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ON THE PREDICTION OF CATASTROPHIC FAILURES IN PRESSURIZED VESSELS

E. S. Folias

University of Utah, Salt Lake City, Utah 84112, USA

ABSTRACT

Using a Dugdale-type model, the size of the plastic zone
ahead of the crack tip is estimated, and a fracture criterion in-
corporating geometry and plasticity corrections is suggested.
This criterion predicts failures in pressurized vessels of arbi-
trary shape by knowing only shell geometry, material properties
and crack size. A comparison with some of the experimental data
in existing literature substantiates the validity of the fracture
criterion and its potential use.

INTRODUCTION

Experience has taught us that when a sharp object penetrates
a pressurized balloon two things may occur: (i) if the hole is
small the balloon loses pressure; (ii) if the hole is large the
balloon explodes. One conjectures, therefore, that for a given
pressure there exist a critical flow size beyond which the balloon
fails catastrophically and vice versa. In fact, one may further
conjecture that the critical pressure is a function of the mate-
rial properties, the geometry of the structure and the flaw shape
and size.

Thin-walled pressure vessels do resemble balloons and like
balloons are subject to puncture and explosive loss. For a given
material, under a specified stress field due to internal pressure,
there will be a crack length in the material which will be self-
propagating. Crack lengths less than the critical value will
cause leakage but not destruction. However, if the critical
length is ever reached, either by penetration or by the growth of
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a small fatigue crack, an explosion and complete loss of the

structure may occur. The subject of eventual concern therefore
is to assess analytically the relation between critical pressure
and critical crack lengths in sheets which are initially curved.

GENERAL THEORY

Let us consider a portion of a thin, shallow shell*, of con-
stant thickness h, subjected to an internal pressure q(x,y)
and containing a through the thickness line crack of length 2c.
In addition, we shall limit our considerations to elastic, iso-
tropic and homogeneous segments of shells which are subjected to
small deformations.

The basic variables in the theory of shallow shells are the
displacement function w(x,y) in the direction of the z axis and
a stress function F(x,y) which represents the stress resultants
tangent to the middle surface of the shell. Following Marguerre
[2], the coupled differential equations governing w and F, with
x and y as rectangular Cartesian coordinates of the base plane,
are given by
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where wo(x,y) describes the initial shape of the shell in ref-

erence to that of a flat plate and D and E the flexural
rigidity and Young's modules respectively.

A theoretical attach of the general problem for an arbitrary
initial curvature presents formidable mathematical complexities.
However, for spherical and cylindrical shells, exact solutions
have been obtained in an asymptotic form and the results can be
found in references [3] - [11]. For other more complicated shell
geometries, the results can be obtained by a proper superposition
of the above two solutions [10].

Without going into the mathematical details, the stress dis-
tribution around the crack tip for a symmetrical loading is found
to be: '

*According to Ogibalov [1], a shell will be called shallow if the
least radius of curvature is greater by one order of magnitude
than the linear dimensions, i.e. L/R < 0.1; and thin if

h/R < 0.01.
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Extensional stresses--through the thickness:
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Bending stresses—-on the "tension side' of the shell:
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where V is Poisson's ratio and (r,0) are the polar coordinates

around the crack tip. The stress coefficients P(e) and P(b)

are functions of the crack size, geometry of the shell, material
properties and loading characteristics. While their exact behav-
ior can be found in reference [10], for certain simple loadings
one may approximate them within a 7% error by the relations* of
Table 1,

*The expressions in this table are valid for all A.
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TABLE 1

Long cylinder axial crack SRS
p(®) ~ |1 + 0.317)2 (q R/h)

=D o) L g

Long cylinder peripheral (e) - !
crack P'¢ ~\|1 + 0.05)\? (qOR/Zh)

QI >® o g

Spherical cap

IR @

p(®) ~\1 + 0.46622 (q R/2h)

p(®) ~ o

where for convenience we have defined R t6 be the radius of
curvature and

/ /
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It must be emphasized that classical bending theory has been
used in deducing the foregoing results. Herce it is inherent
that only the Kirchhoff equivalent shear ftee condition is satis-—
fied along the crack, and not the vanishing of both individual
shearing stresseés. While outside the local region the stress
distribution should be accurate, one might expect the same type
of discrepancy to exist near the crack point as that found by
Knowles and Wang [12] in comparing Kirchhoff and Reissner bending
results for a flat plate. In this case the order of the stress
singularity remained unchanged but the angular distribution around
the crack changed so as to precisely be the same as that due to
solely extensional loading.

Recently, Sih and Hagendorf [13] investigated this matter
further by deriving an improved theory of shallow shells which
incorporates the effect of a transverse shear deformation. As
expected, their results showed that classic theory cannot ade-
quately predict the exact angular dependence of the bending
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stresses in the vicinity of a crack. However, in general, these
bending stresses are so small when compared to the extensional
stresses that can be neglected. On the other hand, for very long
cracks such contributions become significant and consequently may
no longer be neglected. Unfortunately, in such cases bulging
effects become extremely important and any theory, whether classic
or shear, is inadequate.

ELASTIC BRITTLE FRACTURE

From the foregoing discussion it becomes apparent that ini-
tially curved sheets containing through cracks present a reduced
resistance to fracture initiation. Consequently, the presence of
a crack in the walls of a pressure vessel can severely reduce the
strength of the structure and can cause sudden failure at nominal
tensile stresses less than the material yield strength. To en-
sure, therefore, the integrity of a structure, the designer must
be cognizant of the relation that exists between fracture load,
material properties, flow shape and size and structural geometry.

The principal task, however, of Fracture Mechanics is pre-
cisely the prediction of failure due to the presence of sharp
discontinuities. Specifically, the approach is based on a cor-
ollary of the first law of thermodynamics which was first applied
to the phenomenon of fracture by Griffith [14]. His hypothesis
was that the total energy of a cracked system subjected to exter-
nal loading remains constant as the crack extends an infinitesimal
distance. That is

ou .
;gs em _ (10)

Following the work of Griffith, the total energy of the
system is given by

= 11
Usystem Uloading t Usurface * Ustrain’ an

where the increase in strain energy due to the presence of the
crack may be calculated by considering the discontinuity in the
v-displacement across the crack. In particular

U o ‘ o (x 0)(v+ - v )dx (12)
strain 2 . ’ ’ ‘ '

which in view of the results of ref. [3] now becomes

' ) 12
v, =g HP(E)T +% (1 + \))Z[P(b),' } (13)
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Thus for crack instability

strain

bye = - —STER (14)

where Y is the surface energy per unit area, or

2
bye = e { } +

E
(e) (b)
+ 2 % c2 {P(e) ———dzc +% A + vy2p® ———‘ﬂ;c }

P(e):|2 +% 1+ v)? lP(b)

(15)

The reader should notice that as R - « the elastic fracture
criterion for flat plates is recovered.

PLASTICITY CORRECTION

Due to the presence of high stresses in the vicinity of the
tip of a crack, when the appropriate yield criteriomn is satisfied
then localized plastic deformation occurs and a plastic zone size
is created. This phenomenon effectively increases the crack
length and therefore must be accounted for. Following Dugdale
[15], the size of the plastic zone (see fig. 1) is determined by
the relation

[+ ma
P cos[—z—a—} (16)
e y

where 2ce is the effective crack length and Gy the yield

stress of the material. This relation, however, applies only to
a perfect elasticplastic non-strain-hardening material. Subse-
quently, McClintock [16] has suggested that a strain-hardening
material may be approximated by an ideally, plastic one if a
stress higher than the yield stress and lower than the ultimate
stress is chosen. In particular, the author suggests the value

1 o + 0
o% = 3 {Oy + —Li'—u}. (17)

Correcting, therefore, the Griffith-Irwin equation so as to
include plasticity and geometry effects one has

P(e) = ggi-cos_l[éxp[— §g§;€}}. (18)
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where K represents the fracture toughness of the material. It
is interesting to note that one may also treat 0% and K as
floating constants to be determined from scaled-down models.

EXPERIMENTAL VERIFICATION

In general, a theory is inadequate unless there exists ex-
perimental evidence to substantiate its validity and its poten-
tial use. Therefore, in the following we compare our results with
some of the experimental data existing in literature.

L R. P. Sopher, A. L. Lowe, D. C. Martin, and P. J. Rieppel,
Evaluation of weld joint flaws on initiating points of
brittle fracture, Welding J. (Nov. 1959), p. 4415. The re-
sults of tests on 9-ft-diameter, 3/4-in.-thick spheres
with full thickness cracks are given.

Material: ABS-B Steel
Gy: 30.7 ksi, 0% = 37.9 ksi
Ou: 59.4 ksi, K= 102.0 ksi in

The results are plotted in fig 2. The agreement is very good.

2 o R. B. Anderson and T. L. Sullivan, Fracture mechanics of
through-cracked cylindrical pressure vessels. NASA TN D-3252.
This paper gives results of tests on 6-in.-diameter, 0.060-
in.-thick cylinders with full thickness cracks.

Material: 2014-T6Al
Gy: 90.5 ksi, o% = 91.9 ksi
Ou: 93.9 ksi, K = 51.6 ksi in

The results are plotted in fig. 3. The agreement is good.

W. H. Irvine, A. Quirk and E. Bevitt, Fast fracture of pres-
sure vessels: An appraisal of theoretical and experimental
aspects and application to operational safety. J. Brit.
Nucl. Energy Soc. (Jan. 1964). The results of test on 5-ft-
diameter, l-in.-thick, cylindrical vessels with through-
cracks are given.

Material: 0.36% C Steel
Oy: 33 ksi, 0% = 40 ksi
Gu: 61 ksi, K= 179 ksi in
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Fig. 4. Comparison between theory and experiment for
0.36% C steel cylindrical vessels.
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The results are plotted in fig. 4. The agreement is fairly
good.

Comparison with other experimental data available in the litera-
ture leads to equally good agreements.

CONCLUSIONS

The close agreement between the theoretically predicted frac-
ture strengths and the experimental data suggests that eq. (18)
may be used to predict failures in pressurized vessels knowing
only the structural geometry, the crack length, the ultimate and
yield stresses, and the fracture toughness of the material.

An interesting point, however, should be stressed. It seems
from the above examples that for very small crack lengths the
cosine angle is greater than T/2 and the criterion, therefore,
fails. This failure is due to the fact that the material, at
least local to the crack, undergoes considerable strain-hardening
and as a result the fracture hoop stress is higher than o%. At
the present time there are no adequate criteria to handle this
problem.

Recently, using a slightly different model than that of
Dugdale's, the author was able to derive* a more accurate fracture
criterion which for very small crack lengths shows better agree-
ment with experimental observations. On the other hand, for
larger crack lengths the predicted results are very close to those
of eq. (18).

As an example, for a long cylindrical pressure vessel con-
taining an axial crack the more accurate fracture criterion gives

the hoop stress o, as

1+ 0.317>\2{1—‘9i]2 lie
A - o | (19)

(0} = O* P2
h 1 + 0.317)2 H

o

where o is the ratio of the actual to the effective crack
length, ie

_ k>
gal qg 0955 20)
e

Although eq. (19) will yield more accurate results, it does re-
quire some rather lengthy calculations.

*For details see ref. [17].




416

In addition to the external applied loads, pressure vessels
are also subjected to vibrations. Consequently, an investigation
was carried out ref. [18] in order to assist analytically what
effect, if any, do vibrations have on the mechanism of fracture.
The analysis has shown that in general transverse vibrations re-
duce the stress intensity factor. However, when the forcing fre-
quency approaches the natural frequency of the uncracked shell,
the stress intensity factor increases without bound. This phe-
nomenon coupled with the usual 1Ax" singular behavior, causes
the pressure vessel to fail at nominal values even lower than the
yield stress.
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DISCUSSION by D. Radenkovic, Ecole Polytechnique, France

The solutions of Marguerre's equations presented in this com—
munication will prove certainly very useful in the applications
where membrane forces are predominant - the experimental results
quoted by the author show this clearly. However, I would like to
point cut that on the vicinity of the crack tip the work of shear-
ing forces cannot be neglected as a rule; in order to take it into
account, on the calculations concerning through-cracks on plates
and shells, it is necessary to use a theory of Reissner's type.

In this way, by a local analysis, Radenkovic and Bergez [1,2]
were able to define the five intensity factors which, in the gen-
eral case, resume at the crack tip, the shell geometry and the
loading. Once these factors are clearly defined, the solution of
the global problem, which permits to find their values, can be
obtained by numerical methods.
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[2] Bergez, D. and Radenkovic, D., "On the definition of stress-
intensity factors in cracked plates and shells", Proc. 2nd
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pp. 1089-1096, 1973.

AUTHOR'S CLOSURE

Yes, this inadequacy was also pointed out by the author in
the paper. I would furthermore 1ike to add that in the case of y
spherical shells, Sih and Hagendorf upon deriving a higher order
theory, they were able to explain precisely this very point.
Their results were reported at the Symposium on Thin Shell Struc-
tures, 1972. (See author's paper for reference).
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