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7.3. If X is uniform-[0,1], then

E
[
eit(aX+b)

]
=

∫ 1

0
eit(ax+b) dx=

eit(a+b)− eitb

iat
.

If Y is uniform=[b,a+b], then

E
[
eitY

]
=

∫ a+b

b

eity

a
dy=

eit(a+b)− eitb

iat
.

The uniqueness theorem does the rest. Next suppose Z is uniform-[0,1]. Then Z =∑∞
i=1 2−iZi where the Zi’s are

i.i.d. with values in {0,1} with probability 1
2 each. From Problem 1.15 we know that X = 2Z− 1 is uniform-

[−1,1]. But

X =
∞

∑
i=1
2−i2Zi−1=

∞

∑
i=1
2−i(2Zi−1) =

∞

∑
i=1
2−iXi,

and it follows easily that the Xi’s are i.i.d. taking values ±1 with probability 1
2 each.

7.4. If X is uniform-[−1,1] then

E
[
eitX

]
=

∫ 1

−1

eitx

2
dx=

eit − e−it

2it
=
sin(t)
t

.

But by the preceding exercise, X =∑∞
j=1 2− jXj where the Xj’s are i.i.d. with values ±1 with probability 1

2 each.
Thus,

E
[
eitX

]
=

∞

∏
j=1
E

[
ei2

− jtXj
]

=
∞

∏
j=1

ei2− jt + e−i2− jt

2
=

∞

∏
j=1
cos

(
2− jt

)
.

The preceding two displays together finish the proof.

7.5. [We need to know also that S and D have the same variance.] Let S = X +Y and D = X −Y . Note that
X = (S+D)/2 and Y = (S−D)/2. Thus,

E
[
eitX+isY ]

= E
[
2it(S+D)/2+is(S−D)/2

]
= E

[
ei(t+s)S/2

]
E

[
ei(t−s)D/2

]
,

by the independent of S and D. Now suppose S is N(µ,σ2) and D is N(ν ,σ2). Then,

E
[
eitX+isY ]

= ei(t+s)µ/2ei(t−s)ν/2e−(t+s)2σ2/8e−(t−s)2σ2/8

= e
1
2 it(µ+ν)− 1

8 t
2(σ2+σ2)e

1
2 is(µ−ν)− 1

8 s
2(σ2+σ2),

which is the desired result.

7.10. By Fubini–Tonelli,

(2π)−d
∫

[−π,π]d
e−it·x p̂(t)dt = (2π)−dE

[∫

[−π,π]d
eit·(X−x) dt

]

= E

[
d

∏
j=1

∫ π

−π

eir(Xj−x j)

2π
dr

]

= E

[
d

∏
j=1
sinc(π (Xj− x j))

]
,

where sinc(x) = sin(x)/x if x "= 0, and sinc(0) = 1. Because Xj ∈ Z a.s., sinc(π(Xj− x j)) = 0 for any x ∈ Zd
unless Xj = x j. Therefore, for all x ∈ Zd ,

(2π)−d
∫

[−π,π]d
e−it·x p̂(t)dt = E

[
d

∏
j=1
1{Xj=x j}

]
= P{X = x} = p(x).


