A Primer on Stochastic Partial Differential
Equations

Davar Khoshnevisan*

Department of Mathematics, The University of Utah,
Salt Lake City, UT 84112-0090,

Email: davar@math.utah.edu

URL: http://wuw.math.utah.edu/~davar
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1 What is an SPDE?

Let us consider a perfectly even, infinitesimally-thin wire of length L. We lay
it down flat, so that we can identify the wire with the interval [0, L]. Now we
apply pressure to the wire in order to make it vibrate.

Let F(t,z) denote the amount of pressure per unit length applied in the
direction of the y-axis at place z € [0, L]: F' < 0 means we are pressing down
toward y = —oo; and F' > 0 means the opposite is true. Classical physics tells
us that the position u(t, z) of the wire solves the partial differential equation,

Ou(t, ) Ka%(t , )

T o TE(tr)  (t20,0<2 <), (1)

where & is a physical constant that depends only on the linear mass density

and the tension of the wire.
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Equation (1) is the so-called one-dimensional wave equation. Its solution—
via separation of variables and superposition—is a central part of the classical
theory of partial differential equations.

We are interested in addressing the question, “ What if F' is random noise”?
There is an amusing interpretation, due to Walsh [30], of (1) for random noise
F: If a guitar string is bombarded by particles of sand, then the induced
vibrations of the string are determined by a suitable version of (1).

It turns out that in most cases of interest to us, when F' is random noise,
Equation (1) does not have a classical meaning. But it can be interpreted as
an infinite-dimensional integral equation. These notes are a way to get you
started thinking in this direction. They are based mostly on the Saint-Flour
lecture notes of Walsh from 1986 [30, Chapters 1-3]. Walsh’s lecture notes
remain as one of the exciting introductions to this subject to date.

2 Gaussian random vectors

Let g :== (g1,---,9,) be an n-dimensional random vector. We say that the
distribution of g is Gaussian if t-g := Z?Zl t;g9; is a Gaussian random variable
for all t := (t1,...,t,) € R™. It turns out that g is Gaussian if and only if
there exist u € R™ and an n X n, symmetric nonnegative-definite matrix C
such that

E [exp (it - g)] = exp <it TR %t . Ct) . (2)

Exercise 2.1. Prove this assertion. It might help to recall that C' is nonneg-
ative definite if and only if £- Ct > 0 for all £ € R™. That is, all eigenvalues
of C' are nonnegative.

3 (Gaussian processes

Let T be a set, and G = {G(¢)}:er a collection of random variables indexed
by T. We might refer to G as either a random field, or a [stochastic] process
indexed by T.

We say that G is a Gaussian process, or a Gaussian random field, if
(G(t1),...,G(tx)) is a k-dimensional Gaussian random vector for every
t1,...,tx € T. The finite-dimensional distributions of the process G are the
collection of all probabilities obtained as follows:

Mty ..t (Al Sy Ak) =P {G(tl) S A1 Sy G(tk) S Ak} s (3)

as Ai,..., A, range over Borel subsets of R and k ranges over all positive
integers. In principle, these are the only pieces of information that one has
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about the random process G. All properties of G are supposed to follow from
properties of these distributions.

The consistency theorem of Kolmogorov [19] implies that the finite-
dimensional distributions of G are uniquely determined by two functions:

1. The mean function u(t) := E[G(t)]; and
2. the covariance function

C(s,t) := Cov(G(s),G(t)).

Of course, p is a real-valued function on 7', whereas C' is a real-valued function
onT xT.

Exercise 3.1. Prove that if G is a Gaussian process with mean function p
and covariance function C' then {G(t) — u(t) }ter is a Gaussian process with
mean function zero and covariance function C.

Exercise 3.2. Prove that C is nonnegative definite. That is, prove that for
all t1,...,tp € T and all z1,...,2; € C,

> C(ty )27 > 0. (4)

j=11=1

Exercise 3.3. Prove that whenever C' : T' x T' — R is nonnegative definite
and symmetric,

|C(s,t)|* < O(s,s) - C(t,t) for all s,t € T. (5)
This is the Cauchy-Schwarz inequality. In particular, C(t,t) > 0 for all t € T.

Exercise 3.4. Suppose there exist E, F C T such that C(s,t) = 0 for all
s € E and t € F. Then prove that {G(s)}ser and {G(¢)}ier are indepen-
dent Gaussian processes. That is, prove that for all s1,...,s, € E and all
ti,. o ytm € F, (G(s1),...,G(sn)) and (G(t1),...,G(ty)) are independent
Gaussian random vectors.

A classical theorem—due in various degrees of generality to Herglotz,
Bochner, Minlos, etc.—states that the collection of all nonnegative definite
functions f on T' x T matches all covariance functions, as long as f is sym-
metric. [Symmetry means that f(s,t) = f(t,s).] This, and the aforementioned
theorem of Kolmogorov, together imply that given a function p: T — R and
a nonnegative-definite function C' : T'xT — R there exists a Gaussian process
{G(t) }+er whose mean function is p and covariance function is C.
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Ezample 3.5 (Brownian motion). Let T = Ry := [0,00), u(t) := 0, and
C(s,t) := min(s,t) for all s,t € R. I claim that C is nonnegative definite.
Indeed, for all z1,...,2; € C and t1,...,t >0,

k k
Zmet],tl iz = ZZZ Zl/ 1jo,,)(2) 10,1, () dz:

Jj=11=1 Jj=11=1
i 2 (6)

= /O Zl[o)tj](x)zj dl‘,

j=1

which is greater than or equal to zero. Because C' is also symmetric, it must be
the covariance function of some mean-zero Gaussian process B := {B(t) }+>0.
That process B is called Brownian motion; it was first invented by Bachelier
[1].

Brownian motion has the following additional property. Let s > 0 be fized.
Then the process {B(t+s) — B(s) }1>0 is independent of { B(u) }o<u<s. This is
the socalled Markov property of Brownian motion, and is not hard to derive.
Indeed, thanks to Exercise 3.4 it suffices to prove that for all ¢ > 0 and
0<u<s,

E[(B(t +5) — B(s))B(u)] = 0. (7)

But this is easy to see because

E[(B(t+ s) — B(s))B(u)] = Cov(B(t + s), B(u)) — Cov(B(s), B(u))
=min(t + s,u) — min(s, u) ®)

=UuUu—u

=0.

By d-dimensional Brownian motion we mean the d-dimensional Gaussian
process B := {(B1(t),...,Bq(t)) }+>0, where By, ..., By are independent [one-
dimensional] Brownian motions.

Exercise 3.6. Prove that if s > 0 is fixed and B is Brownian motion,
then the process {B(t + s) — B(s)}i>0 is a Brownian motion independent
of {B(u)}o<u<s. This and the independent-increment property of B [Exam-
ple 3.5] together prove that B is a Markov process.

Ezample 3.7 (Brownian bridge). The Brownian bridge is a mean-zero Gaus-
sian process {b(x)}o<z<1 With covariance,

Cov(b(x),b(y)) := min(z,y) — zy forall 0 <z,y <1. (9)

The next exercise shows that the process b looks locally like a Brownian
motion. Note also that (0) = b(1) = 0; this follows because Var(b(0)) =
Var(b(1)) = 0, and motivates the ascription “bridge.” The next exercise ex-
plains why b is “brownian.”
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Exercise 3.8. Prove that if B is Brownian motion, then b is Brownian bridge,
where

b(z) :== B(z) —zB(1) forall 0 <z <1. (10)
Also prove that the process b is independent of B(1).

Ezample 3.9 (OU process). Let B := {B(t)}+>0 denote a d-dimensional Brow-
nian motion, and define

B t
X(t) = Ee ) for all ¢ > 0. (11)
et/2
The coordinate processes X1, ..., Xy are i.i.d. Gaussian processes with mean

function u(t) := 0 and covariance function

Bl (68) B1 (et)
e(s+2€)/2

C(s,t) =E [ )

=exp (—1|s—t]).

Note that C(s,t) depends on s and ¢ only through |s — t|. Such processes
are called stationary Gaussian processes. This particular stationary Gaussian
process was predicted in the works of Dutch physicists Leonard S. Ornstein
and George E. Uhlenbeck [29], and bears their name as a result. The existence
of the Ornstein—Uhlenbeck process was proved rigorously in a landmark paper
of Doob [10].

Ezample 3.10 (Brownian sheet). Let T := RY := [0,00)", p(t) := 0 for all
t e Rf , and define

N
C(s,t):= H min(s; ,t;) for all s,t € RY. (13)
j=1

Then C' is a nonnegative-definite, symmetric function on Rf X Rf , and the
resulting mean-zero Gaussian process B = {B (t)}teRf is the N-parameter
Brownian sheet. This generalizes Brownian motion to an N-parameter ran-
dom field. One can also introduce d-dimensional, N-parameter Brownian
sheet as the d-dimensional process whose coordinates are independent, [one-
dimensional] N-parameter Brownian sheets.

Ezample 3.11 (OU sheet). Let {B(t)}teRf denote N-parameter Brownian
sheet, and define a new N-parameter stochastic process X as follows:

B(e, ... eN)

X) = on

for all t := (t1,...,ty) € RY. (14)

This is called the N-paramerter Ornstein—Uhlenbeck sheet, and generalizes the
Ornstein—Uhlenbeck process of Example 3.9.
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Exercise 3.12. Prove that the Ornstein—Uhlenbeck sheet is a mean-zero, N-
parameter Gaussian process and its covariance function C(s,t) depends on

(s,t) only through |s —¢| := Zf\il lsi — ti|.

Ezample 3.13 (White noise). Let T := Z(R") denote the collection of all
Borel-measurable subsets of RY, and u(A4) := 0 for all A € Z(RY). De-
fine C(A, B) := AN(A N B), where AV denotes the N-dimensional Lebesgue
measure. Clearly, C' is symmetric. It turns out that C' is also nonnega-

tive definite (Exercise 3.14 on page 10). The resulting Gaussian process
W = {W(A)} scmmn) is called white noise on RY.

Exercise 3.14. Complete the previous example by proving that the covari-
ance of white noise is indeed a nonnegative-definite function on Z(RY) x
ZBRN).

Exercise 3.15. Prove that if A,B € #(RY) are disjoint then W(A) and
W (B) are independent random variables. Use this to prove that if A, B €
Z(RN) are nonrandom, then with probability one,

W(AUB) = W(A) +W(B) - W(AN B). (15)

Exercise 3.16. Despite what the preceding may seem to imply, W is not a
random signed measure in the obvious sense. Let N = 1 for simplicity. Then,
prove that with probability one,

2" 1

. (li—-1 g
1 -
Jm, 2 W({ TR 2D

Use this to prove that with probability one,

T(C0) R

Conclude that if W were a random measure then with probability one W
is not sigma-finite. Nevertheless, the following example shows that one can
integrate some things against W.

g 1. (16)

2" —1

lim E
n—oo
j=0

Ezample 3.17 (The isonormal process). Let W denote white noise on RYM. We
wish to define W (h) where h is a nice function. First, we identify W (A) with
W(14). More generally, we define for all disjoint Ay,..., 4y € Z(RYN) and
c1,...,¢ck € R,

k k
WD eida, | =) ¢ W(A)). (18)
j=1 j=1
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The random variables W (A, ), ..., W(A}) are independent, thanks to Exercise
3.15. Therefore,

2

k k
>l =>4l
j=1

L?(P)
, (19)

L2(RN)

Classical integration theory tells us that for all h € L?2(R"™) we can find h,
of the form Z o cjnlA such that Ay ,,..., Agmyn € BRN) are disjoint
and ||h— Ry p2r~vy — 0 as n — oco. This, and (19) tell us that {W(h,)}32, is
a Cauchy sequence in L?(P). Denote their limit by W (h). This is the Wiener

integral of h € L?(RY), and is sometimes written as [ hdW [no dot!]. Its key
feature is that _
o)

That is, W : L*(RN) — L?(P) is an isometry; (20) is called Wiener’s isometry
[32]. [Note that we now know how to construct the stochastic integral [ hdW
only if h € L?*(RY) is nonrandom.] The process {W(h)}heLz(RN) is called
the isonormal process [11]. It is a Gaussian process its mean function is zero;

and its covariance function is C(h,g) = [z~ h(z)g(x) dz—the L*(R"Y) inner
product—for all h,g € L?(RY).

= |2/l 2wy (20)

L*(P)

Exercise 3.18. Prove that for all [nonrandom] h,g € L*(R") and a,b € R,

/(ah+bg)dW:a/de+b/de, (21)

almost surely.

Exercise 3.19. Let {hj}]‘?‘;l be a complete orthonormal system [c.0.n.s.] in
L*(RYN). Then prove that {W(h;) 22 is a complete orthonormal system in
L?(P). In particular, for all Gaussian random variables Z € L?*(P) that are
measurable with respect to the white noise,

= a;W(h; almost surely, with a,; := Cov ,' i), 22
Z=3a;W(hy) al ly, with a;:=Cov(Z,W(hy)), (22)

and the infinite sum converges in L?(P). This permits one possible entry
into the “Malliavin calculus.” For this, and much more, see the course by D.
Nualart in this volume.
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Exercise 3.20. Verify that (18) is legitimate. That is, prove that if By,..., By €
Z(RN) are disjoint, then

2 ¢
114 Z cily, | = 174 (Z dllBl> almost surely, (23)
=1 1=1

provided that di,...,d; € R satisfy Z?Zl cjla;, = Zle dilp,.

4 Regularity of random processes

Our construction of Gaussian processes is very general. This generality makes
our construction both useful and useless. It is useful because we can make
sense of fundamental mathematical objects such as Brownian motion, Brow-
nian sheet, white noise, etc. It is useless because our “random functions,”
namely the Brownian motion and more generally sheet, are not yet nice ran-
dom functions. This problem has to do with the structure of Kolmogorov’s
existence theorem. But instead of discussing this technical subject directly,
let us consider a simple example first.

Let {B(t)}+>0 denote the Brownian motion, and suppose U is an inde-
pendent positive random variable with an absolutely continuous distribution.

Define
B(t) = PO AU, (24)
5000 ift=U.

Then B’ and B have the same finite-dimensional distributions. Therefore, B’
is also a Brownian motion. This little example shows that there is no hope of
proving that a given Brownian motion is, say, a continuous random function.
[Sort the logic out!] Therefore, the best one can hope to do is to produce a
modification of Brownian motion that is continuous.

Definition 4.1. Let X and X' be two stochastic processes indexed by some
set T. We say that X' is a modification of X if

P{X't)=X#)}=1 forallteT. (25)

Exercise 4.2. Prove that any modification of a stochastic process X is a
process with the same finite-dimensional distributions as X. Construct an
example where X' is a modification of X, but P{X' = X} = 0.

A remarkable theorem of Wiener [31] states that we can always find a
continuous modification of a Brownian motion. According to the previous
exercise, this modification is itself a Brownian motion. Thus, a Wiener process
is a Brownian motion B such that the random function ¢ — B(¢) is continuous;
it is also some times known as standard Brownian motion.
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4.1 A diversion

In order to gel the ideas we consider first a simple finite-dimensional example.
Let f € L*(R) and denote its Fourier transform by .% f. We normalize the
Fourier transform as follows:

(oo}

(ZF)(z) = / e f(z)dr for all z € R. (26)

—00

Let # (R) denote the collection of all f € L'(R) such that f € L'(R)
as well. The space # is the so-called Wiener algebra on R. If f € #(R),
then we can proceed, intentionally carelessly, and use the inversion formula
to arrive at the following:

f(x) 1/00 (T 1) () d. (27)

:% .

It follows readily from this and the dominated convergence theorem that f
is uniformly continuous. But this cannot be so! In order to see why, let us
consider the function

_Jf(@) if  # 0,
g(x){f(o)ﬂ if z = 0. (28)

If f were a continuous function, then ¢ is not. But because 7 f = Fg the
preceding argument would “show” that g is continuous too, which is a con-
tradiction. The technical detail that we overlooked is that a priori (27) holds
only for almost all z € R. Therefore,

p o / T e () (2) de (29)

2 J_ o

defines a “modification” of f which happens to be uniformly continuous. That
is, we have proven that every f € #/(R) has a uniformly-continuous modifi-
cation.

4.2 Kolmogorov’s continuity theorem

Now we come to the question, “when does a stochastic process X have a
continuous modification?” If X is a Gaussian process then the answer is com-
pletely known, but is very complicated [11; 12; 26; 27; 28]. When X is a fairly
general process there are also complicated sufficient conditions for the exis-
tence of a continuous modification. In the special case that X is a process
indexed by R, however, there is a very useful theorem of Kolmogorov which
gives a sufficient condition as well.



14 D. Khoshnevisan

Theorem 4.3. Suppose {X (t)}ter s a stochastic process indexed by a com-
pact cube T := [ay,by] X - x [an ,by] C RN. Suppose also that there exist
constants C' > 0, p > 0, and v > N such that uniformly for all s,t € T,

E(|X(t) - X(s)[") < Clt —s[. (30)

Then X has a continuous modification X. Moreover, if 0 < 0 < (v — N)/p

then - -
X(s)—X(t

o X () = X (1)

< 0. 31
it s — 7 o0 (31)

Lr(P)

Remark 4.4. Here, |x| could be any of the usual Euclidean ¢ norms for z €
R*. That is,

|| := max (|x1], ..., |T&]);
o] = (jaal? + -+ )P forp>1; (32)
@] i= |or |+ ol for0<p <1,

Proof. We prove Theorem 4.3 in the case that N = 1 and T := [0, 1]. The
general case is not much more difficult to prove, but requires introducing
further notation. Also, we extend the domain of the process by setting

[x(0) ift<o,
X(t) = {X(l) if t > 1. (33)

First we introduce some notation: For every integer n > 0 we define Z,, :=
{j27™ : 0 < j < 2"} to be the collection of all dyadic points in [0,1). The
totality of all dyadic points is denoted by Y 1= Uj2(%Zy.

Suppose n > k > 1, and consider u,v € %, that are within 27% of one
another. We can find two sequences of points ug,...,u, and v, ..., v, with
the following properties:

1. uj,v; € @ forall j=k,...,n;

2. Jujpr —uy| <279 M forall j=k,...,m;

3. Jvjy1 —vj| <279l forall j=k,...,n;

4. uy, =u, v, =v, and ug = V.

(Draw a picture.) Because | X (u) — X (ug)| < Z?:_kl | X (u;j41) — X (u;)], this
yields

X(u)—X < X(s) — X(t)], 34
| X (1) = X (ug)| < ;kgl@af ene B, KO = XOlL (34)
where B(x,r) := [x — r,z + r]. The right-most term does not depend on

u, nor on the sequences {u;}7_; and {v;}"_,. Moreover, |X(v) — X (vg)| =
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| X (v) — X (ug)| is bounded above by the same quantity. Hence, by the triangle
inequality,

<2 X(s) — X(t)], 35
X (1) — X (v)] ng@aﬁl@(ég@xlml (s) - X(t), (35

uniformly for all u,v € 2, that are within 27% of one another. Because its
right-hand side is independent of n, the preceding holds uniformly for all u,v €
9 that are within distance 27% of one another. This and the Minkowski
inequality together imply that

sup | X (u) — X (v)]
UVE D oo
"M*’UISQilC L7 (P) (36)

<22

A crude bound yields

max max | X (s) — X(¢)]
s€Dj11t€B(s,271-1)NY;

LP(P;)

E < max max | X(s) - X(t)|p)
s€Pjt1 t€B(s,27I71)NY;

< >, E(XE-XOP) (g

$€Pj+1t€B(s,277-1)NY;

SC Z Z |3_t|77

s€PDj11t€B(s,279-1)NY;

thanks to Condition (30) of the theorem. For the range in question: |s —t|7 <
2-(+1)7; the sum over ¢ then contributes a factor of 2; and the sum over s
yields a factor of 271!, Therefore,

22770
E( max max I X(s) = X@®)P | < = . (38)
$€Pj+1t€B(s,277-1)NY; 2i(=1)
We can plug this into (36) to deduce that
X(u) — X(v) < G 39)
X=Xl < g <
|u—v|§27k L (P)
where .
_ 9@—vtp)/pol/p
Ci=———F—. (40)

1—2-(v=1)/p

Now let us define
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X (s) := limsup X(t), (41)

where the limsup is taken over all t € 9, such that ¢t — s. Because X (s) =
X(s) for all s € P, Equation (39) continues to hold, even if we replace
X by X. In that case, we can also replace the condition “s,t € Z,.” with
“s,t € [0,1]” at no extra cost. This proves, among other things, that X is a.s.
continuous [Borel-Cantelli lemma)].

It is not hard to check that X is a modification of X because: (i) X and
X agree on Z.; (ii) X is continuous in probability? by (30); and (iii) X is
continuous a.s., as we just proved.

It remains to verify (31). For 6 as given, (39) implies that for all integers
k>,

ap | XE X0 C -
0557&%1; |s —¢|? = 9k(v=0)/p" (42)
2 F<k<am P Lo (P)

Sum both sides of this inequality from k& = 1 to infinity to deduce (31), and
hence the theorem. O

Exercise 4.5. Suppose the conditions of Theorem 4.3 are met, but we have
the following in place of (30):
E(IX(t) - X(s)[") < h(t—s]), (43)

where h : [0,00) — R4 is continuous and increasing, and h(0) = 0. Prove
that X has a continuous modification provided that

" h(r)
/0 TN dr < oo for some n > 0. (44)

Definition 4.6 (Holder continuity). A function f : RN — R is said to be
globally Hoélder continuous with index « if there exists a constant A such that
for all z,y € RV,

[f(@) = f(y)] < Alz —y|*. (45)
It is said to be [locally] Holder continuous with index « if for all compact sets
K C RN there exists a constant Ax such that

[f(@) = f(y)l < Axlz —y|*  forallz,y e K. (46)

Exercise 4.7. Suppose { X (t) }+er is a process indexed by a compact set T C
R” that satisfies (30) for some C,p > 0 and v > N. Choose and fix « €
(0, (v — N)/p). Prove that with probability one, X has a modification which
is Holder continuous with index a.

2 This means that X (s) converges to X () in probability as s — ¢.
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Exercise 4.8. Suppose {X ()};crn is a process indexed by RY. Suppose for
all compact T C RY there exist constants C,pr > 0 and v := v > N such
that

E(|X(s)— X(#)|PT) < Cpls — t|7, for all s,t € T. (47)

Then, prove that X has a modification X which is [locally] Hlder continuous
with some index 7. Warning: Mind your null sets!

Exercise 4.9 (Regularity of Gaussian processes). Suppose {X () }1er is
a Gaussian random field, and 7' C RY for some N > 1. Then, check that for
all p >0,

MW@*X@W:%FQMﬂfﬂMﬁW{ (48)

1 e 2 w/2 _ (p+1
= — Pp—® /2 = —_— —_—
ep CORE /_oo |x|Pe dx 7T1/2F ( 5 ) . (49)

Suppose we can find € > 0 with the following property: For all compact sets
K C T there exists a positive and finite constant A(K) such that

where

E (\X(t) - X(S)F) <AK)t—s° forallt,seK. (50)

Then prove that X has a modification that is [locally] Holder continuous of
any given order < /2.

Ezxample 4.10 (Brownian motion). Let B := {B(t)};>0 denote a Brownian
motion. Note that for all s,¢ > 0, X (¢t) — X(s) is normally distributed with
mean zero and variance |t — s|. Therefore, E(|X () — X (s)|?) = |t — s| for all
s,t > 0. It follows that X has a modification that is Holder of any given order
o < 3. This is due to Wiener [31].

Warning: This is not true for a = % Let B denote the modification as well.
[This should not be confusing.] Then, “the law of the iterated logarithm” of
[18] asserts that

P {limsup |B(#) - B(s)]

=1;,=1 for all s > 0. (51)
tls (2(t—s)In|In(t - s)|)!/? }

In particular, for all s > 0,

P{limsup|B(t)B(5)oo} =1 (52)

s [t—s|t/?

Thus, B is not Holder continuous of order % at s = 0, for instance.
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Exercise 4.11. Let B denote N-parameter Brownian sheet. Prove that B
has a modification which is [locally] Holder continuous with any nonrandom
index a € (0, %) This generalized Wiener’s theorem on Brownian motion.

Exercise 4.12. Let B be a continuous Brownian motion, and define 7] to
be the smallest sigma algebra that makes the random variables {B(s)}se0,4
measurable. Then prove that the event in (51), whose probability is one, is
measurable with respect to V;>¢.74. Do the same for the event in (52).

Theorem 4.3 and the subsequent exercises all deal with distances on RY
that are based on norms. We will need a version based on another distance as
well. This we state—without proof—in the case that N = 2.

Choose and fix some p € (0,1] and an integer 1 < k < 1/p, and define for
all u,v,s,t € 1[0,1],

I(s,t) — (u,v)| := |s — ulP + |t — v|*. (53)

This defines a distance on [0, 1]?, but it is inhomogeneous, when k£ > 1, in
the sense that it scales differently in different directions. The following is
essentially 1.4.1 of Kunita [23, p. 31]; see also Corollary A.3 of [6]. I omit the
proof.

Theorem 4.13. Let {Y(s,t)},ei0,1)2 be a 2-parameter stochastic process
taking value in R. Suppose that there exist C;p > 1 and v > (k + 1)/k
such that for all s,t,u,v € [0,1),

IY(s,8) =Y (u,v) ey < Cls,t) = (u,v)]". (54)

Then, Y has a Hélder-continuous modification Y that satisfies the following
for every 8 > 0 which satisfies kv — (k+ 1) — k6 > 0:

wp ) = Y(0)

< o0. %)
(s,t)#(u,v) |(5 ) t) - (u ) /U)‘g ( )

Lr(P)

5 Martingale measures

5.1 A white noise example

Let W be white noise on RY. We have seen already that W is not a signed
sigma-finite measure with any positive probability. However, it is not hard to
deduce that it has the following properties:

1. W(Q) =0 as.
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2. For all disjoint [nonrandom] sets Aj, As, ... € Z(RN),

P{W (G Ai> :iW(Ai)} =1, (56)

where the infinite sum converges in L?(P).

That is,

Proposition 5.1. White noise is an L*(P)-valued, sigma-finite, signed mea-
sure.

Proof. In light of Exercise 3.15 it suffices to prove two things: (a) If 47 D
Ay D - are all in Z(RYN) and NA, = @, then W(A,) — 0 in L*(P) as
n — oo; and (b) For all compact sets K, E[(W (K))?] < occ.

It is easy to prove (a) because E[(W(A,))?] is just the Lebesgue measure
of A,, and |A,| — 0 because Lebesgue measure is a measure. (b) is even
easier to prove because E[(W (K))?] = |K| < oo because Lebesgue measure is
sigma-finite. O

Oftentimes in SPDEs one studies the “white-noise process” {W;}i>o de-
fined by W;(A) := W([0,t] x A), where A € Z(RN"1). This is a proper
stochastic process as t varies, but an L?(P)-type noise in A.

Let .Z be the filtration of the process {W;};>o. By this I mean the fol-
lowing: For all ¢ > 0, we define .%; to be the sigma-algebra generated by
{W,(A);0<s<t, Ac ZRN 1)}

Exercise 5.2. Check that % = {%;},>0 is a filtration in the sense that
F, C %, whenever s < t.

Lemma 5.3. {W;(A)}i>0,4cmmny-1) i5 a “martingale measure” in the sense
that:

1. For all A€ ZRN-Y), Wy(A) =0 a.s.;
2. If t > 0 then Wy is a sigma-finite, L*(P)-valued signed measure; and
3. For all A € ZRN=1), {W,(A)}i>0 is a mean-zero martingale.

Proof. Note that E[(W;(A))?] = t|A| where |A| denotes the (N —1)-dimensional
Lebesgue measure of A. Therefore, Wy(A) = 0 a.s. This proves (1).

Equation (2) is proved in almost exactly the same way that Proposition
5.1 was. [Check the details!]

Finally, choose and fix A € Z(R™~1). Then, whenever t > s > u > 0,

—E [(W([o,t] x A) — W ([0, 5] x A)) W(0,u x A)] (57
= min(¢, u)|A| — min(s, u)|A| = 0.
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Therefore, W;(A) — W(A) is independent of %, (Exercise 3.4, page 7). As a
result, with probability one,

=E[Wi(A) = W (A)] + W(4) (58)
= W,(A).
This is the desired martingale property. a

Exercise 5.4. Choose and fix A € Z(RN~') such that 1/c := |A|'/2 > 0.
Then prove that {¢W;(A4)}i>0 is a Brownian motion.

Exercise 5.5 (Important). Suppose h € L?>(RV~1). Note that t~1/2WW; is
white noise on R¥~1. Therefore, we can define W;(h) := [ h(z)W;(dz) for
all h € L2(RN~1). Prove that {W;(h)}+>0 is a continuous martingale with
quadratic variation

(We(h) , We(h)), = t/ h%(z) d. (59)
RN—l

It might help to recall that if {Z;};>0 is a continuous L?(P)-martingale, then
its quadratic variation is uniquely defined as the continuous increasing process
{{(Z,Z)i}1>0 such that (Z,Z)g = 0 and t — Z? — (Z,Z); is a continuous
martingale. More generally, if Z and Y are two continuous L?(P)-martingales
then Z;Y; — (Z,Y); is a continuous L?(P)-martingale, and (Z,Y); is the only
such “compensator.” In fact prove that for all + > 0 and h,g € L2(RN1),
(WalB), Walg)he = t fu s h(@)g(2) da.

5.2 More general martingale measures

Let .7 := {#}1>0 be a filtration of sigma-algebras. We assume that .Z is
right-continuous; i.e.,

Fy = m Fs for all ¢ > 0. (60)

s>t
[This ensures that continuous-time martingale theory works.]

Definition 5.6 (Martingale measures). A process {Mi(A)}i>0,ac®n) 5
a martingale measure [with respect to .F ] if:

1. My(A) =0 a.s.;

2. If t > 0 then My is a sigma-finite L?(P)-valued signed measure; and

3. For all A € BR"™), {M,(A)}1>0 is a mean-zero martingale with respect
to the filtration % .

Exercise 5.7. Double-check that you understand that if W is white noise on
R” then W;(A) defines a martingale measure on Z(RN"1).
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Exercise 5.8. Let p be a sigma-finite L?(P)-valued signed measure on (R"),
and & = {Z; }+>0 a right-continuous filtration. Define p;(A) := E[u(A) | F]
for all ¢ > 0 and A € Z(R"). Then prove that {u:(A)}i>0,acz®mn) is a
martingale measure.

Exercise 5.9. Let {M;(A)} be a martingale measure. Prove that for all T >
t >0, My(A) = E[Mr(A)|.%#] a.s. Thus, every martingale measure locally
look like those of the preceding exercise.

It turns out that martingale measures are a good class of integrators. In order
to define stochastic integrals we follow [30, Chapter 2], and proceed as one
does when one constructs ordinary Ito integrals.

Definition 5.10. A function f: R™ x Ry x 2 — R is elementary if
f(:z:,t,w) :X(w)l(a,b](t)lA(‘r)a (61)

where: (a) X is bounded and F,-measurable; and (b) A € BR™). Finite
[nonrandom] linear combinations of elementary functions are called simple
functions. Let . denote the class of all simple functions.

If M is a martingale measure and f is an elementary function of the form
(61), then we define the stochastic-integral process of f as

(f - M)y(B)(w) = X(w) [Mian(AN B) — Miano(AN B)] (w). (62)

Exercise 5.11 (Important). Prove that if f is an elementary function then
(f - M) is a martingale measure. This constructs new martingale measures
from old ones. For instance, if f is elementary and W is white noise then
(f - W) is a martingale measure.

If f € then we can write f as f = ¢y f1 + -+ + cpfrx where c1,...,cx € R

and f1,..., fx are elementary. We can then define
k
(f - M)u(B) :=y_ ¢;(f; - M)u(B). (63)
j=1

Exercise 5.12. Prove that the preceding is well defined. That is, prove that
the definition of (f - M) does not depend on a particular representation of f
in terms of elementary functions.

Exercise 5.13. Prove that if f € . then (f - M) is a martingale measure.
Thus, if W is white noise and f € % then (f - W) is a martingale measure.

The right class of integrands are functions f that are “predictable.” That is,
they are measurable with respect to the “predictable sigma-algebra” & that
is defined next.
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Definition 5.14. Let &2 denote the sigma-algebra generated by all functions
in .. P is called the predictable sigma-algebra.

In order to go beyond stochastic integration of f € % we need a technical
condition—-called “worthiness”—on the martingale measure M. This requires
a little background.

Definition 5.15. Let M be a martingale measure. The covariance functional
of M 1is defined as

0,(A,B) := (My(A),My(B)):,  foralit>0, A,Be BR"). (64)

Exercise 5.16. Prove that:

1. Q,(A,B) = Q,(B,A) almost surely;

2.If BNC = then Q,(A,BUC) = Q,(A,B) + Q,(A,C) almost surely;
3.1Q,(A,B)|> < Q,(A,A)Q,(B, B) almost surely; and

4.t Q,(A,A) is almost surely non-decreasing.

Exercise 5.17. Let W be white noise on RV and consider the martingale
measure defined by Wi(A) := W((0,t] x A), where t >0 and A € Z(RN-1).
Verify that the quadratic functional of this martingale measure is described
by Q,(A,B) := tA\N"1(AN B), where A\* denotes the Lebesgue measure on
RE.

Next we define a random set function (Q, in steps, as follows: For all ¢t > s > 0
and A, B € Z(R") define

Q(AvB;(SvtD ::@t(AaB)_@s(A’B)' (65)

If A; x B; x (s;,t;] (1 <i<m) are disjoint, then we can define

Q (U (A; X By x (s 7ti])> = ZQ(Ai,Bz' s (si,ti]) - (66)

i=1 =1

This extends the definition of @ to rectangles. It turns out that, in general,
one cannot go beyond this; this will make it impossible to define a completely
general theory of stochastic integration in this setting. However, all works fine
if M is “worthy” [30]. Before we define worthy martingale measures we point
out a result that shows the role of Q.

Proposition 5.18. Suppose f € . and M is a worthy martingale measure.
Then,

e ey’ =e| [[[ ta@oswnQueaa|. o

BxBx(0,t]
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Question 5.19. Although @ is not a proper measure, the triple-integral is well-
defined. Why?

Proof. First we do this when f is elementary, and say has form (61). Then,

E[(f-M);(B)]
:EP?@@MAH&—A@AAO&V} )
=E [X?M} (AN B)] — 2E [X>Mpp(A N B)Mpa (AN B)]
+E[X*M? (AN B)].
Recall that X is .%,-measurable. Therefore, by the definition of quadratic
variation,
E[X? (M7, (AN B) = (M(ANB),M(AN B)), ;)]

=B [X? (MA(AN B) — (M(ANB), MANB),)] . )

Similarly,

E [X2 (Minp(AN B)Mipa(ANB) — (M(ANB), M(ANB)),,,)]

B [X? (M2, (AN B) — (M(ANB), MAN B},

Combine to deduce the result in the case that f has form (61).

If f € ¥ then we can write f = ci1fi + -+ + cpfx where fi1,..., fx
are elementary with disjoint support, and ¢i,...,c; are reals. [Why dis-
joint support?] Because E[(f; - M);] = 0, we know that E[(f - M)?(B)] =
Z§:1 ¢SE[(f;- M)7(B)]. The first part of the proof finishes the derivation. O

Definition 5.20. A martingale measure M is worthy if there exists a random
sigma-finite measure K(A x B x C',w) —where A, B € ZR"), C € ZRy),
and w € - such that:

1. Ax B+ K(A x B x C,w) is nonnegative definite and symmetric;
2.{K(A x B x (0,t])}+>0 is a predictable process (i.e., &-measurable) for
all A, B € B(R");
3. For all compact sets A, B € B(R") and t > 0,
E[K(A x B x (0,t])] < oo;
4. For all A,B € Z(R") andt > 0,

IQAx Bx(0,t])] <K(AxBx(0,t]) as.

[As usual, we drop the dependence on w.] If and when such a K exists then it
is called a dominating measure for M.
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Remark 5.21. If M is worthy then @Q); can be extended to a measure on
BR"™) x BR™) x B(R). This follows, basically, from the dominated con-
vergence theorem.

Exercise 5.22 (Important). Suppose W denotes white noise on RV, and
consider the martingale measure on (R~ 1) defined by W;(A4) = W((0,t] x
A). Prove that it is worthy. Hint: Try the dominating measure K(Ax Bx () :=
AN=L(A N B)AY(C), where A* denotes the Lebesgue measure on R”. Is this
different than Q7

Proposition 5.23. If M is a worthy martingale measure and f € ., then
(f - M) is a worthy martingale measure. If Qn and Ky respectively define
the covariance functional and dominating measure of a worthy martingale
measure N, then

Qpm(dzdydt) = f(x,1)f(y,t) Qu(dz dydt),

Kt (d dy dt) = (o 0y, 0)| Karld dy de). i

Proof. We will do this for elementary functions f; the extension to simple
functions is routine. In light of Exercise 5.11 it suffices to compute Qf.ps. The
formula for Ky.ps follows from this immediately as well.

Now, suppose f has the form (61), and note that for all t > 0 and B,C €
BR"),

(f - M)(B)(f - M)(C)
= X% [Mnp(AN B) — Mypa(AN B)]

X [Mt/\b(A n C) — Mt/\a(A n C)}

= martingale + X* (M(ANB),M(ANC)),.,

- X (MANB), MANOY,, TP
= martingale 4+ X?Qy (AN B) x (AN B) x (s,1])
= martingale + /// flx,8)f(y,s)Qu(dxdyds).
BxCx(0,t]
This does the job. a

From now on we will be interested only in the case where the time variable
t is in some finite interval (0, T.

If K is the dominating measure for a worthy martingale measure M,
then we define || f]|as, for all predictable function f, via

I=e|  [[[ 1reor0 Ku@aa| . @

R"xR"x(0,T)

Let &)1 denote the collection of all predictable functions f such that E(|| f||ar)
is finite.
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Exercise 5.24. ||-|| s is a norm on &, and %), is complete [hence a Banach
space] in this norm.

I will not prove the following technical result. For a proof see [30, p. 293,
Proposition 2.3].

Theorem 5.25. . is dense in Pyy.
Note from Proposition 5.18 that
E[(f- M3ZB)] < IfI3 forallte(0,7), fe.7, BeBRY). (T4

Consequently, if {f,,}>°_; is a Cauchy sequence in (%] - ||a) then the se-
quence {(fm - M)(B)}°_, is Cauchy in L?(P). If f,, — fin ||- | as then write
the L2(P)-limit of (f,, - M).(B) as (f - M);(B). A few more lines imply the
following.

Theorem 5.26. Let M be a worthy martingale measure. Then for all f €
P, (f - M) is a worthy martingale measure that satisfies (71). Moreover,
forallt € (0,T] and A, B € Z(R"),

(- M)(A), (f - M)( /// F(x.9)f (g 5) Qar(de dy ds),
AxBx(0,t] (75)

E[(f- M);(B)] < £l

The above L?(P) bound has an L? version as well.

Theorem 5.27 (Burkholder’s inequality [3]). For all p > 2 there exists
€ (0,00) such that for all predictable f and allt > 0,

E[|(f- M)(B)I"]

p/2

<qel| [I[ u D Erayary| [T

R»xR"x(0,T]

Proof (Special Case). It is enough to prove that if {N;},;>¢ is a martingale
with Ny := 0 and quadratic variation (N, N); at time ¢, then

I VI

||Lp(p) < Cp||<N7N>

HLP/?(P)’ (77)
but this is precisely the celebrated Burkholder inequality [3]. Here is why it is
true in the case that N is a bounded and continuous martingale. Recall Ito’s
formula [15; 16; 17]: For all f that is C? a.e.,
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fV) = 1O+ [ P aN g [ aw v )

Apply this with f(z) := |z|P for p > 2 [f"(z) = p(p — 1)|2[P~2 a.e] to find
that

-1 1
| NP = %/ |N|P~2d(N, N), + mean-zero martingale. (79)
0
Take expectations to find that

BN ) < P2 (sup [P ) (50)

Because |N;[? is a submartingale, Doob’s maximal inequality asserts that

£ (s ) < (25) B0n). (81)

0<u<t

Therefore, ¢, (t) := E(supg<, <, |Vu|?) satisfies

oult) < 2D (2 Y sy v ),

2 1 5
p 0<u<t (82)
=a,E < sup |Nu|p2<N,N>t> .
0<u<t
Apply Holder’s inequality to find that
_ 2 2/17

bp(t) < ap (6,(0) 727 (B [V, N)P2]) (83)
We can solve this inequality for ¢,(¢) to finish. O

Exercise 5.28. In the context of the preceding prove that for all p > 2 there
exists ¢, € (0, 00) such that for all bounded stopping times T,

E ( sup |Nu|p) <¢E ((N,N)I%/Q) . (84)

0<u<T

In addition, prove that we do not need N to be a bounded martingale in order
for the preceding to hold. [Hint: Localize.]

Exercise 5.29 (Harder). In the context of the preceding prove that for all
p > 2 there exists c;, € (0, 00) such that for all bounded stopping times T

E (<N,N>’;/2) <dE ( sup |Nu|p> . (85)
0<u<T

Hint: Start with (N, N), = N7 — [ NydN, < N2 +| [} Ny dN,].
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From now on we adopt a more standard stochastic-integral notation:

(F - M) /fdM /facs (dz ds). (86)

Ax(0,t] Ax(0,t]

[N.B.: The last f(z,s) is actually f(x,s,w), but we have dropped the w as
usual.] These martingale integrals have the Fubini-Tonelli property:

Theorem 5.30. Suppose M is a worthy martingale measure with dominating
measure K. Let (A, o, u) be a measure space and f : R" xRy xQx A — R
measurable such that the following expectation is finite:

If(z,t,w,u)f(y,t,w,uw)| K(dzedydt) p(du) P(dw). (87)

OxR"xR"x[0,T]x A

Then almost surely,

/A // f(w,s,0,u) M(dwds) | pu(du)

R"” x[0,t] (88)

// (/fx 5,9,u) (du)> M (dz ds).

R™ x [0,¢]

It suffices to prove this for elementary functions of the form (61). You can do
this yourself, or consult the lecture notes of Walsh [30, p. 297].

6 A nonlinear heat equation

We are ready to try and study a class of nonlinear elliptic SPDEs that is an
example of the equations studied by Baklan [2], Daleckii [7], Dawson [8; 9],
Pardoux [24; 25], Krylov and Rozovski [20; 21; 22], and Funaki [13; 14]. It is
possible to adapt the arguments to study hyperbolic SPDEs as well. For an
introductory example see the paper by Cabana [4]. The second chapter, by R
C. Dalang, of this volume contains more advanced recent results on hyperbolic
SPDEs.
Let L > 0 be fixed, and consider

o _ 0%

=== %% L

% 9 + flu)W, t>0, z€]0,L],

ou ou (89)
L

. —(0,t) = P u(L,t) =0, t >0,

(‘T’O)_UO( )7 ZEE[O,L],
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where W is white noise with respect to some given filtration {Z:}1>0, and
ug : [0,L] — R is a nonrandom, measurable, and bounded function. As
regards the function f : R — R, we assume that

K:= sup M—i— sup |f(z)] < 0. (90)

0<aty<L |y — ] 0<a<L
In other words, we assume that f is globally Lipschitz, as well as bounded.

Exercise 6.1. Recall that f : R — R is globally Lipschitz if there exists a
constant A such that |f(x) — f(y)| < Alz —y| for all 2,y € R. Verify that any
globally Lipschitz function f : R — R satisfies |f(x )\ = O(|z|) as |z| —o0 .
That is, prove that f has at most linear growth.

Now we multiply (89) by ¢(x) and integrate [dt dx] to find (formally, again)
that for all ¢ € C°°([0, L]) with ¢'(0) = ¢'(L) =

/L u(e,t)o(e >dx—/LuO< o) d

// 922 z)dzds + // f(u(z,s)) ¢p(x)W (dx ds).

Certainly we understand the stochastic integral now. But 0,,u is not well
defined. Therefore, we try and integrate by parts (again formally!): Because
¢'(0) = ¢'(L) = 0, the boundary-values of 9,u [formally speaking] imply that

// 72 dmds-// u(z,s)¢" (x)dx ds. (92)

And now we have ourselves a proper stochastic-integral equation: Find u such
that for all ¢ € C>°([0, L]) with ¢'(0) = ¢'(L) =0

(91)

L L
/0 u(x,t)d)(x)dxf/o uo(z)p(x) d

= /Ot /OL u(x,s)d" (x)drds + /Ot /OLf(u(x,s))¢(:E)W(dxds).

Exercise 6.2 (Important). Argue that if u solves (93), then for all C*
functions ¥ (x ,t) with 9,1 (0,t) = 9. (L ,t) =0,

(93)

/OL uw(z, t)(x,t)de — /OL wo () (x,0) dx
- /Ot /OL u(z,s) [giﬁw(m,s) + %(I,s) dz ds (94)

v f t / * e s)) vl )W (d ds).

This is formal, but important.
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Let G¢(z,y) denote the Green’s function for the linear heat equation. [The
subscript ¢ is not a derivative, but a variable.] Then it follows from the method
of images that

Gi(z,y) = Z [D(t;x —y—2nL)+T(t;z+y—2nL)], (95)

n=—oo

where T' is the fundamental solution to the linear heat equation (89); i.e.,

I'(t;a) = (47#1)1/2 exp (—L) . (96)

Define for all smooth ¢ : [0, L] — R,
L
Gio) = [ Gila)oo) (97)
0
if t >0, and Go(¢,y) := ¢(y). We can integrate (89)—with f(u,t) = 0—by

parts for all C*° functions ¢ : [0, L] — R such that ¢'(0) = ¢'(L) = 0, and
obtain the following:

t
@@JOZMM+A(%W”—¢wd& (95)
Fix t > 0 and define ¢(x , s) := G;_s(¢, x) to find that ¢ solves
02 0
C )+ ) =0, a0 = o), Ve, 0)=Gio,x).  (99)

Use this ¢ in Exercise 6.2 to find that any solution to (89) must satisfy

L L
| wte oo~ [ uow)Gilo. ) dy
0 0 (100)

t L
:/O/O [ (uly,s) Gis(d,y)W(dyds).

This must hold for all smooth ¢ with ¢/(0) = ¢'(L) = 0. Therefore, we would
expect that for Lebesgue-almost all (z, 1),

L
u(et) = [ uolu)Galer ) dy
0 (101)

t oL
— [ 7l ) Gl )W (dyds)
0o Jo
If W were smooth then this reasoning would be rigorous and honest. As things

are, it is still merely a formality. However, we are naturally led to a place where
we have an honest stochastic-integral equation.
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Definition 6.3. By a “solution” to the formal stochastic heat equation (89)
we mean a solution u to (101) that is adapted. Sometimes this is called a mild
solution.

With this nomenclature in mind, let us finally prove something.

Theorem 6.4. The stochastic heat equation (93) subject to (90) has an a.s.-
unique solution u that satisfies the following for all T > 0:

sup sup E (|u(x,t)|2> < o0. (102)
0<a<L 0<t<T

For its proof we will need the following well-known result.

Lemma 6.5 (Gronwall’s lemma). Suppose ¢1,¢pa,... : [0,T] — Ry are
measurable and non-decreasing. Suppose also that there exist a constant A
such that for all integers n > 1, and all t € [0,T],

b)) <4 [ 6,55 (103)

Then,

foralln>1 andt € [0,T]. (104)

The preceding is proved by applying induction. I omit the details.

Remark 6.6. As a consequence of Gronwall’s lemma, any positive power of
¢n(t) is summable in n. Also, if ¢,, does not depend on n then it follows that

¢n = 0.

Proof (Theorem 6.4: Uniqueness). Suppose u and v both solve (101), and
both satisfy the integrability condition (102). We wish to prove that u and v
are modifications of one another. Let d(z,t) := u(z,t) — v(x,t). Then,

ww= [ [ [, 9) - 100 )]G o) Wiavas. (09

According to Theorem 5.26 (p. 25) and (90),

|d(x,t)] < K? ld(y, s G?_ (z,s)dyds. (106)
B( [ Plawor)

Let H(t) := supg< <7, SUPy<s<; E[d* (2, 5)]. The preceding implies that

t L
H(t) < K2 /0 H(s) ( /O G2 (z,y) dy) ds. (107)
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Now from (95) and the semigroup properties of I' it follows that
L
/ Gt(xay)Gs(yaz) dy:Gt-i—s(va)a and Gt(x7y) :Gt(yax) (108)
0
Consequently, fo (z,y)dy = Go(x,x) = Ct~ /2. Hence,

H(t) < CK> /0 mds. (109)

Now choose and fix some p € (1,2), let ¢ be the conjugate top [i.e., p~1+¢~! =
1], and apply Holder’s inequality to find that there exists A = Ar such that
uniformly for all ¢ € [0, T,

t 1/q
H(it)<A (/ H(s) ds) . (110)
0
We can apply Gronwall’s Lemma 6.5 with ¢ = ¢ = ¢35 = --- = H? to find
that H(t) = 0. O

Proof (Theorem 6.4: Existence). Note from (95) that fOL Gi(x,y) dy is a num-
ber in [0, 1]. Because wug is assumed to be bounded fOL uo(y)Ge(z,y) dy is
bounded; this is the first term in (101). Now we proceed with a Picard-type
iteration scheme. Let ug(x,t) := ug(z), and then iteratively define

Un+1 (1‘ y t)

L t L 111
/uMMMuw@+//"ﬂ%m@mHmewwﬁ( )
0 0 0

Define d,,(x ,t) := upt1(z,t) — up(x,t) to find that

(112)
//’ (tn1(y+9)) — [ (nyr 5))] Go—alr, 1) W(dy ds).

Consequently, by (90),

|dp(z,t)] <K2 |dn_1(y,8)|") GZ_.(z,y) dyds. (113)
B [ e ’)

Let HZ(t) := suPg< <, SUP<s<t E(|dn (2, 5)[*) to find that

Hr% 1(8)

H2(t) < CK? | —2=L2
=R

ds. (114)
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Choose and fix p € (0,2), and let q denote its conjugate so that g1 +p~1 = 1.
Apply Hélder’s inequality to find that there exists A = A7 such that uniformly
for all t € [0,T],

H2(t) < A (/Ot H> (s) ds)l/q. (115)

Apply Gronwall’s Lemma 6.5 with ¢,, := H2 to find that Y-, H,(t) < co.
Therefore, u,(t,z) converges in L?(P) to some u(t,x) for each t and z. This
proves also that

t L
lim / / Fun(y ) Grs () W(dy ds)

n—oo

o (116)
— [ | sty )Geslir ) Widy ds),

o Jo
where the convergence holds in L?(P). This proves that u is a solution to
(101). 0

We are finally ready to complete the picture by proving that the solution
to (89) is continuous [up to a modification, of course].

Theorem 6.7. There exists a continuous modification u(x ,t) of (89).

Remark 6.8. In Exercise 6.9, on page 35 below, you will be asked to improve
this to the statement that there exists a Holder-continuous modification.

Proof (Sketch). We need the following easy-to-check fact about the Green’s
function G:
Gt(x7y>:F(t;x_y)—i_Ht(x?y)? (117)

where Hy(x,y) is smooth in (¢,2,y) € R XxRXR, and T is the “heat kernel”
defined in (96). Define

t oL
U(x,t)::/o/o flu(y,s))T(t — s;z —y) W(dyds). (118)

The critical step is to prove that U has a continuous modification. Because ug
is bounded it is then not too hard to complete the proof based on this, and
the fact that the difference between I' and G is smooth and bounded. From
here on I prove things honestly.

Let 0 <t <t and note that

Uz, t')—U(x,t)

t L
= [ [t )@ = sso =g —Te—sio - Wy

t L
+ / / Fluly )T — 552 — y) W(dyds).
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By Burkholder’s inequality (Theorem 5.27, page 25) and the elementary in-
equality |a 4 b|P < 2P|a|P + 2P|b|P,

E(|U(z,t) = U(z,t)[")

t oL p/2
< 2B (/ / FP(uly,s)A(s,t,t' ;2 ,y) dyd8>
o Jo

t' L p/2
+2P¢,E (/ / fz(u(y,s))FQ(t—s;x—y)dyds)
t Jo

(120)

where
A(s, bt 52,y) =t —s;2—y) —T(t —s;2 —y))*. (121)

Because of (90), sup|f| < K. Therefore,

E(|U(z,t) = Ulz,t)")

t oo p/2
< (2K)Pc // A(s,t,t';z,y)d ds)
(2K) p<0 - ( y) dy (122)

t () p/2
+ (2K)P¢, (/ / F%t—s;x—y)dyds) .
t —0o0

[Notice the change from fOL to [*_.] Because [ T?(t—s;a)da is a constant

multiple of |t — s|~1/2,

t' poo p/2
(/ / F2(t—s;$—y)dyds> = O, |t —t|P/*. (123)
t —00

For the other integral we use a method that is motivated by the ideas in [5].
Recall Plancherel’s theorem: For all g € L'(R) N L*(R),

1
191172 Ry = %”ﬁgH%?(R)a (124)

where (Fg)(z) := [ g(2)e"** dx denotes the Fourier transform in the space
variable. Because (ZT)(t;¢) = exp(—t£2),

/00 [F(t'—s;x—y)—I‘(t—s;x—y)]2 dy

— 00

1 > ’ 2 2 2

. —(F'=5)§" _ —(t—s5)¢
o ) {e e } dg (125)
1 oo

= — e 2(t=s)€? [1 _ 6*@'*052}2 de.
2m

— 00
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Therefore,

/;/_Z[F(t’—sw—y)—F(t—S;x—y)]2 dy ds

I > ' pe2?
o (/0 e~ 29 ds) [l—e_(t _t)é} d¢  (126)

00 —2t¢2
_ 4i 1—;5 {1 _ e—(t/—t)§2]2 e
4 — 00

A little thought shows that (1 — e=26€")/¢2 < Cp /(1 + £2), uniformly for all
0<t<T. Also, [l — e ¢'=D¢]2 < 2min[(¢' — 1)¢2,1]. Therefore,

/;/_Z[F(t’—sw—y)—F(t—saw—y)]2 dy ds

min[(¢' — ¢)&2,1]
/ ng dg (127)

Cr d£ N
= </It VRS / 1+§2 )

The first term is equal to A[t’ — t|'/2, and the second term is also bounded
above by [t' — t|'/2 because £2/(1 + &2) < 1. This, (122) and (123) together
prove that

E(|U(x,t) = Uz, t)|) < Cylt’ —tP/4. (128)
Similarly, we can prove that for all z,z’ € [0, L],

E(|U(z,t) - U@, 1))
<cpr(// L(t—s;y) — F(t_S;x/_x_y)‘Qdyds>p/2_ (129)

By Plancherel’s theorem, and because the Fourier transform of z — g(x + a)

is e~ (F g)(¢),

o0
/ ‘F(t—S;y)—T(t—S;m’—x—y) dy
- | oo ] o (130)
- e—2(t—s)§ 1— eif(m —x) df
2

‘ 2

Consequently, we can apply Tonelli’s theorem to find that

2
// L(t—s;y) F(t—s;x’—x—y)‘ dyds

1 [®1—¢ 2
Ton ) . 2 ’

1 [®1—e 2
Tan )y &

o 2
1— @2 ge (131)

1 = cos(§(a" — x))| de.
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We use the elementary bounds 1—exp(—|0|) < 1, and 1—cosf < min(1,62%)—
valid for all # € R—in order to bound the preceding, and obtain

/t/oo 'F(t—s;y)fF(tfs;z’—zfy)rdyds
0 J—
<417r/00052(x/_§2x)2/\1d§.

We split the domain of integration into two domains: Where £ < |z’ — x|71;
and where £ > |2/ — z|~!. Each of the two resulting integrals is easy enough
to compute explicitly, and we obtain

(132)

/!

t o) 2 |£L‘ _ 9C|
/ / ‘F(t—s;y)—F(t—s;m’—x—y)‘ dyds < (133)
0 J—o0
as a result. Hence, it follows that
supE (|U(z,t) — U2, 1)) < apla’ — x|P/2. (134)

t>0

For all (z,t) € R? define |(z,t)| := |=|'/? 4 |t|'/*. This defines a norm on
R?, and is equivalent to the usual Euclidean norm (z2 + ¢2)'/2 in the sense
that both generate the same topology. Moreover, we have by (128) and (134):
For all ¢,¢' € [0,7T] and z,2’ € [0, L],

E(U@,t) - U@ ")) < Al(z,t) = (",)]". (135)

This and Kolmogorov’s continuity theorem (Theorem 4.13, page 18) together
prove that U has a modification which is continuous, in our inhomogeneous
norm on (x,t), of any order < 1. Because our norm is equivalent to the usual
Euclidean norm, this proves continuity in the ordinary sense. a

Exercise 6.9. Complete the proof. Be certain that you understand why we
have derived Holder continuity. For example, prove that there is a modification
of our solution which is Holder continuous in = of any given order < %; and
it is Holder continuous in ¢ of any given order < i.

Exercise 6.10. Consider the constant-coefficient, free-space stochastic heat
equation in two space variables. For instance, here is one formulation: Let
W (z ,t) denote white noise on (z,t) € R? x R, and consider

Ou ?u  *u .
at(ax%+ax%)+w t>0,I€R2, (]_36)
u(z,0)=0 z € R%

Interpret the adapted solution to the preceding as
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u(x,t):/o /R2 [(t—s;z—y) W(dyds), (137)

subject to (t,x) ~— E[u?(t,z)] being continuous (say!). Here, I' is the
heat kernel on R?; that is, I'(t,x) := (4nt)~!exp(—|x||?/(4t)). Prove that
E[u?(z,t)] = oo for all z € R? and ¢ > 0. Prove also that if u(x,t) were a
proper stochastic process then it would have to be a Gaussian process, but
this cannot be because Gaussian processes have finite moments. Therefore, in
general, one cannot hope to find function-valued solutions to the stochastic
heat equation in spatial dimensions > 2.

7 From chaos to order

Finally, I mention an example of SPDEs that produce smooth solutions for all
times ¢ > 0, and yet the solution is white noise at time ¢ = 0. In this way, one
can think of the solution to the forthcoming SPDE as a smooth deformation of
white noise, where the deformation is due to the action of the heat operator.

Now consider the heat equation on [0, 1], but with random initial data
instead of random forcing terms. More specifically, we consider the stochastic
process {u(x,t)fo<z<1,¢>0 that is formally defined by

ou 0%u

- - >

at(x,t) 8362(17,15) 0<z<l, t>0

w(0,t) =u(l,t) =0 t>0 (138)
u(x,0) = W(x) 0<z<l,

where W denotes white noise.

A classical interpretation of (138) follows: Consider an infinitesimally-thin
wire of length one that has even density and width. Interpret this wire as the
interval [0, 1], and apply totally random heat to the wire, the heat amount
at = being W (z) units. The endpoints of the wire are perfectly cooled. If
we watch the wire cool as time passes, then the amount of heat retained at
position x at time ¢t > 0 is u(z, t).

If W were replaced by a square-integrable function then the solution is
classical, and is given by

u(z,t) = V2 Z &nsin(nmz) exp (—n?nt) (139)

n=1
where

&n = \/5/0 W () sin(nrz) d, (140)

and the infinite sum in (139) converges in L?(dz) for each t > 0, for example.
Although W is not a square-integrable function, one can first consider “weak
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solutions,” and then proceed to integrate by parts, and thus arrive at the mild
solution to (138). That is described by (139), but with (140) replaced by the
Wiener stochastic integrals

&y = \/5/01 sin(nmra)W (dz), n=12.... (141)

It follows from our construction of Wiener integrals that {£,}52; is a mean-
zero Gaussian process. Thanks to the Wiener isometry (20), we also can com-
pute its covariance structure to find that

1 ifm=mn,

0 ifm#n. (142)

1
Cov(&n ,&m) = 2/ sin(nmx) sin(mnx) de = {
0
Consequently, {£,}22 ; is an i.i.d. sequence of standard-normal variates. The
following lemma controls the rate of growth of the &,’s.

Lemma 7.1. With probability one,

|En] = O ( lnn) as n — 0o. (143)

Proof. We can apply Chebyshev’s inequality to find that for all a, A > 0,

P{¢, > a} < e MEexp(A\)) = exp (—)\a + >\22) . (144)

The optimal choice of A is a/2, and this yields the following well-known bound:
P{¢, > a} < exp(—a?/2), valid for all a > 0. By symmetry,

P{|¢.]| > a} < 2exp(—a?/2)  for all a > 0. (145)

We plug in @ := 2v/Inn and deduce (143) from

2
E P{|£n|22vlnn}g E $<OO (146)
n>100 n>100

and the Borel-Cantelli lemma. O

Exercise 7.2. Improve Lemma 7.1 to the statement that

lim sup = —liminf =1 a.s. (147)

&n én
n—oo V2Inn n—oo /2lnn

An immediate consequence of Lemma 7.1 is that for all fixed 0 < r < R,
the infinite series in (139) converges a.s., uniformly for (z,t) € [0,1] x [r, R].
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Among other things, this proves that w is infinitely differentiable in both
variables, away from time zero.

Thus, the random function u is smooth except near time zero, where its
behavior is chaotic. In words, the heat operator takes the pure-noise initial
condition “u(z,0) = W (x)” and immediately smooths it to generate nice ran-
dom functions u(x ,t), one for every ¢ > 0. Thus, it is interesting to investigate
the transition from “chaos” [t = 0] to “order” [t > 0] in greater depth.

Here we study the mentioned blowup problem for average x-values, and
plan to prove that there is a sense in which the following holds for all “typical
values of x”:

w(z,t) =t~ when t ~ 0. (148)

E(t) == (/01 lu(z , t)[? dx>1/2. (149)

A classical interpretation of &(t) is the average heat—in the sense of L?(dz)—
in the wire at time ¢, where the wire at time 0 is subjected to heat amount
W (x) at position = € [0,1]. The following rigorous interpretation of (148) is
a rather simple result that describes roughly the nature of the blowup of the
solution near time zero.

Define

Theorem 7.3. With probability one,

1
lim tY4&(t) = ———. 1
tl\r%t &(t) Gn)i (150)
The proof of Theorem 7.3 relies on a lemma from calculus.
Lemma 7.4. The following holds:
; 1/2 S -n®x _ 1
lim A ;e NS (151)
Proof. Because [ exp(—a?))dx = 1/(2V7N),
/Oo e dz = O(1) + — as A\, 0 (152)
) 2V T .

Because Zi:l exp(—n2X) = O(1) as A\, 0, it therefore suffices to prove that

— —n2x > —z2 1 )
e — e del =0 — as A\, 0. 153
2 / <ﬁ (153)

To prove this we first write T" as

T :=
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oo

" —2? —(n?—z?
T:Z/ K A(1—e< ))‘)da:. (154)
_9 n—

Because 1 — exp(—60) < 1 A6 for all § > 0, and since n? — 22 < 4z for all
x€[n—1,n and n>1,

T < 4/ e A (LA 2N dr
8 (155)

< \45\/000 eV’ (1/\y\f)\) dy,

and this is 0o(1/v/)\) by the dominated convergence theorem. This proves (153),
and hence the lemma. O

Next we prove Theorem 7.3.

Proof (Theorem 7.8). Equation (142) and the uniform convergence of the
series in (139) together imply that for all ¢t > 0,

)= e s, (156)
n=1
Consequently, Lemma 7.4 implies that

2 ~ _on2x2,  1+0(1)
E(je@) = e = Gy SN0 (157)

Because the &,,’s are independent, a second application of Lemma 7.4 yields

n=1

Var \@@(t)|2 = Var(¢2) .- p—dn’m’t
( ) 7; (158)

-0 (E (|é"(t)|2>) as ¢\, 0.
These remarks, together with the Chebyshev inequality, yield two constants
C,e > 0 such that for all t € (0,¢) and § > 0,
&2(t)
E (160l

We can replace t by k=%, sum both sides from k = 1 to k = oo, apply the
Borel-Cantelli lemma, and then finally deduce that

Tl G B
B (l6 ()P

P —1]>8p <OVt (159)

=1 a.s. (160)

Because &2 is non-increasing, (157) and a monotonicity argument together
finish the proof. a
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Exercise 7.5 (Rapid cooling). Prove that with probability one,

. 2 o
tl}rgo exp (7°t) &(t) = 1. (161)

That is, the wire cools rapidly as time goes by, as it does for classical initial
heat profiles. Thus, the only new phenomenon occurs near time zero.

Exercise 7.6. Define the average heat flur in the wire as

9 1/2
dx) . (162)

Describe the blowup rate of .Z (t) as t tends down to zero.

For a greater challenge try the following.

Exercise 7.7. Prove that as t \ 0, and after suitable centering and normal-
ization, &' (t) converges in distribution to a non-degenerate law. Describe that
law.

Exercise 7.8. Prove that {b(z)}o<z<1 is a Brownian bridge, where

L [Tut) or all =
b(x).—ﬁ/o Sl torallae .1l (163)
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