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Percolation and Homogenization in Composite Media

Professor Kenneth M. Golden _
University of Utah and Hong Kong University of Science and Technology

Abstract

Composite random media appear throughout science and engineering. Calculating
their bulk, or homogenized material properties is a-formidable mathematical problem,
but has wide ranging applications. We shall focus on those media whose behavior de-
pends critically on the connectedness, or percolation properties of a particular phase.
Tor example, sandstones are permeable to water when there is a high enough volume
fraction of pores that they connect and form pathways, and the electromagnetic proper-
ties of an insulating polymer film with conducting carbon black particles vary dramat-
ically near the critical volume fraction where the particles begin to form a connected
matrix. This critical volume fraction is called the percolation threshold, and near this
point the effective transport coefficients typically display scaling behavior characterized
by critical exponents. There is an extensive literature on these types of problems built
up over the past 40 years by researchers in the physics, engineering, materials science,
geophysics, and mathematics communities, although many fundamental questions re-
main unanswered. Mathematical progress in this area has been notoriously difficult.
After giving a general introduction to homogenization and the effective properties of
composite random media, we will concentrate on lattice and continuum percolation
models and their bulk transport properties, as well as applying these models to mate-
rials such as sea ice and composite conductors.

Topics to be covered:

1. Introduction to composite media and homogenization

9. Lattice and continuum percolation models

3. Integral representations and bounds on transport coefficients
4. -Connections to phase transitions in statistical mechanics

5. Applications to matrix-particle composites and sea ice

6. Inverse homogenization and the recovery of microstructural parameters



1 Introduction to composite media and homogenization
Composite and inhomogeneous media are pervasive. Examples include:

¢ plywood — a laminated structure

¢ concrete reinforced with steel rods

e rocks — aggregates of individual grains

e metals and other polycrystals — aggregates of crystals with different orientations

e fiber composites used in skis, bullet proof vests-and helmets

* honeycomb structures used in aviation

e solid rocket propellants and other powders and granular media

e biological materials — muscle, bones, heart and lung tissue

e atmosphere — air with water droplets or dust particles

o turbulent fluid — inhomogeneous velocity field

The bulk properties of many important examples depend on the connectedness properties
of a given phase:

¢ sandstones and soils

« thin silver films

» polymerization

¢ vanadium dioxide

o doped semiconductors

s fractures

o matrix-particle composites and radar absorbing materials
* sea ice

e glacial firn

Properties of composites can be different from constituents:

s wood strong in one direction, plywood strong in all directions
e properly placed holes in metal sheet significantly reduces weight, but retains strength

e anamolous dielectric effect ~ dielectric properties larger than either constituent due
to interfacial effects

Composites arise as solutions in optimization problems.

2



Transport in random media
« effective conductivity and permittivity, and magnetic permeability
(transport of current and EM waves)
o effective diffusivity (transport of heat and tracers)
e effective fluid permeability for Darcy flow through a porous medium

o effective diffusivity for convection enhanced diffusion in a turbulent fluid

Electrical conduction in two phase random media

G(mﬁ “‘)) = UEXI(% w) + 0’2X2($: w)
o stationary random field in z € R? and w € O
o (1 is the set of realizations of the random medium

o x;(z,w) is the characteristic function of o;

Let E(z,w) and J(z,w) be stationary random
electric and current fields satisfying

J=0¢E (BE) =e
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micro-scale macro-scale

HOMOGENIZED Transport Coefficient:

Effective conductivity tensor o*

(J) = o™ (E)

o* =ep-ofeg = Of, = ((UEXI + U2X2)Ek)

O..*
m{h) = Fi {(hx1 + x2)Ex) h == g—;—

Variational Formulation for o(z) in box A:

Energy dissipated in conducting medium per unit volume

1 - 1 _

If homogeneous with o(z) = o*, U = %o**ek - €, O

*——.....}.... ‘_
o _waaE B dz



Variation of energy integral subject to condition V x E = 0 gives minimum satisfying
V -oE =0, with :

* . 1 'y
g wvglﬁlinmom_/AUE'Edm'

Variation of dual integral for J subject to condition V - J = 0 gives minimum satistfying
V x (J/o} =0, with

—1—- = min -l— lJ - J dz.
o viJ=0lA|Jac

Insertion of trial fields B = e and J = e; into these equations yields arithmetic and

harmonic mean bounds:
-1
(2" <o <o)
[+

These bounds are optimal: there are actual composites which attain the bounds. The .
upper bound is attained by a laminated or layered structure-parallel to the applied field,
and the lower bound is attained by a laminated structure perpendicular to the applied field.

REMARK: We will also be interested in effective complex permittivity for electromagnetic
wave propagation, where J(z) = o(x)E(z) is replaced by D(z) = e(z)E(x), with V- D=0
and V x E = 0, and the homogenized or effective complex permittivity satisfies

(D) = €*(E).

The real part of € corresponds to the polarizability of the medium and the imaginary part
corresponds to the conductivity (controlling absorption or losses), as in € = € + io /v,
where v is angular frequency and €' is the real permittivity. Recall that in the static case,
€ = ¢ = 14 x/€g, is the relative permittivity or dielectric constant, with eg the permittivity
of free space and x the dielectric susceptibility in P = xE, where P is the polarization field.



Classical resuilts in homogenization [i]

1. Homogenization on molecular scale — approximate formula of Claussius and Mossotti
(CM) for the permittivity ¢ of a homogeneous medium with n molecules per unit
volume, each with polarizability o

3

[2]

€

e—1
€+2

(%]
o

2. CM can be applied to polarizable bodies on macro-scale, such as spheres of radius
a and permittivity €; embedded in host of permittivity ez, which have polarizability
o = a3(e; — e3) /(€1 + 2e2) (from a standard single sphere calculation). CM formula
for this system is

& — €2 €1 — €
" =R +
€* + 2eg €1 + 2¢€3

where pi1 is the volume fraction of spheres. Remark: this formula does not exhibit
a percolation threshold, and is not symmetric in €; and €9, i.e., gives two different
results €} and €} if the host medium is €; or €, respectively.

3. Hashin and Shtrikman [2] prove using variational principles that the CM expressions
for €} and €} form rigorous, optimal, upper and lower bounds on €* for two component

isotropic composites,
1 p1 )"’1
+ = )
€ —€; de

when ¢; and €9 are real with €; > eo. They construct coated sphere geometries which
attain the bounds.

~—1
«l—ﬁ—) _<_5*§,61+p2(

€9 -+
2 pl(ér—éz deg

4. Effective Medium Theories - Bruggeman’s symmetrical EMT, most commonly invoked
approximation (3, 4]. For cell-type material, consider a single inclusion embedded
in a uniform medium of of (an as yet undetermined) effective permittivity €, (the
effective medium). Polarization of this inclusion creates a deviation in the applied
field Eg. Since (E) = Ep, i.e., the fluctuations must average out to 0, assume the
total polarization summed over the two types of inclusions vanishes,

51 - €m 62 -~ €m
1 P2 =
€1+ 26, € + 26m

(P)=p
Solve the quadratic equation for en, then resulting formula for €* = €mind=2is

. 1
=7 ('Y + /7 + 86162> , 7= (3pa — 1)e2 + (3p1 — 1)y,

which is symmetric in €; and ¢, and exhibits a percolation threshold (and is realizable}.
This schieme is also called the coherent potential approximation (CPA).
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Figure 1: Typical configurations of the two dimensional lattice in bond percolation, below
(p=1/3) and above (p=2/3) the percolation threshold p. = 1/2, and graphs of the infinite
cluster density Poo(p) and effective conductivity o*(p)- -

9 Lattice and continuum percolation models

In high contrast composites with h = o1/og = 0 or h — o0 connectedness dominates
transport properties. Classical methods of homogenization, including bounds, approxi-
mate formulas, and perturbation methods give little information on the effective behavior.
Percolation theory was initiated in 1957 by Broadbent and Hammersley [5] to address such
situations, with the introduction of a simple lattice model to study the flow of air through
permeable sandstones used in miners’ gas masks. In subsequent decades, this theory has
been used to successfully model a broad array of disordered materials and processes, in-
cluding flow in porous media like rocks and soils [6, 7], fractures {8], doped semiconductors
[9], and various types of disordered conductors [10, 11] like piezoresistors, thermistors {12},
radar absorbing composites [13}, thin metal films [14], and polar firn [15]. The original
percolation model and its generalizations have been the subject of intensive theoretical in-
vestigations, particularly in the physics [16, 17] and mathematics [18, 19] communities. One
reason for the broad interest in the percolation model is that it is perhaps the simplest,
purely probabilistic model which exhibits a type of phase transition.

We now describe the original percolation model in its simplest form. Consider the
d—dimensional integer lattice 7¢. and the square (or cubic) network of bonds joining nearest
neighbor lattice sites. To each bond, with probability p, 0 < p <1, we assign a 1, meaning it
is open, so that fluid can flow through it, and with probability 1—p we assign a 0, meaning it
is closed. Groups of connected open bonds are called open clusters, and the size or mass of
a cluster is just the number of open bonds it contains. The average cluster size x(p) clearly
increases with p: for p= 0, x({p) =0, and for p = 1, x(p) = o0, since then all the bonds are
open. The remarkable feature of the percolation model is that there is a critical probability
pe, 0 < pe < 1, called the percolation threshold, at which x(p) first diverges and an infinite
cluster appears, rendering this discrete medium permeable to fluid. For the two dimensional
bond lattice, p. = 1/2, andind = 3, pc & 0.31. Typical open cluster configurations in d=2
forp=1/3andp=2 /3 are shown in Figure 1. For p > p., one may define an infinite cluster
density Pso(p) as the probability that the origin (or any point, by translation invariance)

CE i A TR



is contained in the infinte cluster, or Poo(p) = lego Moo(L,p) /L‘i, where Moo (L,p) is the

mass of the infinite cluster contained in a box of side I.. At the percolation threshold, the
infinite cluster has a self-similar, fractal structure, with Mo(L,p.) ~ LA as L — oo, where
dy < dis the fractal dimension. The graph of Peo(p) for d = 2 is shown in Figure 1. In the
neighborhood of pe, Peo(p) is believed to exhibit the scaling behavior Po(p) ~ (p — pc),
where 3 is the percolation critical exponent, which satisfies 8 < 1, and in d = 2 it is believed
that 8 = 3%. It should be remarked that we have described the bond problem, but one
can also formulate the so-called site problem, where one assigns a 0 or 1 to a lattice site
itself, rather than the bonds between them. This changes the values of p., but not the
critical exponents like 8, which are universal, and dépend only on dimension, even if one
changes the lattice from square to, say, triangular or hexagonal. It should also be mentioned
that while the percolation model is very simply stated, some of the most basic questions
concerning its behavior remain unanswered. A simple example is the continuity of Feo(p)
at pe, i.e., whether Poo(p) — 0 as p — pF. While nobody would question that the answer
is yes, which has been proven in two dimensions, a rigorous proof in three dimensions has
eluded the best efforts of some of the world’s leading probabilists for many years!

An important quantity is the pair connectedness function 7,(z,y), which is the prob-
ability that two lattice sites z and y are contained in the same open cluster. For p < p,,
Tp(z,y) ~ exp(—|z —yl/&(p)) as |z — y| — oo, which defines a very important quantity
called the correlation length &(p). Essentially, it measures the scale over which points are
connected. As p — p7, £(p) ~ (p — pe)”¥, which defines the correlation length critical ex-
ponent, which is again universal, with v = 513— in d = 2. The correlation length also measures
the separation of “independent crossings”. In Figure 1, for p = 2 /3, while there are many
possible starting points on the left boundary for paths which cross the box, there are only
two independent crossings (which do not cross each other). For p near pc, with p > pe,
the scale of separation of these independent paths is measured by the correlation length
(appropriately defined for above pc).

The percolation model discussed above deals only with the geometrical aspects of con-
nectedness in disordered media. However, we are interested in the transport of fluids, heat,
and electromagnetic waves through such media as well. As an illustrative example, we con-
sider electrical conduction through the percolation model, which is then called the random
resistor network. It should be noted, though, that in the limit of low Reynolds number fluid
fiow, the corresponding random pipe model is equivalent to the random resistor network
[20, 6]. Now, to each bond, with probability p we assign an electrical (or fluid) conductance
of 1, and with probability 1 — p we assign a conductance of A > 0. We are interested
in the effective conductivity of the network, defined by ¢*(p,h) = lim_. Loy (p, h),
where oz{p,h) is the conductance of a box of side L, which is equal to the current that
flows through the network (as determined by Kirchoff's laws) when there is a unit potential
gradient across the box. When h = 0, clearly, for p < pe, 0*(p,0) = 0. In the neighborhood
of pe, With p > pe, it is believed that o*(p,0) ~ (p— p.)t, where t is the conductivity critical
exponent, which is believed to be universal within the class of lattice models. In d = 2,
t = 1.3, and in d = 3, t &~ 2.0, which are the generally accepted values based on numerical
estimates. The graph of ¢*(p,0) for d = 2 is shown in Figure 1. The reason why Pu(p) is
larger than o*(p, 0) is that only a very small part of the infinite cluster, called the backbone,
carries current. Most of the infinite cluster near p. consists of “dead ends” for the current.



While there have been many famous attempts to relate ¢t to the pure percolation exponents
like B and v, none of these relations seem to be exactly true [16, 11}, although there are
rigorous inequalities relating t to percolation exponents [23]. Assuming a node-link-blob
hierarchical structure for the conducting backbone, it has been proven that 1 <t < 2in
d=23and2 <t <3in d > 4 (21, 22]. Another important transport exponent o is
defined at criticality by o*(pe,h) ~ h1/6 b — 0F, and for the d = 2 bond lattice, § = 2.
The effective fluid permeability £* (p, h) for a random pipe network is defined in a similar
manner to o*(p, k) (except with a different scaling factor L1~ replacing L?~¢ above), with
K*(p,0) ~ (p—pc)®. For lattice models the critical exponents for permeability and electrical
conductivity are the same [24, 7], e = ¢, although this is not generally true for continuum
systems [24]. Further review of the relation between conductivity and permeability is con-
tained in [25], and a rigorous expression relating them in the continuum has been found in
26}. S
[ In general, percolation models in the continuum can display transport behavior which
is more complicated than in the lattice, due to geometric effects. For example, the random
checkerboard with conducting and insulating (conductivity h) squares, displays two perco-
lation thresholds as one increases the volume fraction of the conducting squares — the first
when they percolate by corners, so that the current has to pass through corner connnec-
tions, and the second when they percolate by edges {27, 28]. For small h, o*(p, h) has three
separate regimes of asymptotic behavior, separated by the two percolation thresholds. An
important breakthrough occurred in the study of transport in percolating systems when
it was discovered that in the continuum, t can exhibit nonuniversal behavior with a value
different than in the lattice case. In particular, for a Swiss cheese model, which is a con-
ducting host with discs or spheres (possibly overlapping) removed, t is equal to its lattice
value in d = 2 but is different in d = 3 [29, 24].
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