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8.33. For all m ≥ 1 define

T (m) := inf {n ≥ 1 : |Xn| > m} , where inf ∅ := ∞.

By the optional stopping theorem, {Xn∧T (m)}∞n=1 is a submartingale for every m ≥ 1. More-
over, supn |Xn∧T (m)| ≤ m + λ. In particular: {Xn∧T (m)}∞n=1 is also bounded in L1(P); and and
limn→∞Xn∧T (m) exists a.s. Note that {supn |Xn| < ∞} = ∪∞m=1{T (m) = ∞}. The result follows
because T (m) ≤ T (m + 1).

8.34. For all A ∈ FT and n ≥ 1, A ∩ {T = n} ∈ Fn. Therefore,

E
[
MT 1{T=n} ; A

]
= E

[
Mn1{T=n} ; A

]
= E [E(Y | Fn); A ∩ {T = n}] = E

[
Y 1{T=n}; A

]
.

Also, A ∩ {T = n} ∈ FT ; thus,

E [E(Y | FT ); A ∩ {T = n}] = E
[
E

(
Y 1A∩{T=n}

∣∣ FT

)]
= E

[
Y 1{T=n}; A

]
.

Consequently, E(Y | FT ) = MT a.s. on {T = n} for all n, whence a.s. on ∪∞n=1{T = n} = {T < ∞}.
The result follows.

8.35. It suffices to prove that if EMT = EM1 for all bounded stopping times T , then M is a martingale.
[The converse follows from the optional stopping theorem.] In this case note that EMT = EMn for all
n, in fact.

Choose and fix A ∈ Fn−1 and define

T := (n− 1)1A + n1Ac .

Then T is readily seen to be a bounded stopping time, and

EMn = EMT = E [Mn−1 ; A] + E [Mn ; Ac] .

This proves that E[Mn;A] = E[Mn−1;A] for all A ∈ Fn−1, whence the result. Similarly, M is a
submartingale iff EMS ≤ EMT for all bounded stopping times such that S ≤ T a.s.

8.36. We will need the following variant of the optional stopping theorem. Theorem: Suppose {Xn}∞n=1

is a non-negative supermartingale with respect to a filtration F := {Fn}∞n=1, and T is an F-stopping
time. Then,

E [Xn | FT ] ≤ XT a.s. on {T < n}.

Proof: Let d0 := 0 and F0 := {∅ ,Ω}, then define dn+1 := Xn+1 − Xn for all n ≥ 0. Then,
Xn =

∑n
j=1 dj , and E[dj+1 | Fj ] ≤ 0. Almost surely,

Xn1{T<n} = XT 1{T<n} +
n∑

j=1

dj1{T<j}

Therefore, for all A ∈ FT ,

E
[
Xn1{T<n} ; A

]
= E

[
XT 1{T<n} ; A

]
+

n∑

j=1

E [dj ; A ∩ {T < j}] ≤ E
[
XT 1{T<n} ; A

]
,

because A ∩ {T < j} ∈ Fj−1. This proves the theorem. !


