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Of course this is not true for all x ∈ Rd : the left-hand side is a continuous function of x whereas the right-hand
side is not.

7.12. Note that
∫ b
a e−itx dx= (e−ita− e−itb)/(it). Therefore,
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[Fubini–Tonelli is justified because the integrand is absolutely integrable.] Now plug in µ̂(t) =
∫
R eity µ(dy) and

use Fubini–Tonelli again. This yields
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see (7.24) on page 96. So now we compute the inner integral directly. [Do be brave!]
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Firstly, this is bounded (by zero and one), uniformly for all ε > 0. Secondly,
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1 if a< y< b,
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0 otherwise.

The bounded convergence theorem does the rest.

7.13. Here is the proof in R. The one in Rk is proved similarly, but need a Plancherel theorem in Rk (develop it!).
According to Plancherel’s theorem, for all h ∈Cc(R),
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The application of Fubini–Tonelli is justified because µ̂ is assumed to be absolutely integrable. But if
∫
hdµ =∫

h f dt for all h ∈Cc(R), then f must be the Radon–Nikodým density of µ . Finally, f is continuous because µ̂
is absolutely integrable (dominated convergence).

7.15. Let f denote the density of X . If f is uniform on some given interval, then this is a direct computation (do it!).
If f is compactly supported, then for all ε > 0 there are uniform densities f1, . . . , fn, and constants a1, . . . ,an
such that f is within ε of ∑1≤ j≤n a j f j. This proves that | lim|t|→∞ f̂ (t)| ≤ ε . Let ε → 0 to get a proof in the case
that f is zero outside a compact set. In the general case consider Xn := X1{|X |≤n}. Note that

|E[exp(itXn)]−E[exp(itX)]| =
∣∣P{|X | > n}−E

[
eitX ; |X | > n

]∣∣≤ 2P{|X | > n}.

The portion we proved earlier shows then that limsup|t|→∞ |E[exp(itX)]| ≤ 2P{|X | > n}. Let n→ ∞ to finish.


