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Critical Behavior of Transport in Lattice and Continuum Percolation Models
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It has been observed that the critical exponents of transport in the continuum, such as in the Swiss
cheese and random checkerboard models, can exhibit nonuniversal behavior, with values different
than the lattice case. Nevertheless, it is shown here that the transport exponents for both lattice and
continuum percolation models satisfy the standard scaling relations for phase transitions in statistical
mechanics. The results are established through a direct, analytic correspondence between transport
coefficients for two component random media and the magnetization of the Ising model, which
is based on the observation we made previously that both problems share the Lee-Yang property.
[S0031-9007(97)03093-7]

PACS numbers: 75.10.Hk, 05.50.+(q, 05.60.+w, 64.60.Cn

A broad range of problems in the physics of materi-¢ to percolation exponents have been proposed, such as
als involve highly disordered media whose effective bethe Alexander-Orbach conjecture, although none of them
havior is dominated by the connectedness, or percolatioseems to be exactly true [1,2].
properties, of a particular component. Examples include In the continuum, such as for the Swiss cheese model,
porous media, doped semiconductors, smart materials sughile the percolation exponents remain the same as for
as piezoresistors and thermistors, radar absorbing conthe lattice [19], the transport exponents, suchzam
posites, thin metal films, snow, and sea ice. In modelthree dimensions, can be different from their lattice values
ing transport in such materials, one often considers a tw§6]. For the random checkerboard in two dimensions, it
component random medium with component conductiviwas argued in [5] that the exponeétis different from
ties o; and o, in the volume fractiond — p and p. its lattice value, while the percolation exponents (and
The medium may be discrete, like the random resistor net) remain the same. These examples of nonuniversal
work [1—3], or continuous, like the random checkerboardbehavior raise a fundamental question as to what features
[4,5] and Swiss cheese models [1,3,6]. In these systemsf the lattice problem remain true in the continuum.
ash = o,/0, — 0, the effective conductivitys*(p, h) In this Letter, we show that although the critical expo-
exhibits critical behavior near the percolation thresholdnents of transport in the continuum may be different from
Pe, 05(p,0) ~ (p — p.) asp — pS (with oy = 0 and their lattice values, they still satisfy the standard scaling
oy = 1),and atp = p., c*(p¢, h) ~ h'/% p— 07, relations of statistical mechanics, as do their lattice coun-

In the lattice case of the random resistor network, it haserparts. This is accomplished through an analytic corre-
been widely proposed [2,3,7-11] that the scaling behaviospondence between effective transport coefficients for two
of ¢ as a function of bothp and 4 aroundp = p.  component random media and the magnetizatibof an
andh = 0 (including crossover between the above laws) Ising ferromagnet. The correspondence is based on the ob-
is similar to a phase transition in statistical mechanicsservation that both problems share the Lee-Yang property,
like that exhibited by the magnetizatio (T, H) of an  which was originally found in [20], but is developed fur-
Ising ferromagnet around its Curie point at temperaturgher here and applied to critical behavior. In particular, we
T = T. and applied fieldd = 0. However, this behavior obtain a new Stieltjes integral representationdérwhich
of o*(p,h) has been explicitly obtained only in mean- is the direct analog of Baker’s formula faf [21], making
field theory around the critical dimensiafy, = 6 [12], the connection to statistical mechanics almost transparent.
and in the effective medium approximation [3], althoughThen, methods which have been used to analyze the critical
renormalization arguments in two and three dimensiondehavior of the Ising model [21-23] can be appropriately
have supported its validity [13,14]. This situation shouldmodified for transport in lattice and continuum percola-
be contrasted with that for the underlying percolationtion models. We also further investigate the zeros of the
model, where its Kasteleyn-Fortuin [15] representation agonductivity partition function in the complex plane in-
the ¢ — 1 limit of the g-state Potts model makes clear troduced in [20].
the connection to phase transitions. Indeed, the critical To present our results, we briefly review the relevant
exponents of percolation have been shown to obey ththeory for the nearest neighbor Ising model of a ferro-
standard scaling relations of statistical mechanics [16,17nagnet in a fieldd and at temperatur&. WhenH =
Similar efforts to use the connection between the randorf), the magnetizationt (T) = —df/dH ~ (T. — T)? as
resistor network and thg — 0 Potts model to analyze® T — T, , wheref is the free energy per site, and the mag-
when . > 0 have apparently been unsuccessful [12,18]netic susceptibilityy = oM /oH = —o>f/oH> ~ (T —
Nevertheless, fok = 0, a number of scaling laws relating 7.)"” asT — T./. Along the critical isothern¥" = T,
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M(H) ~ H'/? asH — 0" (whered and the other expo- ¢, is a unit vector, and-) denotes ensemble average
nents have different numerical values from their analog®ver ), or an appropriate infinite volume limit. For
in transport). Now, in 1952 Lee and Yang [24] found thatthe random resistor network the differential equations
the zeros of the partition function of the Ising ferromag-become difference equations (Kirchoff's laws). For
net (or lattice gas) lie on the unit circle in theplane, isotropic media, the effective conductivity” is defined
wherez = exp(—28H) is the “activity,” 8 = 1/kT,and by (J) = ¢*(E), or 0" = {(o1x1 + o2x2)Ex). Since

k is Boltzmann’s constant. Equivalently they lie on theo™ is homogeneouss* (Ao, Aos) = Ao™ (o1, 02), We
imaginary axis in thed plane. ForT > T., there is a considem(h) = o*/o2, h = o1/ 0>.

gap 0y in these zeros aroun#l = 0, which collapses The following analytic properties ofz(k) have been
asT — T, with 6y ~ (T — T.)*. In the T plane the established [29-31]: (iju(h) is analytic everywhere in
situation is more complicated, although th= 2 for the i plane except(—,0], and (ii) Im(m) > 0 when
H = 0, “Fisher's zeros” lie on two circles in the com- Im(k) > 0. These properties ofr were used to prove
plexv = tanH28J) plane [25], wherd is the interaction [31] the following representation formula foF(s) =
strength. In 1968, Baker [21] used the Lee-Yang property — m(h),s = 1/(1 — h) (based on earlier conjectures in
to show that the magnetization has the following specia]29,30]),

analytic structure in the variable = tanH8H): U du(u)

M(r) =7+ 7(1 — 7)G(7?), F(s) = [ , (2)
o @) o s u
2 di(y) . » ,
G(rt°) = T4 2 where u is a positive measure on [0,1] depending only
0 Ty

. o . 5 on the geometry of the medium. Representation (2) was
whereG is a Stieltjes (or Herglotz) function of*, and 5150 proven by applying the spectral theorem to the re-
Y is a positive measure which faf > T22|As support+ed solvent representatiofi(s) = (xi[(s + Tx1) 'er] - ex),
only in [0, S(T)], whereS(T) ~ (T — T.)**, T — T,".  \hereT' = V(—A)~!V-, and u is the spectral measure
Note thatM is analytic throughout the plane except T'yi. This formula has been used quite successfully
(—90,0]. This integral representation was used to obtaing ohtain hounds on effective transport coefficients un-

the scaling relationgg = A — y and§ = A/(A — ¥)  ger microstructural constraints [29-33]. It was shown

[22,23] (which are satisfie(3j by the mean field exponentsy, [20] how (2) could be derived from a free energy

B =37v=106=3A=3 and the exact exponents g(s) = fin(s — u)du(u), with F = ad/as. For the
ford=2,8=g35,v=1370=15A =13), aswell as |sing model f(T,H) has a similar representation [24].
Baker's inequalitiesy,+1 — 2y, + y,-1 = 0 for the  For a finite resistor network witiN resonances, €
critical exponentsy, of the higher field derivatives of [0,1], ®(s) is the infinite volume limit of finite vol-
the free energy’, or equivalently,.of the momenis, of  yme free energie®y(s) = %In Zxn(s), where Zy(s) =
Y hn ~ (T = Te) . T — T, with yo = y [21]. The N_(s — s,) is the partition function (whose zeros be-
sequencey, is actually linear i, v, =y +2An.n = come distributed according je), serving as the analog of
0, with constant gapy; — vi—1 = 24 [21,26]. . Zn(2) = anTI)=1(z = z4),lz.] = 1, for an Ising model

It is observed here that the Lee-Yang-Baker critical,;iih v sites. We remark that (2) leads am/ah* < 0
theory outlined above applies to transport problems, ang,, analog of the G. H. S. inequaliefM /o H? = 0. ’
in particular, we rigorously establish direct analogs of (1) \we now focus on applying (2) to conductivity
and the associated scaling relations and inequalities fQ{,ctions o(x, ) describing lattice and continuum
lattice and continuum percolation models of conduction inj.rcolation models. We assume the existence of
two component random media. Our results apply as wellho  critical exponentst and &, defined above, as
to electrical permittivity, magnetic permeability, thermal .|| as y, defined via a conductive susceptibility
diffusivity, fluid permeability for Darcy flow in a porous Y(p) = am’/ah ~(p = p) 7, p— pt,h =0 (which
medium, and effective diffusivity for turbulent transport i¢ " jitferent from [34] and nur;werous Cs;Jbsequent works).

[27], which all share the Lee-Yang property. Furthermore, forp > p., we assume that there is a gap
We now formulate the effective conductivity prob- 0, ~ (p — po)® in the support ofw aroundh = 0 or

lem in general for two component random media; _ | “\which is discussed further below. Now, one of

: : J -Omp! )
n the continuum R, which includes the lattice ¢ ey features of (1) is that the coefficients in the Taylor
Z as a special case [20,28]. Let the local Con'expansion ofG aroundr2 = 0 are the moments of,
ductivity —o(x,w) = oixi(x, @) + o2x2(x, 0) bf which is not the case for (2), when expanded around
a two-valued stationary random field i € R® ;oo — | However, a simple change of variables

and w € Q, where Q is the set of reali- ; ; ;
’ = +1 2 Ids the direct I f (1) f
zations of the random mediuny(x,w) = 1 if x is Zondﬁ{:(tiyvity ) in (2) yields the direct analog of (1) for

in medium 1, and O otherwise, angh = 1 — x;. Let

E(x,») and J(x, w) be stationary random electric and _ B _ jw do(y)
current fields which are related by = oE and satisfy m(h) =1+ (h = 1)g(h), gh) = 1+ hy’
V-J=0andV X E = 0, with (E(x, w)) = e, Where 3)
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which is a general formula holding for two compo- conducting exponent. Our relations are satisfied directly
nent stationary random media in lattice and continuunby the exponents in effective medium theory for the lattice
settings. In (3),g is a Stieltjes function ofk, and [35], t =1,y = 1,6 = 2, and A = 2. Unfortunately,

¢ is a positive measure which for our percolationit appears as if not enough is known numerically at this
models with p > p. is supported only in[0,S(p)], point about exponents other thanfor the models of
where S(p) ~ (p — po) %, p — p}. The moments interest to directly test their validity. For thé = 2

é. = [, y"do(y) satisfy the inequalities$,p, = lattice, whered = 2, these relations imply = y = A/2,
dod,+m, and form the coefficients of the expansionso that witht = 1.3 [1], y = 1.3 and A = 2.6. The

of g aroundh =0, g(h) = ¢o — ¢1h + k> — ..., inequalities]l =+ =2 for d =2,3 and2 =t = 3 for
where (—=1)"n!¢, = 9"g/dh"(0) [~ —0"m/0h"(0) as d = 4 [28,36] imply inequalities for the other exponents.
p — pt]. We assume that,(p) ~ (p — p.)” ", so  For thed = 2 checkerboard, where it is believed that
thatyy, = 0 andy; = y. The moment inequalities yield § = 4, these relations imply = y/3 = A/4. The rela-
Baker's inequalitiegor transport, tion A = 2¢ for thed = 2 lattice was found in [35] with

@4 @ different argument. It should be remarked that while
. . there has been much numerical and analytical work on
We now exploit (3) to show that the crltl_cal exponents . sequence of critical exponeniigg) for the moments

of transport above satisfy the same scaling relations the current distribution in the resistor network, e.g.,
the|r counterparts in sta}nstlcal mechanics. In;tead @,37,38], this sequence exhibits nonlinear dependence
directly analyzingM as in [23], whereyo =y, since i,/ or myltifractal behavior, as opposed to oy, and

vo = 0 for (tlr/%?_slport, we must consider the derivativeyhaqe resylts are not in a form suitable for comparison
am/dh ~ h h—0,p = Pe. )For p nearpe. and it our findings. It is interesting, though, that theq)
hnear0,—dm/oh ~ ag/oh = [’ [dA(Y)/(1 + hy)’],  satisfy the inequalities in (4) [37].

whered A(y) = yd¢(y) andAo(p) ~ (p — pc)~?. Now, We now briefly discuss the gap, for p > p., which
under the assumption that the asymptotic behavior ofas peen investigated in [2] for the lattice. While the
Ao(p) of A and the rate of collapse of the spectral gappart close toh = 0 corresponds to very large, but very
with S(p) = Q(p — pc)™*, we letdA = (p — p.)”dA  rare connected regions of the insulating phase (Lifshitz

Ynt1 — 2Vn + Va1 =0, n=1.

andg = (p — p.)*y. Then phenomenon), and is believed to give exponentially small
ig —y ¢ dA(q) contributions too*, and not affect power law behavior.
oh (P = pc) f [1+ h(p — po)2qP In fact, it is predicted in [2] that in numerical simulations
_ —y there will appear to be a gap, which is supported in [35].
~p = p) T F (), () For a modified Swiss cheese model where the holes are
wherex = h(p — p.)"®. Asx — = (or p — p.), We  separated by a minimal distanegBruno [32] has proven
must have F(x) ~ x~?/4, so thatam/oh ~ h™?/A ~  the existence of a spectral gap and studied how it vanishes
h(1/2)71 yielding ase — 0 (like p — pl). For the actual model we expect
A behavior similar to the lattice case.
6 = A— vy (6) Finally, let us consider the zeros of the conductivity

tpartition function in the complex plane, which corre-
spond to the poles df (p, s). In [20], we used Padé ap-
linear in n, y, =y + A(n — 1),n = 1, with con- proximants to the perturbation expansion of (2) around

stant gapvy; — vi-1 = A, which is consistent with =1
the absence of multifractal behavior for the bulk con- Fp.s) — mo(p) N mi(p)
ductivity [1]. To involve ¢ in our relations, we must p-$

analyze am/op ~ (p — po) L.p = pl.h=0. A
more involved calculation than that above yields
am/dp ~ h(p — p.) " ' F(x). Asx — 0 (or h — 0),
we must haveF (x) ~ 1/x, which yields

A generalization to higher derivatives of this argumen
shows that, like the Ising modely, for transport is

p2(p)
2 e T

- (8)

where the u;(p) are the moments ofx, to obtain a
sequence of approximants to the partition function for
the d = 2 random resistor network. Using exact results
for wo, w1, w2, and w3 [39], we calculated the zeros of
t=A4A-vy. (7)  the partition function approximants to orders= 2 and
Relations (6) and (7) hold for lattice and continuumk = 4 in (8). Here we extend these calculations of the
percolation models, and establish in general that th&eros to ordek = 6 using the numerical results om,
two-parameter scaling exhibited by phase transitions i@nd us for thed = 2 lattice in [35,40], which are shown
statistical mechanics holds for transport as well. Asin Fig. 1. These results provide further evidence that the
mentioned above, this type of scaling behavior has beepercolation thresholgh. = % is an accumulation point of
proposed before for the lattice, e.g., [2,3,9], and the conthe zeros of these approximantsias-— o (with 2 = 0),
nection to these works is made through the identificationsvhere the reap axis is “pinched” atp. ash — 0. Even
A=s+1ty=s52_8=I(s+ t)/t, wheres is the super- further evidence is provided within the effective medium
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FIG. 1. Zeros of the partition function approximants for=

2,4,6 in the complexp plane for thed = 2 random resistor

network, with 2 = 0.1, 0.05, 0, and the zero-free regidb,
forh = 0.3, 0.1.

approximation, where the zeros féar= 8 and k = 10
approachp, = % much more closely (not shown).

We close by noting that the following theorem proved
in [20] rigorously establishes the existence of a @gap

in the zeros in thep plane aroundp., for “infinitely

interchangeable media” (see, e.g., [39]), which include th
lattice, and cell materials in the continuum such as th

random checkerboard.

Theorem—For any |h — 1| < 1, o*(p, h) for an in-
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