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Introduction.

E.S. Folias [1] has constructed the displacement and stress fields
near a Griffith crack as an expansion in eigenfunctions. The eigen-
functions were derived by anboperational method due to Luré [2] and the
questioﬁ of completeness arises. The purpose of this report is to
prove the completeness by a constructive method. The method employed
is to solve the boundary value problem by Fourier analysis and to
evaluate the resulting integrals as residue series. The terms in these

series are precisely the eigenfunctions used by Folias.



Notat@gg.

A system of Cartesian coordinates (x,y,z) is used. The plate

occupies the region defined by
-0 < X < o -oo<y<oo,_h<2<h

The crack is defined by
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The components of the displacement field in the stressed plate are

U(X,Y,Z) > V(X,Y,Z) ’ W(X,}’,Z)

The corresponding stress tensor components are

TW=G(%%+%§— = Tyx
sz=G(%lzl—+%¥ ~ Tax
0y=x(§%+%+g¥—)+2G%¥7
Tyz =G(%‘Z£+%¥ ~TZY

The displacement field satisfies the field equations
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... =0, sz =0, o = e

u,v,w = 0(1) for x2 ¥ y2 > o

Symmetries.

X
u(x,y,z) odd
v(X,y,z) even
w(x,y,z) ' even
If follows from the symmetries that

- vV _ v _
v =20 > 5~£ 0 ) 'a—z 0 for
ou _ oW _
’97 =0 ’ 5}7 =0 for
whence
To: =20 , 7. _=1 for
Xy zy
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u (x,0,z) = 11m

[u] (x,0,2)

= u+(x,0,z) =

u(x,~e z)
ete.

u (x,0,2)

then
[ =0 £ o) © ! < h W
[u] = [ax] BZJ or -~e<x<w , |z| <
d 3 ;

[w]=§¥]=[%]=0 for -» < x < o lz|<hreven1ny

M) =0 for <o < x<w, |z] <h

W = or X ) VAN )
while

[ ] = 2( ) [v] = ' , etc.} odd in vy

Note: these vanish at points of continuity.

Application of the Fourier Transform

in x and vy .

Define
A 1 -1
(2”) I
etc.
u( z) = ! j
P (2m1/2 J e 1 u(p,y,z)dy
= 7% J f e"i(PX+C1Y) u(x,y,z)dxdy



Then
aus” Bzu ~ 2~
Go =il , P = -p%
oxX
Uy _ au
Q;; = 5y et

However, u,v,w and their derivatives may have discontinuities across
the crack. Note that, if £&)(y) ¢ L,® for k=0,1,2 and

£ec’®) NC*®) and £(0r) , £1(0t) are Finite

o 0

. | -1qy g
f = + £ d
(") (@) (2ﬂ)l/2 ( £ —i ) e (y)dy

e}

- EEi}i/z (e 1V 0] IV ]+ iq _I IV £(yyay)
- - %§i51/2 + iq £(0)
and hence
(£ (@) = ’,Ei;gl/Z +iq (£ (@)
- %1/2 -iq L - @

(Zﬂ)l/2

These results and the symmetries (p. 3) imply
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dy ay
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ovy"~ 251 -
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Taking the Fourier transform of the field equations (p. 2) and using the
above results gives
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IR CR NN CE S SRR C A T
dz
% .
d 2~ 2~ 12 ~ 2~ 1/2 .
g-‘zl—p v-q v 1q()/ vo*+a“(-pqu-q V~1q()/ v, + iq
Z
2~
4 2~ 2~ 12,5 v 2.1/2.9 d?
:‘%‘P w-q'w- H/ w0+a(1p_“+1q8¥"ﬁ/(v)o w)
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du _ 2 N S e > sodwy o 21/2.08u" L . 2~
;1—;7 (" + qJu - a"p(pu + qv <N (;) [(‘8‘3;)0“‘1133- VO]
2~ -

2, 2 2 o~ o~ dwy _ 2.1/2.. 0~ . 2~
— - (" +q)v-aqpu+qv-ig) ﬁ/[lqvo+1qa Vil

e ~ ~
2, d 2. 2™ . g - 2o W d 2.1/2 . ow" 2. O ™
(1+a)g—‘21- oha’w + iato Prq = AY (Gy) *a"GP ]
VA 0 0
Note that
f(x) is even <« %(p) is even and
flp) = (-72; 1/2 f cos px f(x)dz = F_f(p)
0
£x) = &2 f cos px' £(p)dp
0
while
£(x) is odd < £(p) is odd and
tp) = =4 (%)1/2 J sin px f(x)dz = -i FE(P)
0 .
-5 (2\1/2 - p PO ¥ :
f(x) =1 (T—T | sin px £(p)dp = (17) sin px st(p)dp

The analogous formulas are valid for functions of y . Hence the

symmetries, p. 3, imply
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u=-iU, v=-iV, w=W

where U, V, W are real-valued. In fact,

sin px cos qy u(x,y,z)dxdy

o8
o——— 8

Cos px sin qy v(X,y,z)dxdy

oOV—— 8
o8

=
]
RN

o-———38
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COs px cos qy w(X,y,z)dxdy

Hence the differential equations for u, v » W onp. 7 are equivalent

to
du 2 aw 1/2,. 3u 2, .
:i—z—-apa-z—-ap(pU+qV)-(p + gy = (—) [FsGgy) - pa’F vl
Z 0
d 2y 1/2 2
LG R N P < = AV - aradiar )
dz

2, d%w du | v 2 2 2,1/2,, 2.
'(l+a)—-+a(p~—+qdz)- ©’ + b = &Y PGy, * @R )

This can be written as a 2nd order 3 x 3 matrix system of ODE's,

namely



where, if U = (U,V;W)T (T = transpose)

2__ R 3
w_ ,d U  »dU -
LU = A.a~7-+ B "
Z
1 0 0
A= 10 1 0
0 0 1+a
0 0 —azp
B=1]0 0 —azq
2 2

Note that

It follows that L is formally selfadjoint with respect to the scalar

product

In fact, integration by parts gives
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T

+J @Ta-7Ts+ 0 0 7az

29

+f (AT + BT + CT)L ¥ dz
1 Z

1l
k=l

1

= [G,V] + (LT, V)

where

[0,V

l
cl

If the index notation
T= (U.,0,,0)) , V= (.6, V)T
12522753 ? 1°°2°°3

is used the bilinear form [U,V] can be written



. 2T
[U,V] = U1Vi + UZVé + (1+a )ngé

2
_mv. - _ '
Ul\1 U'ZV2 (1+a )USVB

2 2 2 2
- a pUIV3 - a qUZVS + a pU3V1 +a qb3V2

Boundary Conditions Associated with L .

The symmetry properties of the displacement field wrt z (p. 3)

imply that

(E)u

_ OV _ _
az)z=0. (5292=0 0, Cw)z=0 =0

|
=
-

It follows that

du(0) _ dv(o) _ ‘ _
= = G i 0, WWO)=0
Note that
B.C.1 Ui(O) =0, Ué(O) =0 , U3(O) =0

is selfadjoint for L ; i.e.

U and V satisfy B.C.1 = [U}V]Z =0

=0

The B.C.'s at z = +h imply corresponding B.C.'s for U . To write

~then note that (p. 6)

11l



1l

G(%IZJl + ip w)

—
1l

-1 G(E}U -p W

dw

dz

Xz
~ v . =~ . dv
Tyz = G(E[% +1iq w) = -1 G(EE -q W
EZ=>\(1pu+1qv~(21/2:fo+(—i‘l) 2G
=ApU+qV) + (A + 26) — dw (%1/2 A
2
- a“+1 dw 1/2
—>\[pU+qV+a a—] (~) Vo
since
26 26 26 a+1
)\*m,—)\—zm”z,1+T=m“l=
’ a®-1
2 . m & B 2 = 9.2
a’ = —— , m 22 =m , m(a” - 1) = 2a
o = 20° A a’-1 m 20°
s = > _
a2_1 2G 2 m-1 a2+1
It follows that
dU(h ‘dV(h
W) by -0, TR qwm -
+1 dW(h 2142 =
p UM+ q V) + & wWh) - B2 5 m)

Note that

12
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B.C.2 Ui(h) - p Us(h) =0, Ué(h) - q US(h) =0
U, (h) + q U,(h +a2+1U'(h =0
p Uy (h) + qU,(h) az_ls)—

is also selfadjoint for L . In fact, if U and V satisfy B.C.2 then

UV, = P UpVg + q UV, - (a” DUz (p Vg + q V)

-p UV, - qU,V

7Vy + (a° 1) (p Uy +qUyVg

32

—aZpU1V3~aqU23+a2pUV + a’q UV, = 0

BV Problem for U= (U,,U,,U)" = (W,v,1)7 .

LU - (p2+q2)U=?, 0<z<h
M,0(0) + N,O'(0) = 0
MO + NT' (h) = Gh)

where

ouy
[ F &, - pa’ Fe Vo ]

Fz) = BY2 | - awd) g F v,

ow 2 oV
F (By)O FC(EE)O -

1
Z
1l

M
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0 - 1 0 0
Mh - s Nh B (2)
P q 0 0 0 a +1
a2—1
and
0
G(h) = 0

(?ZF) 1/ZFC Yo

Method of Solving the BV Problem for U,V,W .

To solve the BV problem the general solution of L U - (pz + qz)ﬁ =F

and BC at z =0 will be constructed as a function of the parameters

= - _ dw(0)
Uy = u(o) , Vo = V(o) , w(') =
The B.C.'s at z = h will then be used to calculate Uy > Vg s w(') :

Solutions of the Equations L U - (p2 + qZ)U = @ .

This equation, written in terms of components (U U3) = (U,V,W) ,

1’U2’
is obtained from the system on p.8 by setting the right-hand side equal
to O . Note that this system coincides with Luré, p. 150 (3.2.12)

under the correspondence

iUeu, -iVvev, Weyw

ip<= 9y, ig=23,, - (p” + %) = 1

dw a

ip(—iU)+iq(—iV)+ErZ—=pU+qV+aL 0
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Luré has given a complete solution of the system L U = (pz i qz)ﬁ' in

equation (3.2.15), (3.2.17). To adapt them to the present notation write

52 = p2 & q2 , s=/p +q >0, D=is
cos zD = cos isz = cosh sz , sin zD = sin isz = 1 sinh sz
Then the solution (3.2.15) becomes
'a2 z sinh sz , 2 .
U = (cosh sz)u.O o (p Uy * Pqg * pwo)
_ 'az'z sinh sz Z i
V = (cosh sz)VO b S e S (pquO Qv qwo)
W= §i§l}—Ez-w' 4 §E_(§i§h_§2_- z cosh sz)(pu, + qv, + w')
s "0 2 s _ Py = Vg ™ ¥y
This solution satisfies B.C.1 at z =0 The solution (3.2.17) becomes
. 2 .. _
sinh sz a i sinh sz |, z cosh sz, 2 ; 2
U=2—"=u!+ ( h— ) (p™uf + pavy + ps” w,)
S 0 2(a2+1) i 53 +SZ 0 0 0
. 2 A
sinh sz a sinh sz | z cosh sz 2 2
V= AN (— + ) (pauly + q"v) + qsTw,)
S 0 2(a2+1) _SS SZ 0 0 0
a2 z sinh sz 2
W = (cosh sz)wo - 7 = (pué + qvé + 5 wo)
2(a"+1)
This solution satisfies
B.C.1' v =0, v =0, FO -
and
du(0) av(0)
' = ' = = |/
UO 7 ’ VO T s ‘VO “I(O)



Solution Basis for L U = (pz + qz)ﬁ .

= = ' = 3 a
U, 1 s Vg T Wy 0 gives
1 a’ 2 simh'sz 2
(T 1 [ cosh sz # S22l liB 5=
2 s
2 )
Vl . a” z sinh sz
2 s P
vl az sinh sz
LW \—2—(———5———zcoshsz)p)
= = ! = i
Uy 0 Vo 1, W 0 gives
¢ UZ \ r _E Zz sinh sz \
e P4
A a2 z sinh sz 2
Vv = | cosh sz + = S
s
WZ fa—z— ( 5imh sz -z cosh sz)
J \ 2 S q
— = 1 = 1
Uy =V W W 1 gives
( US \ ¢ ?__i z sinh sz )
z S p
VS _ g_z_ z sinh sz
2 S 4
3 sinh sz | a2 sinh sz
LW k—-—§~——+—2—(-—g~—~——-zcoshsz)‘
Similarly
t = 1 = = 1
U X - 4 0, Wy 0 gives



_ sinh SZ)Pq
S 2

sinh sz.q
)

) p
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sinh sg)p2 \
57t

sinh sz\pq
s 2
s

S

2
2
s

\

. . 2
( U4 ) [ 2k 52 + az (z cosh sz -
. 2(a“+1)
: 2
U4 = ~——§2—~—— (z cosh sz -
2(a"+1)
4 Z . .
W _ a z sinh sz
S 2(a%+1) s
u(')=0,v(')=l,w0=0 gives
(2 a?
U7 ) ( ———— (2 cosh sz
2(a"+1)
5 sinh sz az
Ve | o= = *— (z cosh sz -
2(a™+1) ’
5 2 .
W o az z sinh sz
A a(a®+l) s
t = = = 1
ug v(') 0, v, 1 gives
6 a2 sinh sz
(U r—z (z cosh sz - Z— 2%
a(a™+1)
6 a? sinh sz
V = | = (z cosh sz - =——25) q
2(a“+1) s
2
{ W6 ) | cosh sz - __37__.- sz sinh sz
2(a™+1)

It is evident from the B.C. at z = 0 that these six solutions are

linearly independent and hence span the solution space of

LU= (p°+ )T .

Solutions of L U - (p2 + 'qz)ff = F(z) .

The variation of constants formula will be used. For this purpose



it is convenient to write the equation as a 1st order system. The

equation has the form

AU+ BT -CU=F

where
(2, a2p2 azpq 0 )
CS = 521 -C= azpq 52 + a?‘q2 0
{ 0 0 s2 )
T

Now A" =A>1, whence

(1 0 0 )
A= AVZ T2 GUT
L0 0 Al
Thus
Al/zﬁwA'l/zBU'-A'l/zcsﬁ=A”1/2F
Put
( U )
v=aY27- U
2
| J+a y



r 3
3
T=aV27s v,
| v /v )
Then
7o+ @WY2p a2y L a2 C A Y7o p
or
7t VAR TV =
v+ BA Vv CA V=2aG
where
_ -1/2 -1/2 _ T
B, ='A B A = - B,
L a1/2 -1/2 _ T
Ay = & C A = Cy
g =aY2F
Explicitly,
0 0 -p
42
B, = 0 0 -q
A (1+a2)1/2
p q 0
(5% + a%p? a’pq 0
CA = azpq s2 + azq2 0
2
S
0 . 0

1/2

F

19
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A 1st order systerﬁ equivalent to the above 2nd order system may be

obtained by setting

Y
X (Z) = ("‘l)
Then
=W e=f, "=Ve=BIZ+CY+E
and
0 1 0
X' = X+ |
CA —BA G
or
g _ _ 0
X'"=MX+ H(z) , H= (—G)
where

0 1]
C =B

A N

A fundamental matrix for X' =M X is a 6 x 6 matrix solution &(z)

of

o' (z) = M o(z)
0(0) = 1

An explicit representation of @(z) can be derived from the solution
2 T

basis for L U = s"U . Indeed, each solution W = (UJ v WJ) of



21
LT =0 gives a solution X) of X' =MX , namely

ﬁ}
Vjt -

J

: A2 g 1
¥ =

Thus, in view of the B.C.'s at z =0 ,

i ~1/2X6 X4

o(z) = o X% (1+4a2) ~1/23

x> (1+a%)

)
M, ‘ | M,
. @ aead) 120 o ¢ e}y
.| RPN VN A RIS VX
)Y at (V2 W wat At @ady V50 W
o e RIS VS s B () Y2l
R A T o o V3
| waDYAL (Va2 6 OV2¢ (Y25 o

/

where 0!, V', W are defined on pp. 16-17.
The fundamental matrix makes it possible to calculate a solution of

X' =MX+ H, namely
Z
x&)=mwj®*m)mma
0

Indeed,

Z
X! @(z)'J o ) HE)de + 0(2) o (2) H(z)
0 %

MX+H

Moreover,



B
X(0) = 0

Thus the general solution of X' =M X + H 1is given by
: z
X@) = o) Xy + o) [ o) M@
0 ,
The direct calculation of <I>((;)~1‘ is difficult, but note that if

and
lmn=%mepm@
then X' =MX~=
E'(2) = X(2)' P X'(2) = X(2)" PM X(z) = 0

because

and hence
(PM)T = - PM

Thus E(z) = const. ¥ solutions of X' =MX . Take X(z) = ¢(2) XO

X, € ]R6 arbitrary). Then
0

2E(z) = (2(2) xO)T P o(z) X, = xg 5(z)L P o(z) X,
g § _ . 6



P

It follows that
L - r
®(z) P o(z) =P YzeR .
Since P is non-singular

e Lo p) oz) =1

whence
o(z)t = P o()Tp
Thus
2
*) X@ = 0(2) X, + 0@ [ 0@ P (AL
0

Solution of the B.V. Problem of p. 13.

Recall that

v 2.1/2 2.1/2 T
= G = Uy U, a2 U vy vty
_ 2.1/2 . 2.1/2
XO (uo Vo (1+a™) Wo Uy Vé (1+a™) wb)
Thus the solution (%) satisfies B.C.1 (at z = 0) < u6 = V6 =Wy = 0.
Thus if we write |
z
-1
@) = o) P [ o) B Hd
5 .

then substituting in (*) gives
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/2

Uy (2) = 8, (2) ug + ©,(2) vy + (ka0 g + X[ (@)

U, (2) = 0y, (2) vy + 0,,(2) vy + (14 B2 e @) w + X ()

/2

a2, (2) = 0 (2) wy + 05,(2) vy + )P g () wy + X(2)

or (see p. 21) if Uﬂ(z) = Xg(z) s Vﬂ(z) = XTZT(Z) , Wﬂ(z) = (1+az)_1/2)(g(z) s

U(2) = UM (@) uy + V(@) vy + 0P (2) wy + U (2)
V(z) = V() u, + VA(2) vy + V(@) W)+ VT (2)
W(z) = W (z) ug + W (z) vy + W (2) Wy + W (2)
Thus (p. 15)
az z sinh sz
U(z) = (cosh sz) ug * 7?-———~§3;—-(p Ug * PAVy * PW 1) # u" (z)
| a2 z sinh sz 2 3 T
V(z) = (cosh sz) Vot T (pquO *qivy t qwo) + V' (2)
“ 2 .
_ sinh sz a~ ,sinh sz _ ' T
W(z) = ~—~§———-w6 2 TT‘C“"7§“*_ z cosh sz)(pu0 tqvy * wo) + W (z)

To complete the solution of the B.V. problem of p. 13 the initial values

Ug» VW ' must be chosen so that the B.C.2 at z = h 1is satisfied. The

derivatives U',V',W' are needed. They are given by

2 .
L a” ,sinh sz + sz cosh sz, . 2

U'(z) = s(sinh sz)u0 + 7?-( > = 2 ) (p uy * Pavy + pwé) + Uﬂ'(z)
2. .=

V'(z) = s(sioh sz)v, + g_‘(51nh sz + sz cosh SZ)(pqu . qzv +qul) + Vﬂ,(z)

0 2 S 0 0 0
a2 ' iy
W'(z) = (cosh sz)wé % 7?'( -sz sinh sz)(puo *qvy * wé) + W' (z)

Thus the B.C.Z (p. 13) gives



25

U'(h) - p W(h)
. ‘a2 sinh sh + sh cosh sh
= s(sinh sh)u, + 5 ( S ) (p U * Pqvy *+ pwp)
. it -
sinh sh a” .sinh sl
— w(') - PT (————S———1 - h cosh sh) (puo *qvy * w('))
+ U () - p W (h) =
Vi(h) - q W(h)
2
= sfehsh sh)vo N _a_tz_ (s:mh sh ; sh cosh sh) (pqu + q2VO . qw('))
. 2 :
- q m___sml; sh Wl - q; (51nls1 Sh 1 cosh sh) (puy + qvy + W)

V't (h) - q W'(h) =

-+

2

pUM) +q VM) + 21w )
a -1
2
= p(cosh sh)u + pezl h’sinh sh (p uy + Py + pw')
S 0 0
2 .
h sinh sh 2
+ (cosh sh)v0 # qg S = 2 (pquO *qTv + qw('))
Z a2+1 aZ
+ ( )(cosh sh)w + ) S (-sh sinh sh) (pu Qg * wo)
a 1
T T a2+ Ty 1/2 7
+pU () +qVvh)+ (5 1) Wt(h) = (~) vy (h)
3 a -

w! of the form

This is a system of linear equations for Uy>VorWg

dyqug + dypvg *+ dygig = £ @, (5 U (@) + p ()

dypuy + dyovy + dygil = £,(0,a) (= V"' (h) + g W' (h))
Aty + dyove + degit = £.(p,q) (= -p U"(h) - q V' (h) - (“1
31% * 932%0 T 933" Ttz " 221

v &MY

W' (h)

-
vy (h))



where

11

12

13

2l

22

23

A

20

2.2 sl D
s(sinh sh) + é‘zl;“ (sinh sh + sh cosh sh) - azg (sinh sh - sh cosh sh)
. & 2
s(sinh sh) + a™p” h cosh sh
'a2 .sinh sh ‘a2 " sinh sl :
= Pq (——g—-— + h cosh sh) - - Pq (———S-m - h cosh 'sh)

azpq h cosh sh

2 2

%— P (—S—}—]lhg—i}l+ h cosh sh) - %sinh sh - %—p (S—l—n}—g—s—}l~ h cosh sh)
ath cosh sh - p g_n}lg_*_sll
a’ sinh sh a’ sinh sh
- Pq (~—~—§«—— + h cosh sh) - —= P4 (———é——— - h cosh sh)
2 N .
a“pgh cosh sh = d12
2 . 2 .
s(sinh sh) + %— qz (§—1—Tﬁs—l—i}l + h cosh sh) - %— q2 (§—£H~}Sl—§-—}—l— - h cosh sh)
s(sinh sh) + a’q® h cosh sh
2 } : 2 :
%— q (m51n}51 Sh 4 1 cosh sh) - q ——-———51m: 1t % q (____#___5111131 511 h cosh sh)
- 4 sinh sh + a’qh cosh sh
2 2 2 2
p cosh sh + %— p3 Isl— sinh sh + %— pq2 %sinh sh - (%11—) %— sh p sinh sh
' a -1
" ‘a2+1 .
p cosh sh + (T psh - (T-—) - psh) sinh sh
2 2

p cosh sh + oA psh (- 22 ) sinh sh = p cosh sh -

2 a®-1 g%

p sh sinh sh
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az 2 h 'sinh sh

a2 03 h sinh sh a2+1 a

27
2

—z—pq~—*s+—~—+qcoshsh+~2—— ! S

2 i 2
a :
q c95h sh + - gsh sinh sh - %— (az

a -1 :

Il

L2
q cosh sh + %?- gsh sinh sh ( 22 )
a -1

o2
q cosh sh - ;
‘ & ~1

1l

gsh sinh sh

a2 h'sinhsh [ a® 2 h sinhsh , a’+l
7 P s 7 4 s 2

a -1
2 2
z

CO

a2+1
az*l

sh sinh sh - & (9.231) sh simh sh + .
' a -1
2 2
(—5—2—) 5‘7 sh sinh sh + &%
a -1 a -1
2 2

E'-2-ﬂ-cosh sh - ~%é-sh sinh sh
-1

a a -1

1l

cosh sh

]

Cofactors of Q = (djk) .

Let ij = (con)jk
= djpdzz - dg,d23

a2+1
2

It

(s sinh sh + anZh cosh sh) (. cosh sh - g
' a -1 a

2

+

a -1 S

—éL—-[(a2+l)s sinh cosh - azszh‘sinh2 + (a2+1
a -1

= 7 ) 5= sh q sinh sh
a -1

+1) gqsh sinh sh

2 2
sh sh - @74 Ly &~ hs sinh sh

cosh sh

2
sh sinh s)
-1

(q cosh sh - 5— q sh sinh s) (+ L sinh sh - a’qh cosh sh)

)azqzh cosh2 - a4q2h25 sinh cos.

2 . 4
i qz[%-sinh cosh - a’h cosh® - g h sinh? +—%*1h25 sinh cosh]
a -1 a -
2 2 2 - 2 o2 2.2
= [h +1)2a Qh _ 2.2 cosh? + 22 h 2 By inn?
a-i d =1 a =l

2 4 2. 2 2 4 2.2
+ (a2+l Y- q2h S 4 % + i—qz-b—i) sinh cosh
a -1 a“-1 ' a”-1
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anZh 22 cosh?® - §_£§*iﬂ_lb. sinh’ + a2(52+§2) - pz
a-1 a 1 s(a”-1)
_ a2(52+q2)h = Za q h - a (s +q )h cosh +'a2(sz+q2) +
S8 ] g e s(a’-1)
= a2(52+q2)h _’aZPZh cosh2 sh + 2 32(52+q2)'+ pZ sinh 2sh

a2—1 a-1 s(az—l)

i

sinh cosh

2
P sinh cosh

= - (dyydgg - dgydpg) = dgydyr - dyrdes

o2 .
(p cosh - —%;E-psh sinh) (- %—sinh.+ anh cosh)
a -

i

2 Z

(azpqh cosh)(a ul cosh - —>— sh sinh)
2 2

a -1 a -1

i

2
pq sinh cosh + aquh cosh2 - %Eh- 51nh. -Pﬂ—-—-51nh cosh

(a”-1) a -1
4

2
= & (a 1) pgh cosh2 + -—%%éb;-sinh cosh
a —1 a -1

a a2 gh _ (a4+aZ)J h 2
—~Eﬂ-+ (a pah + %3 5 rq‘) cosh
a -1 a“-1 a -1

( - Eﬂg sinh cosh

-+

E'~Eg——-+ a pqh (X # —§L~—~ Ejilﬂ cosh2 - %?—sinh cosh
a —1 a-1 a-1

2
= - 2 pqh - a'quh'cosh sh -

5 P4 sinh 2sh
a -1 a -1

2s

= dyydg, - dgydyy

2
(azpqh cosh) (q cosh - ; q sh sinh)
a-1

2
psh sinh) (s sinh + a’q%h cosh)

(p cosh -

a—
2
(cosh - g sh sinh) (-ps sinh)
a -1

2 _ .

= hs2 sinh2 sh - ps sinh sh cosh sh
—7”;‘p

a._.
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2 2
=~ phs2 + 2 phs2 cosh2 sh - %;
a-1 a”-1

sinh 2sh

Il

B (dlzdss B d32d13

a’ 2 ' sinh
(q cosh - >— qsh sinh) (a"ph cosh - p <

a -1

) = dgpdyg - dgdag

)

a2 2
(a’pah cosh) (&L cosh - £ sh sinh)
a -1 a -1

!

Il

_ -4 2 i
azpqh cosh2 - %?—sinh cosh - E‘—Ezﬂgz'—-s,inh cosh + a—1—%39h-sinh2

a®-1 a’-1
2.2 i ol
_,E_L%Tillﬂﬂh.coshz + §~§qh S sinh cosh
a“-1 ) a -1
2 2 7. 7
__a th % (azpqh . azpqh _a (3‘:2 +1)th) COShZ
a“-1 & -1 a-1 .

i

(- %?J sinh cosh

il

2 2 :
_apgh _a"pgh 3 2 _ Pq sinh 2sh = Q
—;;LP:I— ';%I— cosh™ sh 'Zg‘ 12

=d d,.d

11933 = %31%13

2 2
(s sinh + a’p’h cosh) (2L cosh - 2 sh sinh)
a -1 a -1

]

2
(p cosh - 2, psh sinh)(a2 h cosh - E-sinh)
az—l g s

1

2 2.2 2y 2 2 4 2 .2
= §£§;ill-sinh cosh - il—zsmh-sinhz * Emié_%Eﬂill cosh? - E;%T§h~ sinh cosh
a“-1 a”-1 a -1 a-1

2.2 2 p? a*pZsn? a’p?h
aph cosh™ + %;-sinh cosh + ——l%——-— sinh cosh - ——%1— sinh

a~-1 a“-1

2,2 2 2: 2 2
= - _?—(izi&lh(coshz -]_) + (a (a 2+1) h & 2121)2}1) C,OSh2
a -1 -~ a -1

RO
a -1 2 :

afp%sHh | 2 (aP)p2 2 sPep? 2

= '—-‘“Ez“l-——- + a'h (—““'Tip—- - p = ""—Z—El—) cosh
a - .oa - a -

2

1

) sinh cosh



+

_alplesHn  a

i

1

i}

]

|

I

s’(a®1) + p’(a’-1)

v sinh cosh
s(a”-1)

’ .2, . 2,2 2. 2

5 %1 cosh2 sh + a (s +P2)+q sinh 2sh
a"-1 a -1 2s(a™-1)

- Wy - Sy
'az . Z. 2

(cosh - . sh sinh) (a”p“qh cosh)
a=l

) =4d d..d

31d12 T M1v32

2
q (s sinh + a’p’h cosh) (cosh - ;%ti-sh sinh)

.2 |
(cosh - —5— sh sinh) (- gs sinh)
a -1

2.2

- gs sinh cosh + 259 sinh?
a -1
22, .22 .
.44l , 8- g cosh2 sh - £ sinh 2sh
2 2 2
2 -1 a -1
d,.d d,.d

12°2%  “22'1%

(a%pah cosh) (- < sinh + a’qh cosh)
(s sinh + anZh COSh)(ath cosh ;-E sinh)

azphs sinh cosh + p sinh2

2

-pt+tp cosh2 sh = E—-I;zzb;s—-sinh 2sh

i S

) = dpdyg - dypdys

. (d12d23 - dyydis

(azpqh cosh)(azph cosh - g-sinh)

(azpqh cosh)( %-sinh + azqh cosh)

30
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1

.(az h cosh)(azh(p—q) cosh. %‘glg-sinh)
\a pq ) 3

1

(azpqh cosh Sh)(p-q)(azh cosh - %-sinh)

Q33 dlleZ "-d21d12

(s sinh + azpzh cosh) (s sinh + anZh cosh) - a4p2q2h2 cosh2

1

sz sinh2 + (azpzsh + azqzsh) sinh cosh

1

1

s? sinh? sh + a’s>h sinh sh cosh sh

Q] = det(djk) can be calculated from Luré, p. 153 and the correspondence
(see p. 14) |

ip=m , ig*a,, is <= D

p 1 q 2
This gives

'sin 2ish

2. e n B x me '
2a”h(is)” sin(ish) (1 + ——iiﬁﬁr—ﬂ

1l

Q]

2. 3 . sinh 2sh
2a”h s” sinh sh (1 + _ETEﬁfé—J

1

Solution of the System on p. 25. We can solve by means of the relations.

3
kgl Qde_sz = lQlGJQI



1Rl g = Qyfy * QyE,  Qpfy

=) 1R vy = Qppfy + Qpuf, + Qg s

L Q1w = Q5f + Qpf, + Qufg

The only real zero of [Q(s)| is at s = /p2+q2 = 0 . Thus
¥ real (p,q) t (0,0)

3 Q1 (P, )E; (p,a)

u.(p,q) = )
o® D = i =]
3 Q)L (p,q)
VO(P,C[) = Z L IQ(S)JI
j=1
3. Qo (P, L, (p,a)
wh(p,q) = : .
0 ' j=1 1Q(s) |
Substituting for 1110,\/'0;%7('J in the equations on p. 24 gives

u(p,q,z) , V(p,q,z) , W(p,q,z)

A

Residue Series Representation for u(p,y,z) , v(p,v,z) , w(p,y,z) .

The equations on pp. 4-8 give

" -1 iyq 7 .o iyq
u,y,z) " an? Je u(p,q,2)dq o V- Je U(p,q,2)dq

[o0]

A _i i
v(p,y,z) = —(‘Zﬂ_—)m J e V(p,q,2)dq

~ 1 -
w(p,y,z) = ?2;)—177 J e W(p,q,2)dq

32



33

In particular,
[ee]

u(p,a,0) = 25;§i77! f ey (p,q)dq

- 00

. o i iyq
V(p9y’0) W j € Vo(p>q)dq

20 - L [y,

0z | (Zw)l/z )

Now the equations on p. 32 and p. 24 give U,V;W;uo,vo,wb as meromorphic
functions of q for each fixed p . Thus residue series for the above
functions can be obtained by deforming the contour in tﬁe upper half of
the q-plane for y > 0 (lower half for y < 0). The poles of the
integrals Us...,w) are the zeros of |Q(s)| . The cofactors ij(p,q)
are holomorphic in the q-plane. Examinations of the formulas for
U'W,VTT,WTr and fj(p,q) shows that these functions are analytic evefywhere

except at s = 0 , because Pt . 0(5—2) . Thus special care is

necessary in calculating the residue at s = 0 (q = *i|p|) .

Zeros of  |Q(s)] .

There are two families of zeros
1) sinh sh = -i sin(ish) = 0 « ish = isnh =, n=0,1,2,
Thus

2 2 _'nmw . nm 2 2 nm, 2
s =/§+qn=i—ﬁ=-1%—l—, pT*taq, = - ()

n
2 2 nm2 Y Py Y v
G = ©7F DY, a =1 A/’ = 1 il

= i |p]

£
o
|
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These are simple zeros of |Q(s)| for n>1 . However
PPN
Q)| = 0(s™) , s~0

©° + 9% = @@ - ilph%@ + ilph? = @ilph%@ - ilp)h?

Thus 9 is, in general, a higher-order pole.

o . sin2sh _ , . 'sin2ish _ . ‘2ish + sin 2ish, _
2) 1+ =—=>g=1- 17754 S T ) =0
== 2ish = 2is\)h = Zth = s, = »’p2+q\2) = —iB\)

2, 2 _ .2 2 _ 2. .2 Y VA
pY+tq,=-B , q =- (@ *+B8), q,=1pHB

Calculation of F(z) .

F(z) is defined on p. 13. Now on y = 0%

_ Ae0U , OV
TX}’ &= G('a-y_— + ~8—X— =0
_ oV . oW, _
sz = G(‘s‘z* + -5? 0
Thus
(_89_ _ ou(x,0+,z) _ 9.‘_’_)
oy 0 oy X 0
uy - _ Ay _
FS(_ES;)O = - ROy =P
owy IV
Fcca—y_)() = - PGy

Thus



g)l/ZPl(z) = p (1-a%) F v,
3R, = q awad Fy,
Y@ = - wah r, &Y,

Calculation of U, V" W', u" v W' .

From pp. 18-19.

H(z)

100 ke Lo
PH(z) = ~ =
0 -1 G -G(2)

1
TIT——
(op]
= =
N
—
N

|

Write
®11(Z) ®12(Z)
o(z) =
®21(Z) ®22(Z)
Then
11T 21T ..
i o (2) e ()
L) = : -
12
Ty o*2 ()
Hence
. o117 0217} [ - 21T
¢"(¢) PH(Z) = d
12T 2221 | & 22T

35
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o(z) PL o' (z) PH)

l 21T
- Gt (@B }

2“2 ()5

o110 612 (1)
s 2202

{ Y 1®21T(c)ccc) + ot (z)@ZZT(c)G(c)]

L 1@21T(c)G(c) r 0222)6* T )G

Thus (pp.23-24)

U (2) = (U7 (@), V" @, (@) = A2 x0T
Z
[ 7202 @) - sl T Y e
0
A V21 oy - @lra®yal/?
1/2 12 453 -1/2

(z) = (UUTU)A

21T 1/2 gy g2i g 14~ 1/ 2

1Ty = (2@ TP Tt YT - a2 GhghgtyTal/2
22y = 2@ T TR YT - A2 gh Sty Tl 2
A V22 @ a? - @ )T )T @t @ @ @]
_ 52+a2q2 ;azpq 0
N R L afq Pead? 0 | =
s (1+a™) 2 2
0 ‘ 0 s (1+a”)

A2 @) BP (a = @ @7 @0 @) b o @0 @)"

Put
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M@ = O ET@T @), M@ = T @)
Then
Z
0" (z) = f {I\'il(z)A—lMi(z;)T - P-'Iz(z)C;lMé(C)T}?(g)dz;
0 .
T (2) ={1\fxl(z)A"1Mi(z)T - I\'IZ(Z)C;lMé(z)T} F(z)
T T
+ [ {Mi(z)A_lMi(C)T - Mé(Z)C;lMé(c) } F(z)dg
0
Similarly,
U (2) = A2 eaxIx T
.
- [ V2206w - P g T @)a 2 Foya
) |
A Y222 (362 (a2 - @ ()T ()T @) 0 ()T T ()T

A—1/2®21 -1_21T 2

(£)Cy @ @A /2 - (Ul'(z)UZ"(a)U*'(z))A’l/ZC;\lA'l/z(Ul‘(t;)UZ‘(c)UG'(c))rJ

0" (2)

]

Z _ .
J {M;L_(z)A“lp.qiT(z;) : Mé(z)cjr.qf(c)} F(o)de
O .

]

T (2) = 1 (A M () - ) My () ) Fiz)

Z
+ f 0 (2)AM T (0) - My(2)C @) Frde
0

AT™ () + BT (2) - c0"(2) = ADM (2)A ) (2)T - My (2)C, M ()T} F(z)

=1
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An alternative derivation is as follows.

Try U (2) = Ml(é)ézcz) + My (2)C, (2)
U (2) = M{(2)Cy(2) + My(2)C, (2)

* Mﬁzﬁfé(z) g Mz(é)ﬁi(z) + g6t = {
U () wrl'cé)ézcz) + My(2)C, (2)
+’1vxi(é)’éé(z) + M3 (2)C] (2)

i Time T = YO\ ( 1 (T -7
AU"+BU CS U A Ml(Z)Cé(L) + A MZ(Z)Ci(Z) F(z)

Thus
Ml(z)ﬁé(z) + Mz(z)f}—i(z) =0
M! (2)Ch(z) + My ()T} (2) = A F
or
ot u? b U4U5U3] c; o)
[U’l'ﬁz' o oo o [@] iy
or
0 Ei [0 ]
v [Eé} A" 1E]
Note that
pL/2 0) o (A7 0
2z =1 A1/2} L A~1/2}
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Thus (p. 22)

[A'l/ 2c A71/2 0}
p = s

_1)

A~1/2 0 - 11/2 0 A2 U2
o (z) ) &

AL/ 2 1NN
172 ‘DO (z)
0A a2

o A2 o AY? 0 .
A2 g c. O a2y
} af @ 5 e -1/2|
0 A 0 -A 0o A?
and
A2 0y @aY? 0 0 fo. o
P ' =1 %
0 - al/? o AV o -A
C 0 & 0
®O(Z)T s @O(z) _|'s
0 -A 0 -A
or
-1 '
G 0 C 0
0: =L 0, T
o () = | Al @ { ’
0 -A o -
Applying this to the system on p. 38 gives
o (@) M@ m@)(E) [ o
¢ (Z) fall B 1 1 Ct - A"l"
2 MZ(Z) Ml(Z) ) F)

-6

J

) (2) MéT(z)] {cs 0]

|
M"{(z)' 1\11'T(z) 0 -AllalE

J




=

—~

N

e

It
O N

=]

'(z)] c 0) (- My (@) F(z)
Joolo AT -t Fe

- C;lMéT(z) F(2)

A—lMiT(z) F(2)
{Mlcz)A‘lMiT(;) - Mz(z)chéT(c)} F(o)de

C 0
2’ (2)

0 -A

‘@) e, o) L@ M@) (¢, O

f\T 1
112(2) M u

2

1l

@{{(z) wi@) lo A e m@) o -A

CM, CM

r
M, N R

T 'T . 1 ., \
UV I O AT
(arl gk oy T _ it b
M)CM, - MyAMY  M,CM, - My A

T

MG M. - M am

T T
i - M!
M CMy - My AMy - MjC M) - My AMy

Calculation of Coefficients in the Residue Series.

40



U1 U2 U6 U4 U5 U3
M, (p,q,2) = V! vl o M (0,q,2) = (V! vV
Wl W3 W6 W4 WS W3 )
The Poles q, = id}'"ﬁl’ s, = -1 o , n= 1,2,3,...(an =‘%g9
cosh s h = cos is h = cosh o h = cos nw = (-l)n
n n n
sinh s_h = -i sin is.h = -i sin nr = 0
n n
( 2 \
(_1)11 0 a h}; ~l)n
2(a"+1)
21
! &4, n
M?(p’qnsh) = 0 ('1) ? ("1
‘ 2(a"+1)
2 2
a"h n a"h n n
- T("l) p - “’z"(“l) 9, (-1) J
(2 2 a’hpq. (-1)™ )
R (D Ry 0
2(a +l)(~an) 2(a +1)(ean)
2 2.2
a’hpq . a’hg (-1
M (p,q,,h) = |— 7~(-1) 2 0
2(a"+1) (o) 2(a™+1) (~o )
n n
2
\ 0 0 B izil-(_l)n‘
razh 2 azhpq n 3
(1) >—(-1) 0
2 2, 2
la hpqn n a hpn a
Mé(p,qn:h) = 2 ("1) ‘ 2 (—l) 0
.a2(~ai) 0
0 0 ~ eeeis =]

41
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D" 0
M (p,q,h) = 0 (&
1Y 7'’
) 'a2 " ‘ aZ 5
- —5—p(-1) - ——5—hq_(-1)
2(a"+1) 2(a™+1)

For a simple pole at q = 9y = Ip]

1im

iyq -
Res {e uo(p,q)} .

{(a=qp) Y% uy,q))
d4 0

P4l I {(a-qy) uy®,a)?
@y

For a double pole

i in 2 i
Res {7 uy(p,)} = L0 2 {(a-ap)” eV uy(o,0)

q*q, 99
4y 0
_ 1lim iyq 9 Y . 1yq RRY
= (™7 gq Lla-ag)™ ugh + dy % {(a-qg)” uyll

qp :

For higher order poles, correspondingly higher order powers of

42

& n
—hp(-1)

a n
—hq, (-1)

(-1)

y- appear.
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