first
rigorous bounds on the homogenized viscoelasticity by deriving a Stieltjes integral representation
for it, involving a spectral measure which depends on the geometry of ice floe configurations.

INTRODUCTION

The marginal ice zone (MIZ) is the region of sea ice
cover that is close enough to the open ocean to be affected
by its dynamics. Over the past several years there has
been an increasing realization of the importance of wave-
ice interactions in the growth and decay of the seasonal
ice pack. In fact, a striking correlation between Antarctic
sea ice extent and wave activity has been found recently
[13]. In both the Arctic and Antarctic, the ice floe size
distribution in the MIZ plays a central role in the proper-
ties of wave propagation though it. Ocean waves break up
and shape the ice floes which, in turn, attenuate various
wave characteristics, controlling which wave magnitudes
and wavelengths propagate further into the pack. This
ice-ocean interaction has become increasingly important
recently in the Arctic, due to the dramatic decrease of
the summer ice extent which has increased the size of
the Arctic MIZ. These recent changes in the Arctic may
promote more rapid ice loss and incease shore errosion ef-
fecting the Arctic inhabitants. It is therefore paramount
that wave ice interactions, which are complex and of-
ten numerically expensive to incorporate into models, be
accurately accounted for. Recently, continuum models
have been developed which treat the MIZ as a two com-
ponent composite of ice and slushy water. Several of the
proposed models treat the ice and slushy water mix as
a single material atop an inviscid ocean. These models
are particularly appropriate for longer wavelengths. The
top layer has been taken to be purely elastic [1], purely
viscous [12], and viscoelastic [17, 25]. At the heart of
these models are effective parameters, namely, the effec-
tive elasticity, viscosity, and complex viscoelasticity. In
practice, these effective parameters, which depend on the
composite geometry and the physical properties of the
constituents, are quite difficult to determine. To help
overcome this limitation, we employ the methods of ho-
mogenization theory, in a quasi-static, fixed frequency
regime, to find a Stieltjes integral representation for the
complex viscoelasticity of the two layer model presented
in [25], a model already being incorporated into Wave
Watch III. We choose this model as it is a more gen-
eral case which can be reduced to the purely viscous or
purely elastic cases. The derivation is motivated by ear-

lier work in [7]. There a Stieltjes integral representa-
tion is derived for a compressible viscoelastic material.
The analytic Stieltjes integral representation has been
extended to effective elastic properties in the past as well
[6, 8, 16, 20]. Stieltjes integral representations for the
effective viscoelastic shear modulus have been previously
obtained using the torsion of a viscoelastic cylinder whose
microstructure is uniform in the axial direction [3, 4, 22].
The integral representation we find involves the spectral
measure of a self adjoint operator and provides bounds
on the effective viscoelasticity using the analytic contin-
uation method [2, 10, 15]. The bounds themselves de-
pend on the moments of the measure: the more moments
known, the tighter the bounds. We further develop a
simple wave equation which governs wave motion in the
quasi-static regime. This equation produces a simplified
dispersion relation that relates the wave number and at-
tenuation rate of plane like waves traveling through the
MIZ to the effective parameter. We then use the wave
equation to model wave breaking of ice in the MIZ and
are able to accurately capture many average characteris-
tics of the floe size distribution in the marginal ice zone
of Antarctica.

MATHEMATICAL METHODS

In linear elasticity theory the stress σ is related to the
strain ε through a fourth rank tensor C via the relation
σ = C : ε where : is contraction. In the static case the
effective elasticity tensor for a linearly elastic material
can be defined as the tensor that relates the average stress
to the average strain.

〈σ〉 = 〈C : ε〉 = C∗ : 〈ε〉 . (1)

Here σ and ε are stationary random fields and 〈·〉 denotes
spatial average. This corresponds to an average over all
possible realizations of σ and ε.

In [25], the ice-slush composite is modeled as a Kelvin-
Voight material for which the deviatoric part of the stress
tensor is given by σij = 2Gεij + 2υijρ1ε̇ij , where εij =
(1/2)(∇u+∇Tu) = ∇Su is the strain tensor, G the shear
modulus, and υ the viscosity. Here u is the displacement
and if we consider a harmonic wave profile, u ≈ exp(kx−
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iωt) we see that ε̇ij = −iωεij . Under this time harmonic
assumption we may then write the deviatoric part of the
stress tensor as σij = 2(G − iωρ1υ)εij = 2νεij . In this
case the momentum equation of the ice layer is given by,

ρ1∂ttu = ∇ · (σ + PI)− ρ1gez , (2)

where I is the identity matrix. We further take the ma-
terial to be incompressible and irrotational, satisfying
∇·u = 0 and ∇× ε = 0. From the definition of the devi-
atoric part of the stress tensor above we further see that
we have two constitutive relationships namely, σ = 2νε
and ε = (1/2ν)σ.

For the boundary conditions in [25], when ω << 1 and
kr << 1 it can be shown that [? ]

∇ · PI ≈ ρ1gez . (3)

Further, we take only frequencies where ω2 << 1 so that
∂ttu = −iω2u ≈ 0. In this limit we obtain our quasi-
static and irrotational set of governing equations together
with two constitutive equations

∇ · σ = 0 , σ = 2νε , (4)

∇× ε = 0 , ε =
1

2ν
σ . (5)

At this point we now define two fourth rank tensors, C =
2νΛs and L = (1/2ν)Λs where Λs = (1/2)(δikδjl+δilδjk−
(1/d)δijδkl) is a projection on to the space of trace free
rank two tensors [7, 23]. With these definitions we can
then define the effective elasticity and compliance tensors
through the equations,

〈σ〉 = 〈C : ε〉 = C∗ : 〈ε〉 = 2ν∗ε0 , (6)

〈ε〉 = 〈L : σ〉 = L∗ : 〈σ〉 =
1

2ν∗
σ0. (7)

INTEGRAL REPRESENTATION

Consider a two phase composite composed of materials
with complex viscoelasticities ν1, ν2. We may then take
our elasticity and compliance tensors to be C = 2(χ1ν1+
χ2ν2)Λs and L = (1/2)(χ1ν

−1
1 + χ2ν

−1
2 ) where χi is the

characteristic function which takes on value 1 in material
i and 0 otherwise. We may then substitute these into 4
while defining ε = ε0 + εf and σ = σ0 + σf where εf and
σf are the zero mean fluctuations around the average
strain and stress ε0 and σ0 respectively. This leads to
the following resolvent formulas for the stress and the
strain,

ε =

(
1− 1

s
Γχ1

)−1

ε0, Γ = ∇s(∇ · ∇s)−1∇· , (8)

σ =

(
1− 1

s
Υχ2

)−1

σ0, Υ = ∇× (∇×∇×)−1∇× .

(9)

Defining the inner product 〈f, g〉 = 〈f : ḡ〉, and as-
sociated norm ||f || =

√
〈f, f〉, we can then employ the

spectral theorem to obtain the following Stieltjes integral
representations 10 for the effective viscoelasticity,

ν∗

ν2
= ||ε0||2(I − F (s)) , F (s) =

∫ 1

0

dµ(λ)

s− λ
(10)

ν1
ν∗

= ||σ0||2 (I − E(s)) , E(s) =

∫ 1

0

dη(λ)

s− λ
(11)

RIGOROUS BOUNDS

While these integral representations are exact, the
measures µ, η are difficult to calculate however insight on
the effective parameter can be obtained through knowl-
edge of their moments, which can be calculated using as-
sumptions about the geometry of the composite. Bounds
on ν∗ can be obtained for a fixed contrast parameter s
and are determined by varying over admissible measures
µ, η with have moments matching those derived from
geometric assumptions. Thus, this is the equivalent to
varying over admissible geometries of the composite ma-
terial. The more moments known, the tighter the bounds
[9, 18]. For the elementary bounds, knowledge of only the
masses of the measures µ0, η0 are required and is easily
calculated using (12),

µn =

∫ 1

0

λndµ(λ) = 〈(χ1Γχ1)nχ1ε̂0 : ε̂0〉 , (12)

ηn =

∫ 1

0

λndη(λ) = 〈(χ2Γχ2)nχ2σ̂0 : σ̂0〉 , (13)

where (χ1Γχ1)0 = I, ε̂0 = ε0/||ε0||, and σ̂0 = σ0/||σ0||,
so that µ0 = 〈χ1〉 = p1 and η0 = 〈χ2〉 = p2.

Following the procedure in [9, 18], we can show that
ν∗ must lie between the circles,

Q0 = ν2

(
1− p1

s− λ

)
, 0 ≤ λ ≤ p2 (14)

Q̂0 =
ν1

1− p2
s−λ

, 0 ≤ λ ≤ p1 (15)

in the complex plane. We note that these are analogous
to the elementary bounds in the electric case [9]. In order
to calculate the bounds, knowledge of the component pa-
rameters ν1 = G1−iρωυ1 and ν2 = G2−iρωυ2 is needed.
For the density we take the average of the densities be-
tween ice and water, ρ ≈ 974kg/m3. Measurements of
the shear modulus of first year ice have been made and
suggest it is on the order of G ≈ 109Pa [21]. Measure-
ments of the viscosity of slush and grease ice suggest
υ ≈ 10−2m2/s [19, 24]. However, in the viscosity exper-
iments elasticity is ignored. More recent wave tank ex-
periments [26] show that a mix of mostly frazil ice, with
some pancake ice, may have an effective viscoelastic pa-
rameter ν = G−iρωυ withG = 21Pa and υ = 0.014m2/s
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FIG. 1. The elementary bounds for wave periods of 25,12 and
6 S. As the period decreases, the bounds begin to be violated
as we leave the quasi-static regime.

suggesting that there is some component of elasticity to
be considered. One would be tempted to take the ice
phase as purely elastic ν = G+ 0i. However, this would
mean the ice is not lossy. In fact, ice attenuates waves
much more strongly than the slush. This is due to scat-
tering, and friction effects at the interface of the ice and
water [14]. For our analysis we will take the slush to
have parameters G = 10Pa ad υ = 0.01m2/s and we will
consider the ice phase to have G = 109Pa , υ = 15m2/s.
This choice of υ for the ice phase was chosen so that the
attenuation rate for “pure ice” would be on the same or-
der as those measured for high concentrations of ice in
[14]. We will also consider G = 107Pa for the ice as
the value of 109 is technically associated with solid, thick
first year ice. In the MIZ, the ice tends to be thinner
and well soaked with a lower freeboard making it more
pliable. This is especially true near the edge and very
characteristic of pancake ice. The value of G = 107Pa
produces tighter bounds than that of G = 109, measure-
ments would be required to nail down this parameter.
The bounds for G = 107Pa are shown in Figure where
we plot the complex conjugate of ν∗ to better highlight
the contrast in parameters. In reality the bounds are
reflected over the real axis.

MATRIX PARTICLE ASSUMPTION

The bounds presented in the previous section can be
improved by the calculation of higher moments, however
this can prove difficult and the high contrast in parame-
ters would require the calculation of several moments to
see significant improvement. However, we may take ad-
vantage of a unique geometric property of the typical ice
fields near the ice edge, particularly in pancake ice fields.

Specifically, we may think of the ice floes as separated in-
clusions, with viscoelasticity ν1, embedded in matrix of
viscoelasticity ν2. With this assumption, and some oth-
ers described below, the supports of the measures µ and
η in (10) can be restricted which provides tighter bounds.
The further the separation of the particles, the larger the
restriction on the support can made. The improved ma-
trix particle bounds can be derived by following the work
in [11] in which Golden extended the work of Bruno [5]
where matrix particle bounds were derived for compos-
ites with components having real permitivity to that of
complex permitivity. The quasi-static equations used in
the electric case in [11] are essentially the same as the
case of complex viscoelasticity here, and once the nec-
essary assumptions for the electric case can be satisfied
with the viscoelastic case, the same calculations are pos-
sible. In the viscoelastic case the displacement u plays
the role of the electric potential function.

First we describe the composite in a slightly different
way than in the previous section. Consider a material
occupying a unit square Λ ∈ R2 with a corner at the ori-
gin. We necessarily assume that the square Λ is much
larger than the size of the ice inclusions. In our particu-
lar case we consider a square where the “upper” surface
is at a wave crest and the “lower” is at a point halfway
between the crest and the trough, where the wave is at
zero displacement, highlighting how important the long
wavelength, slow moving condition is. This is to provide
a physical setting for the for the following conditions. We
require that along the upper surface, u = 1 while on the
lower surface u = 0. We further require that the partial
derivative of the u in the direction normal to the side
walls (∂nu) be zero. Since we are assuming a plane wave,
along the side walls the displacement does not change in
the direction transverse to the wave propagation, ensur-
ing a zero partial derivative in that direction. Together
with (4), we further require that u be harmonic inside
the inclusions and out. We have this condition since
∇ · u = 0 and because Λsijkl

εkl = 2εij , we can say that
0 = ∇ · σ = ∇ · ν∗Λsijkl

εkl = 2ν∗∇2u.

With the above conditions satisfied, we can carry for-
ward the calculations in [11] and find that the support
of the measure µ in (10) for F (S) can be restricted to
the interval sm ≤ λ ≤ SM where the endpoints of the
interval are given by

sm =
1

2
(1− q2) , sM =

1

2
(1 + q2) . (16)

Here, q is the separation parameter and is the ratio of the
radius of the inclusion (ri) to the largest circle that can be
drawn before touching another inclusion (r0). With the
restricted measures the Stieltjes intergals in (10) become,

F (s) =

∫ sM

sm

dµ(λ)

s− λ
, E(s) =

∫ sM

sm

dη(λ)

s− λ
. (17)
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If we then let s = (SM − sm)t + sm our restricted
interval is mapped to (0, 1) in the t−plane. This yields
alternate Stieltjes integrals,

H(s) =

∫ t

0

dµmp(λ)

t− λ
, G(t) =

∫ 1

0

dηmp(λ)

t− λ
, (18)

where the new measures have masses

µmp0 =
p1

sm − sm
, ηmp0 = 1− p1

sM − sm
. (19)

Following the same procedure to derive the bounds as in
the elementary case, by fixing the masses above, we find
that ν∗ must lie with in the circular arcs,

K =
p1

s− ((sM − sm)λ+ sm)
, (20)

K̂ =
p1(s− sm)− (sM − sm)2λ

(s− sm)(p1 + s− sM )− (sM − sm)2λ
. (21)

for −∞ ≤ λ ≤ ∞. Here, K does not provide any addi-
tional improvement and coincides with Q. However K̂ is
an improvement over Q̂ providing much tighter bounds
and intersects with K at the points ν2(1 − K̂(0)) and
ν2(1−K(0)). The bounds themselves are shown in Fig-
ure , along with laboratory data obtained in a wave tank
with filled with densely packed pancake ice [26]. The
data was taken specifically for the model presented in
[25], which corresponds to our governing equations. In
Figure , we take q = 0.9, p1 = 0.9 which are representa-
tive of a closely packed and dense pancake ice field, with
constituent parameters G1 = 107, G2 = 0, υ1 = 5, and
υ2 = 0.01. For these values, we capture the laboratory
data obtained for the model in [25]. The bounding arcs
lie on top of each other giving a relatively small range of
viscosity, the imaginary component, values and provides
a vast improvement over the elementary bounds. We note
that the range of values for the real component, effective
shear modulus, remains relatively large but provides an
order of magnitude better bound.

CONCLUSION

We have derived the first bounds for the effective vis-
coelasticity of an ice covered ocean which depends only
on the geometry of the ice-slush composite. The high
contrast in constituent parameters produces elementary
bounds with wide range, however under the matrix par-
ticle assumption the bounds are greatly improved. These
particular bounds depend only on knowledge of the con-
stituent parameters and the relative volume fractions of
each enabling for the rapid determination of the effective
parameter based on limited knowledge of ice geometry
and concentration. We hope this can have wide applica-
tion in modeling wave propagation through the marginal
ice zone.

FIG. 2. The matrix particle bounds which apply to the pan-
cake ice case. Here the intersection of the improved arc Qm

and previous arc Q̂ essentially lie on top of each other in the
imaginary, viscosity, component but vary over a wide set of
bulk modulus, real, component.
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