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Alli nfIll iu IIL(-l X[,,ISion Is dotweloped for the deternniiat loll'A
the Ax~ict :31) str--s- hold] in the neighborhood of the intersocticii ~
tite Of' i.' hole and anl Interface III a hliate dCiQ :t

iii Fr r~i~\,r~.lvi sctropic lamiiia,> the st reoss fiedI~ is i A

:ll rho Ilh, I- oienr11;i oris Of*t li two lIj:w,-llt aillina- ;I, :t
; ii :15 3l0 -it for LUV/ti1,), IT/vI wK->ub ad i/2

1" i v-(-i'- an [lie lht'I and worst fiher orle t'I ions* ar' itltil-
Finall. the iirhniirstresses are computed anid the variat(ion

a functioni of thec aniglo 0 Is Identified. The circumferential st re>,-
.i shiowvii to hooSa small junip across the interfaice.lcsit

t! s l ,iavior inI rim intc-rior of each favo, r are, also zi%\i

Part 11

This part deals with the 3D stress field ot a cylindrical fiber which is
embedded into a resin matrix. The composite is then subjected to a uniformt
tensile load o. The strain energy release rate is computed and the criterion is
used to predict debonding initiation at the fiber/matrix interlace The
analysis shows that this failure is most likely to occur at the free surface, ie the
region where the fiber intersects a free surface for example a 1hole, an edge, or
a crack. M~oreover, it will occur at approximately (1/ 10) the load value
required for the same failure to commense at the center of the tiber length

The results are also extended to include a doubly periodic array of fibers
which are embedded into a matrix. Based on 3D considerations, the stiffness
matrix is shown to increase as the volume fraction of the fibers increases.
Similarly, the stress Grr in the matrix is shown to decrease as the volume

t~action of the fibers increases.
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PREFACE

It was founiid cliveliilt for dlevelopilit anld clarity pirj o es to (Ili d h3 1114 (mitw ('lt f this report inl t-wo parts. Par t I deals withi thle 3D S >~'

ill a1 laiiniat te1 coinpo)(Sit e plate weakenedI by a circular hoE',. Thc n
is 1 ased o)n 3D iiiacronmecliaiiical comliienit ions. Part 11 dea,;ls wVithI t13~1 Il id] 11i, ;1s1)ects lbetwe(ii a fiber/lintrix iterface pIraticiilly~ ill T1io 1-
fll(I& I liv tw l .lte litrsucct s a fit' ( l t.e._ thle sil Irft () f, I i ,I' 711.

I ~im'dt ill coiijiuulicti~ui with the results o)f par1it I to predict tile ticrtl tjl~ t
10811~ St 1(5> \vlch IIlttV (15 itlitlittl )of, ply (clamiiittionI.
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Abstr-actI~ ~ ~ ~ ~~~~~~~rl u ieifuctioii expanision is dvlpdfrtedtrni~toio
thlL' exact :31) stress field In the ueilihorhood of the liiters'c t ion of'
tile free( edgle Of a hole aiid aiiitrfcli a Iaiiinated c-mlposit,

pie. For tal%'-eyisotropic lainiae, the tresfild~ is; shiuwii

thIoa angple 0. Results for [O'190"'], [U'/T7V], [/1'.anid '20
;a ret ed and the 1hest and worst fitL.r orientations, ar, lditlilih1

Finally, the Iiterliu;ia stresses-, aIre cOliiuptt d anld th ;ii lIas a fuiiictiou of the angle () is idenltified. The0 CIr-CLillfereuItiah StIP
(7-(, Is sh1own to l)osses a smlall jump across thue Iiterface. Re-silts if'rft ~its leluavior in the Interior of each laver are also gvn

I4



I Introduction
1c l ~ifldsg t prac~ticaillv every st ruc tire coltli t ;I es1 Stlv-4 nicc lit Ia 1-

TI Il- u (lit es Bolt lioltis iid~ rivet h( les are iwkt(eSariV ( illpkolll< fs PI s~~~trlicilial jolits. It is not surprisilig.. tiier'fore. that tiit' iiiioit f Sii

crcsiiucieaItt III t'( visiiity oif it 11(11(7. \'\ii the Sub)1('tt of >tlt'>> (.()]I-

CO iIIt ll i is- cei'tiiliv faiiiir to ceugilleers. the Sitl oat (Iou i> sig gili('t lit IyI ~Ie itD coiiiilex 'XIn thle case of Iii,gdi perforuulmice Iainiiia "t edict ~ It Iiia -

I*i is. 't'c 1presenlce of a liole ii t he lainlinatc lilt r.o(l'iice.sSsignihalifi~t > tv<

Wtoil ilhtithls li the thirid tiiiil('iiSI~hil Whccv~irete a vein ('(tilihicatt I 1D

111;V dchpe1id oil thec stac kilgl".it'ic of the iiiitec. tlle filter olItlITlit lot.a ~ ~~~(f each hliuua aS W011i as thle ilaterial prop'er'ties o f thle fiber' ailt otf thli

iii t mx. lUlt ima nely. thm list tes's Concent rat ions foril at pl-1 iV iarvs in ()f

( l~lieiil(itit itIl aml(11tpl t degralda tol i p i irtiiamrlv InI tie Plt'st'll't' ()I*

CVC iic Rtteg. (cent cxi)('i'iiii('1il Ili\'tstltvattlttllS ca'il(hil ih\ Ba1:i- it.

11i\'( ' uS " I l)'s ;btter 1iii".i''it of t his (lamuagae rlowvthI (iccj)1( I lt udI I li' iitt iouof mc('ic loatliligS. fii g('ii('iai. thle )io('io~itf hi ia a'

('55 iml ha e clmia acteliZeti as., (1) (lebolil ig al tug fiber- iia t mx jilt c'rf~ t't 's

(Ii I lila trix cracking par;11allel to lie fibers (111) mlat tix ci'ackiuijbe: v'eenl fh 'rK ~ ~ ~ ~v 1('Ililluat 1(111 iloll.g th 1(ilitet'i'acc of tw \V Id(j lc(7ilt hliiiae withI (ifii lt
Ii it I onlit at ionls anud (v ) fiberi. reakag.

Thus, if rational (lesiglis lisillig fib~er' l'eilforc('(l- letll 1 lIit liNttlhlxiI iII*ii;ate- "are to bec iulade. the-,lifr li{lice 11(1(1' sta1tic. (ivilaillit'. fat]ii±1ui

;tliei e'1lvIIt)iliielt l loalds ml(7(7t1 to b i)c(lie~itaible. The fis-t s tij tova-iti'-

this goa Is tie meailizaltloll that the lultimateli fanilre , a w\ell a> iilli otllt'r

a hpct. of '(iftlt. dCilO('L leliavjol', Is, t Ia result of lie growthI aiild aIcIliiiI

hait oi of iicro-damiaoe to the fibers, mlatix and t heir juit efac('S. Tu-.
it a;tpe ars that any generally successful model of p(7rforiiaflce anl failurt'

lutis.-t inicorp~orate time effects of this dlama'e inl sonie Way. Thiscetil
rei'(ll'eents a1 chialleng.I Delainiation has long beenl recognize(1 as one, of the' o iil(),ti])ormt aiit
filure modes inl laminated composite structures. The growth of a delamn-
lIii lit ii ii lay IV1'(st inl a sublistanltial reduction of st reng-t iad s-t itfilss oI flthc 1ia miiiat e. The ideut ifica don, therefore, of such locationis inl a ('011it o>-
itct' Irdlcire is of great it(rest to thle de(sliner. Experimentail stot 1i s Ivy

IJ



1 a-nd Zwiers e. al. 1 9S2) onl straight free edges show that a stres, siigulaiiit y
exists teefrcertain types of laminaltes.

Alt cr1181ivelv. a curved free edge is inhecrentl1 a thlree- iineiisi oiial 1 rol-I ~ ~ lli which presents greater mat henatical (lifficutilis. For this recason. 1)8 >t
all 1 vses have eeni ha sed primarily on finite elemen('It mlethlodh!. wVith st811 da iid
finlite eleiiieiits, ( Raju et. al. 1932) as well as" elellelits which lincorpohni-Ithestes sliuiilar1ity iii the fori-ilulatioii ( Dvhicki ct. al1. 197S. Erlkcs>:
(.i. al. ( 1934). W\1.ilc sulch iiietllOmls call provide 11S withl sire>> trenld> 'III

the )~l(m% hirver. regmoll. it is rat her difficult to ext rac(t froiii t111(11 with.Icell am1tv I lie order of lie pr-evalilng Strtess sillgulariiilv which is prese4(nt aIt

tile imat erial interface. Moreover. experimental livest i gal ins cari(c m ot

stl -raighlt egs( Pagano. 1974) show that the latiiiatc estacking, sceece

caii effect the static strength of lie lminlates. Similar cXplQriinclt al ()I,
sci'vat ions werel~ also madIe hv Daniel et. al (1974) o00 plates withi clircular

in des. The suib ject . therefore. docs warrailt furt her inives,4t 8Ii( i.

B ecenlt l. the alithlor inetm~t(laalvht ically th lilht er11iniii t t i

itt tic ( )m imdaiv laye of a ho le free be u ~t for two) isot rOPI C 11tern 1>I o(f d1fciii il at rial coiist alit s (Folias 1 9SS ). The analysis showed t hia ho
stress' field there possesses at weak, singularity. which t iilolllani-tv (hec. i1 1
Only onl the mat erial p~roperTties. In this palper. the aulthor extellis this at.; 11-I vis to also inclulde traiisversely isotropic lamninae with a [Q -/90-]. 0//Q) /4C

;1('11 as ot her st acking sequilces.

2 Form-ulation of the Problem-

Coiider. the equiiiuliii of a lainlated Composite phlite wvhich occupie>
lie >pa ce j < J, ul < oc and 1:1 K 2h andl contamns a cylindrical hole of

I hillS. 0 whose generators are j)erljctllar~-lM to the boundiig hplalies. niameily
±2h. The plate consists of lainacm inade of transversely Isotropic

iiaterial with a 0'/90'/90'/Oo stacking sequence. Let the plate b~e subjected

5 ess thn 0.3:3
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I
to ; u ifor111 t h lle load (70 Qj l0lo!g tle I/ axis Z1n(1 I lal'l ; I I 1 t1W 1411. iI.-

I 1)1811'( (se Fig. 1).
In the absence of body forces. the Coupled differiitial cquations, gnvr(1i-

iug the displacement functions u, v. and u are

0211 2u 2u 0 'c,,1o-U. + c(.o-j + C55 8-: + (C,2 + C,36)o.

+(Cl-3 + C'55)- 0
I "~1 1  ±,'0

a2 0-1c y

I 9-c a-
( + '01) + Co C "C-2I-1 0 2

aOry jx- O!s Ox
+(C'23 + C4.I) a - 1

021 0 02 1

U/ 0 2 ±C 3 ' t. :

( C 3 1 + C 5-5 ) O ,, . + ( C '.32. + -.H ) ,, , v +  C ' ,

+ C4, I + C% 3 0.
)Y 2  O9sZ2

\wlc(,( the C's arc1 the nia ial constalits dcfining a layer which has its
hI l(,s runningi parallel to the x-axis. For the next layer. the fibers will 1)
ruIlliling parallel to the y-axis and the governing equations will be obtajl(2, l
froll the albove by sinilply lit erchanging the appropriate coordiiiates.

The stress-displacement relations for the latyer are given by the colns i-
t utive rela tio n s

7C 1v1 C'3 0 0 0 (,..

I"(y'21 C22 C23 0 0 0 C' y

31 C31 C32 C3 0 0 0 c-.-

7y 0 0 0 C44 0 0 2 (4)5 0 0 0 0 C55 02C)_
Yr,, 0 0 0 0 0 QCJo L 2(r,

As to boundary conditions, we require that:

at z = ±2i : the surface stresses must vailish (5

£7
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at =' the surface strse m'SCSnust vaiiisli.(7

Fiialv. lloI(Q1to CompCJlete the formnulat ion of the 1 )Iohleml. t lt i~1w 2

(tilit ionls far' aa from thlt hle ililist b~e satisfiedi.

3 Asym-ptotic Solution at the Interface

T 1 inltlj~i( of this analysis is to (leiivo ant asvIiltwtit' sob
by' A l 3D strm Os illi the ininiedia to viciiity of thlit region when lieh
ilttr-faee het\Veeo twvo 11lacie ets t he frece of--st ress surface o)f 11it 1i h1.

ThoR. dby ugener'ahanialytic'alhoiutioii for the uiiiinu of ;Ilint,;1v

I~ ~ (illlphil(icittI'\ (ishplaceliilt fiel~h to be of thelt' 1

i) for laillijia [RG]

I it sinO{~1 1  - + (12 -~ )}0r-)(t->

1' ~02 32 O'JHV Co i 0(r a)" + (22 (1 h- )2 f0(7' Oa( -Io (9)

I (3iQ 7 jj 1 01 -+iDI at + (33 () <} H

a) 0(7-'r -()o 2 ) 1 1 () Z

Ih'r



(1 -(C1>+C5'5) C,iii C2  (C12 I -+ C-C... C -. 1 1 co

(12 -(C 1 3 + C'55 )C.0 12

- + C±-55(21 +4 CGI; 1ii 2 0(C,: + C,7' -117 C, (11 S11 C,.

(q (Cl I(94 C9I2 , '

4

ClldC I sin I(19 + Ct;os) + C>I-C',;sii I92 1' co< - 1

3:, C0 lC,-,-- 1T

III W i u thle above (lislccilieilt S. NNc lisCel a cvl1Iu(lrIcnl I (ordj(il-j

,N-st eli aid. fur t Iliernu ore , assumiled thlat ( r - (1) < < oi. III N\ jew (of

the above, onc. by~ dlirect substitution, ca('~1l 51w tha~t the ~n~i
cq(uiat ils (1 )-( 3) arc Indeed satisfied pro\-icd the unknown fiine(t (i3 H satisfies the differenltial relationl

[0( ()- z)- 2] Kr - a)2 a(/,3( Z 2

I ______ ____S

[( () 02(~~:~ H 0
£2 9 )



I \li2( til 11 I iQ l 11(1 ( , IIli(ti()ll> ()f C 8 A H ;Itnd , I ii

T, T T,

1 T~~~~~~~ (C12~ +i Ci C,-, +0 H C',i ~ ,(P i( irHC~~

T-- (C1 s in) H C,(. H) ~C':,:(Go C< 0 -~ C22 H

+r C1;C' 4- V C. (C- S + ) C -I C', -C5 ) ()~

SillC'12 +2+

3T -( C-, CC'3, 5 )2"illsi 2 (. C 2 (0' ) 5i

I - ( C.: + C'11 1)2 (,(S2 H] _ ( C'1 "i + Cs_ 5)2 0;]l S 'l-H

± [C'I S, 112 H + C,(;, C0SHI 01 1

I (22)

T3 -- C'+i~C'. 1,C,, (23)



I ~ ~~11 sU* i II - +( [12- Y}9

3~ -2 S11C7)2 1  + (I - _____ )2 )2

(2) 02 a- 2

9yj (1)2 01, h, -0(h

(2G

1 (21 {~-C ' CHJJjc" ( '. 1 1 H+ C ' , cs -H ( +C., ) C,~) &--C,
(27!

i22 - (C 1 3 + CW--.J)C'I ((30)

(3] ( C~ sn 2 9+C~ COS0 S ~ 1 0 +-I C1 ICoS 9) - ( Cl 2 + C(',; (2 11*2 0 O

(31)

(S2z&,~, ('2 in2 H+ Cc,; cos" 19) +- C'-4( C,; sIir 19 + C, 1 s 9 (32



(~ C'.~:3:3

I;iJIld t he fiiie(toi ](I)J[( r - (1. b -z ) Is of the saine forin as the H (A' Ilvi
[0j] excep)t thlit 61 ,C 6:j 8ii' DOW re(i)Ilice(1 Iby thle urn)i-( )ri B ( .

-of lei[90'].

It enuis thieiefoie, for Its to cm lst I'lc t it ".oAitioii to (qujlt iISI. To3 u ~~~ )iiiJ111lisli t his, we iiitiowhice t he local, to thle cornecr. strle(ie~ct l OI

S >Iii(see Fig,,. 2), i.e.

1 0i ~ . ' 3. p

I it II te lng of t 10+0115 iii thieii.ltliOt (> fltils I toes Iiio 0

.rI) I o(0 + ISl(:3+ 1 1( 0 o

+V +

.4 ,1 o { cos[o 2) tan 1 (7] B-)sini{ -2) t it Ii-

£~~ 1±3an

1a 2) 19tn

* 12
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Io
I2

4 aTe Istrpi Cas

;V aI \(1 1*t a 0 ss tio tVe il ~iic e~liis he (h()t(Iimicoi1 itll o w~pch t f

\':hti'i1 lilt Vill" I .e 1 ll j hal., ttS t l ii t 1101111ad" t thO (hilW It e,'Ii l (1(1 ;1'1 h.5~ ~ ~ ~~~l( h11i8tecil i(al s 0.t ofi ~1,11111a teoviluso lcidolhaiit:a

1C. 4 The Is=oi CaseG

a ~ ~ ~ ~ C 2iii =iek C2 3e th l 3u 2vioe~'U G I,~ >t~~(ht0

III ve of w~hiich the (hiSplaceicilt reduce to:

* 14



I
I

~~ -+ 2 + ~ r 02 H

ih oi - i

3~~a Iii -c io/l oII -o a)' ains t I z)e-,inpo

H 1.4{ cos(o') + B, sii(ao) + A, cos( ) -2)c-

-L= siii( -( 2)) +4 3 cos( O - 4) 1 -- B3 S l W - 4) }- - +- G

3Siiiiil tilte HClalscs t(-) _th saflW eXprecsion except t lu t 1 iA it

-4, and B, hl)l by A, and B, respectIve]iN" . Th nitunant e ]
Ifo this case lead to the same results is tose, recent l IA F l ja5Fig. 3, foi- esalipie. depict s typical values of (k.

35 Characterization of the Free-Edge Stress
Singularity

I Syt h ]ri2i/cr lnxt to the algebraic syster (4)-(53), if one condels Irs thea
()f a graphite/epoxy layer, with coefficients C , (Knight 19S2)

20.6228 1.0381 1.03S1 0.0000 0.0000 0.0000
1.0381 2.2301 1.2301 0.0000 0.0000 0.0000
1.0381 1.2301 2.2301 0.0000 0.0000 0.0000

C'3 0.0000 0.0000 0.0000 0.5000 0.0000 0.0000 (l)

0.0000 0.0000 0.0000 0.0000 0.8696 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.8696

* 13
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t ni tlI w 1i I( I IrllelIt o f t IlIeI dete(riIi i I I it o f ti I (v ysteli 1to vaii Iri- tI ai
I ra i s('c~elle ti I I equa8tioll for t I lie .-ots (i. 1 Il(w onily rc( at s' A na''c;a n'il

are those whlichl lie ill the initerval 5 < fc (I < G. The numierical result>-
ii jr the 12 x 12 syste xciiere carriedl (n)1it ill double lprcC]51( ui. ( initt inl

Iie lonIg a 11( te~dious numierical details, the values of thle cliaractcri>i tOkI u*)I [0'/9(). [(W/701]. P0' /45-1 and [a7 20'] 1111 (rfaces2 are showni in Fig
4. Two-( importanit cliaract eristics are wVorth minentijoning. First. tie st rc >

inlarity is it fuiicitom of the mnaterial conistaiits C, ~ thle anigle o)f sweep H

Ill thle fib er orient at ion of the respecntive larninac. Second. thle siiiguih ii r
'tDieiiuthI for- aliisot topic mlaterial's appe(ar to be nlli~ Weaker than Tliil
4 imaolic iiateilaV The, latter miay halve severe ceonscnllesIC( T' lif

(lia4 PI(C(:; and to thle reducit ion of, thle overall st relot 11 inl t hrp
A, 8I Iiactical matr iA one IMt the Inaxtoi -0G) as a function o)f hri, film(1

8l (li rielt at loll I forI aI [W1/3"] ilt erfalce one canl idenitify the nllost iiiiil
It ;>t le'iralble fiber orieni(lt is 1. This, is depicted inl Fhig. 3.

Simiilar st 1(55 siiigpila rity profiles (seFig. 4) have also) 1eeii oht aineol livI ~ ~ ~W ng e't. all. ( 1982) in their )Ihoneerinig mw)k on stmragl t ed(s u-siiu a liffi r-
t 111(110( of solut ion. Thle Insn analysis compIlemnllt s t hat aiiol shiiv\':s
t~. for suff icien t Iy large holes, the results for curved edges wvill he t Ii'U --a~~it s t110(' oltaiiiel lear a straight fwr(Aege providedo laver orientwa onl-

ill t ll( s '(a llo l ei are, properly Clioseii to re(-fle'ct tile cireniillplero Itl

mi t ionl of a poinlt il thle hole bo(undary aiiol th linterface. While t his- IvI -.~~~Iilt \v'as to he e'xpectedl. it could1(1 not be takeii for granitedI. This is lIwcaui1.l,

hew litm mc lethiod r(lr(ilto s a (lesret. ratlher thanl a coiitiiotis. appro)ach3 t~~~~ad the (titcoilnc of the llimiting proces liad to be esallisld \Iorever
III(- peselit 1111 't hot1 of' soluttioni shov.s how, a 3D analysis call iiid,,tldI 1,)

x pdto aIlso) inludie thins cotiuions dep~endenee Oil thle angle 6) and1( t isI T~~~i x'idc us wvit h firt liet i nsighlt on thle const iut ion of suchi 3D soitio1(1> to(
inIsverselv isopi p~C lait es wvith Iimore, compllicat ed flaw geomet tie>.

It iiiav fiurt her be0 notedl that the macromnechanical approachi actujallyI ilii~h('r(stiilates the Nv :ue of the stresses at such regions. For examhple if'
xx'e examiiie the local geometry from a micromnechanical p)oint of view. e. g.
at 0 , 00 and for a [0O/90>] interface, one notices that the adjacent fiber'U ~ ~of L*ie [90a] intersects the free surface of the hole bounidary perp('ndicti-
Ianl. The explicit 3D) solution for' the 'qtress field in such regions is lso,(

3 2 'f"The reutlts are prcseni J generalized for an arbitrary [OhI3] interface.
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kimvl II p wurlcall for a ghscs fie lilhcdled in1to all cjXy ip t ri 11

for a cadiil fiber einbeddled Into anl epoxy matrix is founld to be (J.2S1.7
(Folias 19901)). The formner anxalysis assiuiiles thle fiber to he o~f an is ti1)13 malltterllia le the hitrassun ies thle fiber to beof a anvr \ it(

ma1tteriall. Coiliptring these results wvithI those of Fig. 4 it is cleair that tll,

>t ssiiupo ihiri ty pnedictc by I) thle inlacroinechian Ical t heory is indeed iid rc-3 e(' t iiat ed. Such information becomes essential for the proper est itlli (i (if
the local (laiiiag(( zonle. This mat ter will be discussed furt her later oil

Iii t he Icas of a1 [0' /90"] nit erface. thle profile of the chiaracte(rist ic \v I mt
\i'r, iis 0 Is yviincitric with respect to the line 9 4-Y. The samei

antebtove refiriiice. The aii1thl attriltes this to t\\o falctors. h~

iihtaiii a tcilirle resu Iltsfi h sill", ilaiitv stiigtli base(l oil hujlite eleluj1(IIT
~nav011Oi tlo' otlwr 11811(1. it is limpressive Indeed thazt Ericsonl( ;ttl.

1 9S-1) ats well as B aju et . al k1982 ) were able to recover the exact profilc
a aI fiicr ion of 0 anld the relative iiiagiuitudle.

III order to iiiake a ( proper comiparisil wit h the results of Ericsoni ct .al
(II ii should( l15(' tll slie a e mat erial constants. Cj. as those used In t lie al li v,
recferenlce. C'oinpn i g. thlerefore. thle C,,'s from thle (hat a of thle above refU erence1 (see Appendl~ix). ouir inalys is gives thle characteristic va luies depicte'

illFl,,-. . t =z4.',for exampllle, o = 5.9735 or n - 6 = 0.0245. If' \\.Io (.11 compar tli> vallue with thtfound by Wang ct . al. ( 19S2). for oi ±4
7,u; 1 o (-1 ' iiit efa ce, I.e. 0 - 6 = 0.02,55, we see that. the conlI )ai ill

is veryI\ good. The ininor difference is priobab~ly due(- to the smnall varliat ioiI of' th li C'0 's use d depending as to how they are computedl. Our results, are
lbamed onl the C ' 's shown inl the Appendix. The results inl the region be-
t\%veli 20 < 9 < S0 compare very well with those reported by Ericsonl et.

al1. Oin thle othei hand, for 0I < 9 < 20, Our singularity streng-th is founid to
he s41lity lv higher, and~ the characteristic bell shape p)rofile is preserved.

Pagano et . all. (197-3) have shown that high tensile a, stresses, are

a~ssociated wvit ii the decreased lainliiiate strengths reported by Pipes, et . al.
(1973). This observation points t~o the importance Of Understanding the3 it er]lainiiiar st ress b~ehavio~r nlear free edges inl laminates. It is now Ipossi-
hie to compuhute the lilit erlaiiiar stresses adjacent to thle hole surface. III
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I
I
3
1 )prt icilar,

:, / .f (, 0 .C : C ki. (G .. ., 2 ,

I \1wir li f, are rath(r long a(d complicated fuli(t 11s of t l
an(1 and thei material constants. The lots for a.: -7". Z-, . for a ( /90
intifacc , arc giveni in Fig. 7. Notice that the max U. stres for 8 0 i 9t
iterf ce occurs3 at 0 = 23. The result is in agreement wit h that fWlu I

prcvionslly bas(e oil flinte l'iceits (Ericson et. al and Rajii et. al.).
I ~ ~~The re'aderu may also note, that all the stresses, are( norin:aliml' "ith rv:,-Ipict to a function C(O) which is negative and nlv vary slightly i , o,

travels along the (lirectio1 of 9. This futictin of t0( to is to 1 dt')( ,rni- ii.
tf:,in a selariit(, analsis valid across the tiiickuness of the hlat, b cI, niiti:qi
tl:,, relative oU stress fhiicti(ms. The analVsis peiit l' l being ci'mil,,
and:< will 1)(, repor>:ted separately. The, lpresen:t analysis. ho>weve'r. dhocs ,::

vide, l1s with the relative Ilia:qpitii(h'. of the iiiter:::iii:i:r siin.s>es s(, Fi:.

Tihie result., show tle shear stress 7,: to be relatively lov thirmughiuit.
1) the othr hand, the 1orilial stess O. appears to be ( donlinalt ill th,.

range -30 < 0 < 30" beyond which the shear str'ess 7r,; now t comes h,

Cotr(ollinig str ess, i.e. along 30" < 0 < G' With its naxuiinii occull i2. at
45' . A more clear plot for the stress u, at the i:iterface is givenu ill

Fig . I Filly. Fig. 10 dolects the jumil) which exists on tOle st ress a...

oil, ilioves acrosS the intrface. i.e. at : = 0 + and o = 0-. The niaxiinunill
differeiicc occu rs at 0 0 and is approxinately 270. I Figs. 11 and 12

'C c(>Mlq ', the str'ess 0a at 0 = 0- ai 0 =iOR'-9 1 and c7,; at o 0+ and
i ~ ~ C = +90' re'spec'tive'ly.

Ill view of the above, one may draw the follhwing coiiclusions fo>r a
[0/90'] stackiiiig, scqcilice:

I (a) Ii the vicinity of the interface there exists a boundary larver efAect
where the stress field changes rather abruptly.

1 (1) The res '- of delamination initiation is highest at 9 equal to 23".

: he reader should also take into account the fact that (6-a) is a maximum at 0 = 45'
and that C(0) is miegat ye. The results are based on data give b) EW . Aliso at 0 = 0,
C(O) -10 O

I is I" :

I



(1) Subsntal l iixage is expectecd t o occur ill t he rgol- 4(0

3 {c) F'or the iv~ien set o)f mjaterial constants C . oI- is iiiaxi::uiin1 :tl

J ) Ill gi iieral . thli ilia,,,iii c utl the siinularity Vstith h tI- wi do,I t11Iiteiial ('tuistalts . CJ anl oil the fiber orictlit itt (It if thle to-( 1(

sp-cttivc lalilila.

iLl As onie mitoves Ii1lr()xiiiiatcly 0111 radlius (list ance awaviy tro)il t ill(t 1 !

su rface, t li(, s.c .f. (streiss coilceiitart ion fact or) is eXIuet tiI to lckmIto Wt ISi 101 of thle Noalue of the correpondinIIg Cais~of; I aI t(' Wi IlT

a1 hole ( Foliais 1990 isotropic case).

I6 Discussion

Delaiiiiniati n at free,(- edges, has been a problem of 'signlificant ct u1~ijt inii

lie (lesigin (f advanced fiber composites. The seplarat ion of thle laiillai
causedl by high local interlaminar st resses and~ loow st renigthI along t lain -
1 ll ilt erface, nllav result in ineffective load transfer. reduct ion inl st ifhilt s

aild t e itly hsof structural integrity. Inl this study. thle prol eim I is

1 )ttii ilivestig db treat ing each imi liiia als a lioiuogeieous. triisverlt 1 v
istoi.ilacLTfhini thle inlicroiniechkaiis efects of fiber Sit'v am lit

included, althouiih a fewN of these effects, eg. w-heni a fiber ileets a fret

surface have been reported separately (Folias, 1989).

The arnlytical investigation of the 3D stress field adjacent to the hole
anilli the vicinity of the interfaces of two laminae of [0'/9001, and [0 / 4 5c'].
and ot her fiber orient at ion shows the stresses to be singular, (7, -~ /) (I " In

general, the singularity exponent depends onl the material properties. thle
corre'spond~inlg fiber orient ations as well ais the angle of Sweep. The resuilts

pn tvide uis w-ith1 better insight for the p~roper uniderstanding of nt erlaiiii-

liar st reses andi thle effect NOWic th1ey have on the mnechanismn of failue.

I 19



For exa iiiiile. for 1isot r(pie 1 liililac, t lie st res> sinlgulalri t is ai ia t 11(1- \%. 1-:I s~~~iiigiilairi tv ( < 0.33), whil itraseslviotol llili iCa (oa

iiicli highler orderI ( < 0.99) suggesting.o- t lierefore. aI gre t er inifl c in IIi
(laliage: proces s.

aI" naI'-lvt il cvdiocfor lan11111it( esXvithi different stiackilif Ci CIC. u
8li1,ilV t ical reskil t 5 are conisist ent withi t his obs'ervNt iou p1 11 icilar! V ill tlI

a ~i(I Whlere f0 is,. simll . Altcriiat iv,(.l v. for- hi rger va lules of 6) t lesi(p>
pasa muIIch liore doiliiaut role onl *interlni r fIlrs Moee.

illtheC~e o a 0,9W]lller~lc deillliatiilis iost likely to takew plwc

pi(-(.1iiu111dei luivcstlg.htloli.

Fliiall\v, onle iav Coiichide t hat it is possile to redi ice thle lkll
of thle (lelaminatilolli mode of failure anid thereby increaise the laliimia:c
stlcii' ,t I Tis c*ani be ;cconiil)lished by carefully coisidcringlie flet>U Ia' >i ug 1,Iilri tv curves, thle st ress curves. the loaId (lirect*1 lo idn~ thle ii idiv 1(
lill fiber. oriilt ait ions aIt eachI lint erfalce. Moreover. inl future- aIpplica;t lin it

11i li 1w posib1e to choose the miaterial colistialit s Cj so t hait tht lioeefli( let

of thei sinlar1,1 termls of the itcrkiannixalr stresses vaujlisli.

I 7 Micrornechanical Considerations

If (one exalillies thle reg.ion adj acenlt to th l ole aiid at thbe vicili tv \ of tlleUiliterfalce froml aI uujicrolimiclianlical 1oli of view one niot ices t liearraiilgeu i( lt

dlepictedl inl Fig. 13(a). More specifically, in one laycr the fibers lintersect
the( free surface of the hole perpendicularly. while in the other layer they runl

tanlgent to its surface (see Fig. 13b). Locally, however, this represents tihe
prohbleI-1 of a fiber intersecting a free surface and being subjected to a biaxiail
load normal to the (direction of the fiber. As part of this investit ion, this
p~roblemr has been recently studied by the author and t he rcsult, for tne caise
of an isotropic fiber have been rep~orted in Folias ( 1989). The exlilcit locail5 stress field for oiie fiber mn be foud in part B of this rep~ort. WVithmout
going" nto the miat hiematica l (let ails, the local stress field Nwas found to be

I 20



s .,in Kular. More specifically, the stresses were shown to be of the fori 1

(7,j -,p " ( 63)

wh(v the exponlenlt Ck in general is a fuiction of the laterial properth'-. In
the cas, of a 41ass fiber emiibedded into an epoxy Blatrix witI tlie l,:.' t,,

G = 35.00GPa z'= 0.22

te;S G, =2.10GPh u, 0.34

r n gularity strength i found to be equal to 2 - o = 0.24S9. It,wcll 1r.coglliz,1 ede, that Carl})ll iiber'S arc'transversely iSo)trolpic rilthcr
itl itr(ii o'l. Foi- this ivason, the p~revio)us anlalysis hias: bl)(e(xtenlhcd 1(,

U11c 't t.'>( sx'crscl" isotropic fiber (Folias and Li 1990) . Wit howt
A)in iit() tlie im thlnia tical details, the stress siinglarity foi a carl,all

filwer e(l) eddd into an epoxy matrix was found to he slightly hi gl. r, i.e.
•2- = 0.2S2.

Coaip'la ring th ese results with those of Fig. 4 (see Fig. 14) it becoiiis
clcar that the derived stress field adjacent to the hole based on nmcronlli-
chianical considerations is indeed underestimated. Such information is es-
s(,ntial if one is to predict failure initiation and local damage degradation
adjaceilt to the hole.

Thus one may view the process of delaminat ion as th le imterfacial crack-
ing of the last ro)w of fibers which intersect the free surface of the hole is('('

Fig. 131) which corresponds to &- 9(',or 0 = 0 if the figure in flipped).
R('calliiig tle results of the surface displacement of the problem studied by
Peiado and Fohis (19S9, see Figs. 14 and 15 of that paper). one concludes
that d(,bonding is most likely to take place at the lower side of the fiber.

see Fig. 131). It would be of great practical interest if one could pre-
dict a priori the critical applied stress ao0 which may cause a fiber/matrix
debonding to initiate and subsequently propagate and become a full size
delamlination crack (see Fig. 7 of Part II). In order to accomplish this, we
iuse the results of part II, in particular equations (29b and 33) and apply
theI at the position4 9 ' 0. Thus

3 "Notice that a,. is ; the same for 0 < 0 < 25.
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I(0.6GO-4 ) (9.595S) ( 4-1 (T, 0f 0(.i 12 2(

31. S146 V1 I'2&,u.

wiwre- the hist t (Till is dc to thle J)erIiodlCit\v of the fibers', the( thlir d Tenni1
(ltie to the local st ress Concenitrat ion fact or. (a is the radlils of the iii l(x.Jt i>1

lie t lickii- ,otes laycr. o tet 1aii ftefbr ,l2 Is the s ~c(il2X.

(7() G~.1SO X1 3 1 20 , 12.G

Ass ~i fibe lwi iicte1' of 0.001cm. a matrix sheair mioduilus of 2.1 CP'3 ;Ild at surlface (cilcr~'v of 2 1/ "/ foiel-1)Oi ljilt erfa(ts . ofle filli(',

hr ~~-j2 =5 ()L 2 \f 6
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A ppen dix

3 1roiii I-1rcSu)Ii (t. 81(11 l ( 19S-4

Ei1  13S;Pfi E1,E,=1-1.3&Th~

CT , CT vi= C , 3.9 G(l
I ~ ~11'i 1'j /2, .1

1 (>11= 139.G:3S1

3'. 3.900)

C'j3i 3.9002

C,2 1 .2 77 9

3 (323 9-14

3 C,3 ~15.27-79

CI > Co; -5.9

3 ill \ir\Vof wh~ich i r prograiii thlen givCS:

30.1 5.9440
10 5.9469
15 5.969S
20) 3.97-14
30 5.9739

345 5.9755
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I MICROMECHANICAL CONSIDERATIONS

P Is possible debonding
on this side

0I 90
U hole surface0

1imaginary interface 'g
stress profile

1 F'i ~.3 (b) Local geometry based on ricromnechanical considerations. (Po-

sition 6 90')
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I
I ON THE PREDICTION OF FAILURE AT A FIBER/MATRIX INTERFACE IN

A COMPOSITE SUBJECTED TO A TRANSVERSE TENSILE LOADI
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ABSTRACT

i This paper deals with the 3D stress field of a cylindrical fiber which is

embedded into a resin matrix. The composite is then subjected to a uniform

tensile load Yo. The strain energy release rate is computed and the criterion is

used to predict debonding initiation at the fiber/matrix interface. The3 analysis shows that this failure is most likely to occur at the free surface, ie the

region where the fiber intersects a free surface for example a hole, an edge, or3 a crack. Moreover, it will occur at approximately (1/10) the load value
required for the same failure to commense at the center of the fiber length.5 The results are also extended to include a doubly periodic array of fibers

which are embedded into a matrix. Based on 3D considerations, the stiffness
matrix is shown to increase as the volume fraction of the fibers increases.
Similarly, the stress Orr in the matrix is shown to decrease as the volume

fraction of the fibers increases.
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INTRODUCTION

a It is well recognized that fiber composite materials are very attractive
for use in aerospace, automotive and other applications. These composites

consist of relatively stiff fibers which are embedded into a lower stiffness
matrix. Although in most designs the fibers are aligned so that they are3 parallel to the direction of the external loads, it is almost impossible to avoid

induced transverse stresses which may lead to premature failure of the3laminate. An excellent example of this is the case of a filament wound
pressure vessel in which the presence of a curvature induces bending as well

I as transverse stresses (Folias, 1965). However, in order to be able to predict
their failing characteristics, particularly in the neighborhood of free surfaces
such as holes, edges etc., it is necessary to know the local stress behavior from

a 3D point of view.

An overall summary of some of the results, which are based on 2D
elasticity considerations can be found in the books bv Hull (1981) and by
Chamis (1975). In their pioneering work, Adams and Doner (1967) used finite3 differences to solve the problem of a doubly periodic array of elastic fibers
contained in an elastic matrix and subjected to a transverse load. TheirIresults reveal the dependence of the maximum principal stress versus the
constituent stiffness ratio (Ef/Em) for various fiber volume ratios. A few

years later, Yu and Sendeckyj (1974) used a complex variable approach to

solve the problem of multiple inclusions embedded into an infinite matrix.
Their results were subsequently specialized to cases of two and three

inclusions thus providing us with futher insight into the strength of the
composite. On the other hand, the separation of a smooth circular inclusion3 from a matrix was investigated by Keer, Dundurs and Kiattikomol (1973). By

using finite integral transforms, they were able to reduce the problem to that
of a Fredholm integral equation with a weakly singular kernel. Thus,

extracting the singular part of the solution, they were able to reduce the
remaining problem to a simpler one which lends itself to an effective

numerical solution. Their results are very general and are applicable to
various combinations of material properties and loads.

*3
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In this paper, use of the local, 3D, stress field will be made in order to

examine the dependence of the stress arr, in the matrix, on the ratio (Gf/Gm).

The strain energy release rate will then be computed in order to predict crack
initiation at the fiber/matrix interface. Particular emphasis will be placed inI the region where fibers meet a free surface as well as at the center of a fiber's

length.

a FORMULATION OF THE PROBLEM

ILet us consider a cylindrical fiber of homogeneous and isotropic

material, e.g. a glass fiber, which is embedded into a matrix of also
* homogeneous and isotropic material.

Futhermore, we assume the matrix to be a rectangular plate with finite3 dimensions 2w, 2/, and 2h as defined by fig. 1. For simplicity, we assume

a> 8 and a > 8. Such an assumption will guarantee that the boundary planes
a a£ x + w, and y = + will not effect the local stress field adjacent to the fiber.*
Thus, mathematically, one may consider the boundaries in the x and v3 directions to extend to infinity. As to loading, the plate is subjected to a
uniform tensile load cyo in the direction of the y-axis and parallel to the

bounding planes (see Fig. 1).

In the absence of body forces, the coupled differential equations

governing the displacement functions u' j) are

I ae(J) +V 2  u!j) =0, i 1,2,3, j=1,2, (1)

I 1-2 vj axi i

where V2 is the Laplacian operator, vj is Poisson's ratio, u! 1 ) and u( 2 ) represent
w r

the displacement functions in media 1 (matrix) and 2 (fiber) respectively, and

I I
e(j) = axi ; i=1,2,3; j=1,2. (2)

The strebs-displacement relations are given by Hooke's law as

This can be seen from the results which were recently reported by (Ponado and Folias (1989).
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_q) (i)(j) (j)
o! j + 2GI e 3)Ii i A ekk il

where Xj and Gj are the Lame' constants describing media 1 and 2.

THE SOLUTION FOR ONE FIBER

I A. Region where fiber intersects the free edge

5This problem was recently investigated by the author (Folias 1989) who
was able to recover, explicitly, the three dimensional stress field adjacent to
the surface of the fiber* . Without going into the mathematical details, the
displacement and stress fields for the matrix are given in terms of the local
coordinate system (see fig. 2) by:

(i) displacement field:

u(1) An p-1 sine {B [2 (1-vi) cos (c-1)0 - (x-1) sino sin(cx-2)O] (4)

-(+) [(1-2v1) sin (ox-1)0 + (x-1) sino cos (ox-2) o]} cos(2n6)

v(1 ) =An poc-1 cose {B [2 (1-vl) cos (ax-I) - ((x-1) sino sin(cx-2)0 ] (5)

S- (o+1) [(1-2vl) sin ((x-1) + (a-1) sino cos (W-2)0] }cos(2n0)

I w (1 )= An pet- 1 (B [- (1-2vl) sin (ax-1)0 + (x-1) sino cos (x-2) p ] (6)

3 - (+1) [2 (1-v1) cos (a-1) + (a-1) sino sin(ox+2) 0 ] }cos(2nO)

3 (ii) stress field:

I 0 rr = 2G(1 )(o-I) An pO-2 {B [ 2 cos (ox-2)0 - (a-2) sino sin(a-3)0] (7)

-(a+l) [sin ((x-2)0 + ((X-2) sino cos (W-3)0] } cos(2n0)
I(1) =4 i M ( -)A -

()0 1B cos (a-2)0 - (ox+1) sin((x-2)0} cos(2n0) (8)I
A similar analysis for a transversely isotropic fiber meeting a free surface has recently been

completed and the results will be reported soon.
5
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(1) (1) (a1an ~-

III = llll0lli1i),(, 2,

Ith
zz - 1G1 al npt2B (at-2) sino sin(a-3)0 (9)

+ (cc+]) [(at-2) sino cos ((x-3)0 - sin(or-2)0 ]} cos(2nO)

()2G(1 (a-1) An p°(- 2 {B [sin (cc-2), + (c-2) sino cos (a-3)0] (10)
"rz =

W o+1) (W-2) sino sin(a-3)0 I cos(2nO)

Tr{} =  {z =  0, 1)(2

where n =0,1,2,... and B is a function of the material constants and An is a
constant to be determined from the boundary conditions far away, from the

fiber*. In general, the characteristic value of uz depends on ihe material

constants of the fiber as well as of the matrix. A typical example is given in

fig. 3.

Upon examination of the stress field, the following remarks are worthy

of note. First, the stress field in the neighborhood where the fiber meets the

free surface is signular. Moreover, in the limiting case of a perfectly rigid

inclusion this singularity strength reaches the value of 0.2888. Second,
(1) (1) (1)

boundary conditions Z",xz , Tyz are satisfied as a consequence of the

odd functional behavior in 0, which points to the presence of a boundary

layer solution as one approaches the free surface. Third, on the free surface

the radial stress is (1/vi) times the circumpherential stress. This suggests,

therefore, that if a crack was to initiate, it would propagate along, (or very

very close to) the fiber/matrix interface. Clearly, the occurance of either

adhesive or cohesive failure will depend on the relative strengths of the

interface, of the fiber, and of the matrix. All things being equal, the analysis

shows the stresses to be highest at the interface, thus pointing to an adhesive

type of failure.

for one fiber n=0,1., while for a periodic extension n=0,1,2,..
6
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B. Interior region

The, 3D, stress field for this region has also been recovered by Penado

Iand Folias (1989) and the results for various (a/h) and (G2/G1) ratios may be

found in the literature. The results have subsequently been extended (Folias3 and Liu, 1990) to also include a layer of modified matrix around the fiber.
(1)an d  )

Thus for vl = 0.34, V2 = 0.22 and (G2/G1) = 16.67 the stresses Grr and at r

a and for all I z I < h are given in figs 4 and 5 respectively. Finally, fig. 6 (forI (1)
=0) shows the variation of the stress Orr as a function of the ratio (G2 /G1).

IINTERFACE FAILURE CLOSE TO THE FREE SURFACE

3 A closer inspection of the local stress field shows that a crack is most

likely to initiate at the location 0 = 0 and subsequently propagate along the

I fiber/matrix interface until it reaches a nominal value of the arc length

beyond which it will advance into the matrix. Moreover, once the crack

begins to propagate, it will simultaneously propagate along the interface and

parallel to the axis of the fiber (mode III). Thus, crack propagation will be

governed initially by a mode I failure and subsequently by a combination of

mode I and mode III failure. It is now possible for us to examine the first
stage of the failing process and to obtain an estimate of the debonded arc

I length as well as an estimate of the critical transverse stress for crack

initiation.

I As a practical matter, we will consider the special case of a glass fiber

embedded into an epoxy matrix with the following properties

I G1 = 2.10 GPa Vl = 0.34 (13)

G2 = 35.00 GPa V2 = 0.22.

Without going into the numerical details, the constants cx, A and B for this

example are found to be*

" The constant A has been determined by comparing the displacement w(lm, as well as the
(1)

stress arr at e = 0, at z = h and for (a/h) 0.5 with the work of Penado and Folias (1989).

n 7
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(x = 1.7511, G( 1) A aP- 2 = 0.6349 (O, B = 2.1302, (14)

where o now has the units of GPa. Thus, from equations (7)-(12) one has

(i)at 0=0 and0=0"

(1 (r- 0 .2 4 8 9
Orr = 4.0633 ao Fa(15)

OrrrS(1) (1)I 00 =V1 0 rr ,(16)

(i) at 0 =c/2 and 0 = 0:

S(1) = 1.9163 co ( hZ "0
2489  (17)

0 (1) o (1) (18)
a 0 0  rr

(1) ..02 3 (1)  (9rz 2930rr (19)

It is clear now from equations (15) and (16) that crack failure is most

likely to initiate and subsequently propagate along the fiber/matrix interface

rather than perpendicular to it. Similarly, equations (17) and (19) suggest thatI failure in the direction parallel to the axis of the fiber is dominated first by a

mode I and second by a mode III type of failure. It may also be noted that

a (1) attains a maximum at 0 = 0 and descreases as one travels along the

surface of the fiber.
Finally, based on 3D considerations, the stress field away from the

edges, z = ±h, and in the interior of the plate was shown to be non-singular3 (Penado and Folias 1989, Folias and Liu 1990) with*
(1) 0.4090 (1) = 0.4090 (1.4281 0o) = 0.5841 co, at 0 = 0 (20a)

S00 rr

These results are valid for a ratio of (a/h) = 0.05 and subject to the assumption that (a > 8

and (I/a) > 8 in which case the end boundaries in x and y have insignificant effects on the
local to the fiber stress field.

I
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at r = a and z = 0. Comparing this value with that of the corresponding plane

I strain solution

(1) v! (1)
C0O - r1-V rr = 0 "5 1 5 2 a ° '  atO=0 (2b)

one notices that it is approximately 13% higher in value due to the presence

3 of the stresses in the third dimension.

It is now possible for us to obtain an approximate criterion for de-

3 bonding along the fiber/matrix interface based on Griffith's theory of fracture.

Thus, following the work of Toya (1974), if one assumes the presence of an

interface crack of length 2ap3 and if futhermore takes into account the local 3D

stress field, then Toya's result may be written as

1 (1/16) (1.1337co )2 k a A1 (1+4 E2 ) it No Nosin 3 exp [2 c(i-[)] 2 71 2  (21)

U where

1 +k2(22)

1+k2 + (1+kl) (G2/G1)

3-4vi for plane strain

1 + Vi for plane stress

k f
AI -4G 1 1+k1+(1+k2)(G1/G2) (24)

1 [ 1 + k2 (G1/G2) 13 7 kl + (G1/G2) J (25)

--- 1 2(1-k) 1+k2(G1/G2) (26)
No = Go- k " k kl + (G1/G2) exp[(2E-i)]

5 1- (cos + 2e sin 3) exp [2F (nr-3)] + (1-k) (1 + 4E2 ) sin 2 (2

2-k-k (cos 3 + 2E sinp3) exp [2E (7r - 3] (27)

I9
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5 where No is the complex conjugate of No, 712 is the specific surface energy of

the interface and 13 the angle of debonded interface (see v , hile it is3 true that this type of approach does not provide results for the exact initiation

of an interface crack problem, ie from a condition of perfectly bonded interface

to that of a partially debonded interface, it does, howev-r, . ,'cie a very good

first approximation to this complex phenomenon. The author is well aware

of that and is presently continuing his work along such lines and with some

3 promise.

Upon rearranging, equation (21) can be written in the form*
I 2712)

2 -= (1.2853) F (vi, Gi; 13), (28)

3Go a

where F is a function of the material constants and the angle 13 of the

debonded interface. A plot of this equation for conditions of plane stress, as

well as of plane strain, is given in Fig. 8. In both cases the maximum occurs atD13 = 600. Beyond this angle, the crack will gradually curve away from the

interface and into the matrix.5 In order for us to obtain an estimate for the critical stress for crack

initiation we let 3 -4 0+ , ie very small but not zero. Thus, for our example

I ('O)cr 2a3 = 1.8186 qy 12 G1; at z = 0. (29a)

I On the other hand, in the neighborhood of the free surface, the applied stress

is much higher because of the singularity presence. In order to overcome this3 difficulty, one may average the local stress over a distance equal to 10% of that

of the radius, ie.I

I * It should be noted that at the crack ends the stress field oscillates and that some overlap of

the crack faces takes place. This matter is well recognized and has been documented by
Williams (1952), Rice et al. (1965) and England (1965). The region where this occurs, however,
is so small (less than a x 10-3) that eq. (28) provides a good approximation.

10
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I((O)eff = (0.1a) 0"1a(4.0633 co) d4 (30)

= 9.5958 (Yo .

Thus*

I (9.5958 O)cr -2aP = 1.8146 /712 G1; atz=_h. (29b)

I Combining next eqs. (29a) and (29b) one finds

U (aYo)cr lat z=h -0.10, (31)

3 (ao)cr lat z=0

ie. the critical loading stress which may cause failure close to a free surface is5 approximately (1/10) of the critical stress required to cause the same failure at

the center of the fiber's length. Thus, all things being equal, a crack will3 initiate at the free surface and will propagate along the periphery of the

fiber/matrix interface as well as parallel to the axis of the fiber.

Focusing next our attention on the advancement of the crack along the

periphery of the fiber we conclude that the crack will advance itself to a

cricital angle of 3 600. Once the crack has reached 0 = 600, the local

geometry is similar to that of a hole. This problem has also been investigated
for the, 3D, stress field close to a free surface (Folias, 1987), as well as in the

I interior of the plate (Folias and Wang 1986). Without going into the details,
at z=h, it was found that

1 (1)a00
(1) (1+vl) = -1.34, (32)

Ir
suggesting, therefore, that the failure now is governed by the stress (1) which

attains its maximum value at 0 = ic/2. Thus, the crack will begin to curve into

The reader may notice that the right hand side of equation (29b) differs from (29a) because it
is based on plane stress.1 11
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U the matrix until its direction becomes perpendicular to that of the applied

load.

PERIODIC ARRAY OF FIBERS

I The previous results were based on the presence of one fiber only. It is

now desirable to extend these results to also include a doubly periodic array of

3 fibers which are embedded into a matrix. For this reason, we assume, a

periodic arrangement of the type shown in fig. 9. Following the same method

3 of solution as that of Penado and Folias (1989), one finds* at z=0 the stresses

7(1)and b), for v1 = 0.34, v2 = 0.22 and various (G2/G1) ratios, shown in figs.rr0

3 6 and 10. Two observations are worthy of note. First, beyond a certain ratio of

(G2/G1) the stress 1rr reaches an asymptotic value. Such trend was also

3 found by Adams (1967) based on 2D considerations. Second, as the volume of

fibers increases the stress 0(1) decreases by as much as 40('> (see fig. 11).
rr

Finally, in fig. 12 we plot the stiffness ratio versus the fiber volume fraction

Vf.

3 Returning next to the strain energy release rate, equation (21) is still a

good approximation provided that ao is replaced by the following effective

* load stress

effective periodic o(1) o ; for z=O. (33)I (atf~ = o

Unfortunately, in order to obtain a similar expression for z=h, one needs to

establish whether the order of the singularity strength increases as adjacent

3The results are valid for all fibers which are at least four diameters away from the bounding

planes x = + w and y = + / The solution and the details are similar to those discussed by Penado

and Folias (1989) except that one now has cos(2n0), n= 0,1,2..., where the remaining unknown
coefficients are determined from the boundary conditions of the geometrical cell
configuration. The present results, are based on n = 0,..., N = 20 terms which provide accurate
results in the region I z/h I< 1/2. However, many more terms are needed in oTder to obtain
accurate results particularly in the neighborhood of z = ± h. We are presently woiking on this
and the results for this problem, as well as for the problem of stresses due to temperature
missmatch, will be reported in the near future.

-I 12
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I fibers approach the fiber in question. In view of some previous work the
author conjectures that this may very well be the case. Thus, the following
fundamental questions come to mind. How close must adjacent fibers be
before the order of the singularity strength is affected? Does a certain
separation distance or a certain periodic array of fibers exists which leads to an
optimal state of stress? Based on 3D considerations, Penado and Fulias (1989)3 have shown that when fibers are placed four fiber diameters apart, center to
ccnter, practically all fiber interactions have subsided, including those at the
free surface z=h. The author suspects, however, that when fibers are placed
two diameters apart, center to center, the singularity strength will be affected.
Naturally, this is a conjecture that needs to be investigated.

CONCLUSIONS

1 Based on a 3D analytical solution, we have shown that fiber/matrix
debonding is most likely to occur close to a free surface. Thus, regions where5fibers intersect free surfaces, eg. holes, cut outs, edges, cracks etc. are potential
trouble spots. Moreover, the strain energy release rate (eq. 28) may be used to
predict crack initiation in the center of the fiber length (eq. 29a), as well as at
the free surface (eq. 29b). Moreover, fiber/matrix debonding at a free surface
will occur at approximately (1/10) the load value required for the same type of
failure to occur at the center of the fiber length. Such information on crack
initiation is particularly important for the proper understanding of damage
evolution.

Alternatively, the strain energy release rate for a periodic array of fibers
of the type shown in fig. 9 may, at z=0, be approximated by eq. (28) in
conjunction with eq. (33). A similar expression applicable to the3 neighborhood of the free surface requires that one must first establish
whether the strength of the singularity is indeed affected as the fiber volume3 increases. For Vf < 0.05, however, it has been shown* that no such interaction
effects are present.

As a final remark, we note that if the bond at the interface does not fail
the analysis shows that there exists a stress magnification factor in the resin
which attains a maximum between the fibers. This maximum stress

See Panado and Folias (1989).3 13
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I magnification occurs along the line 0 = 00 and at a distance r = 1.2a from the

center of the fiber".
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I FIGURE CAPTIONS

3 Fig. 1. Geometrical and loading configuration.

Fig. 2. Definition of local coordinates.

Fig. 3. Singularity strength for isotropic fiber and isotropic matrix

3 versus G2/G1.

Fig. 4. Stress c(1at r=a, 0=0 and for Vl = 0.34, V2 = 0.22 and (G2/GI) =

16.67, accross the thickness.

I Fig. 5 Stress (01) at r=a, 0=0 and for vl = 0.34, v2 = 0.22 and (G2/G1) =

i 16.67, across the thickness.

Fig. 6 Stress -(1 )at r=a, 0=0 and for Vl = 0.34, v2 0.22, versus the ratio

(G2/Gi).

Fig. 7 Fiber/matrix interface crack under transverse loading.

Fig. 8 Strain energy release rate for plane stress and plane strain

conditions for vl = 0.34, V2 = 0.22 and (G2/G1) = 16.67.

Fig. 9 Periodic array of fibers of length 2h, embedded into a matrix.

Fig. 10 Stress (1)at r=a, 0=0 and for vl = 0.34, v2 = 0.22, versus the ratio

3 (G2/G1).

Fig. 11 Stress 0() at r=a, versus Vf, for (G2/G1) = 16.67 vl = 0.34, v2 =
"I

0.22.

I Fig. 12. Stiffness ratio versus Vf for (G2/G1) = 16.67, vl = 0.34 and V2 =

0.22.
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