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5.12. By approximating f from below we can assume that f is elementary. Then the measurability of A( f ) is easy to
derive (draw a picture!). Also, by Fubini–Tonelli, measA( f ) =

∫∫
1 f−1([y,∞))(x)dxdy =

∫ ∞
−∞ f dx. See Problem

5.10.

5.13. Because f and g are both non-decreasing, { f (x)− f (y)}{g(x)− g(y)} ≥ 0 for all x,y ∈ R. The latter is also
product-measurable. Because { f (x)− f (y)}{g(x)−g(y)} = f (x)g(x)− f (y)g(x)− f (x)g(y)+g(x)g(y)≥ 0, we
can integrate [µ(dx)×µ(dy)] to finish.

5.14. When n = 1 this is the previous exercise. Suppose this is true for n; we will prove it holds for n+ 1. For any
fixed xn+1 ∈ R, define

F(xn+1) =
∫

· · ·
∫
f (x1, · · · ,xn,xn+1)µ1(dx1) · · ·µn(dxn).

Similarly define G by replacing f by g. Then F and G are non-decreasing and measurable. If it is also integrable
then by the previous exercise,

∫
FGdµn+1 ≥

∫
F dµn+1 ·

∫
Gdµn+1. This is the desired statement (Fubini–

Tonelli), because by the induction hypothesis,

F(xn+1)G(xn+1)≤
∫

· · ·
∫
f (x1 , . . . ,xn+1)g(x1 , . . . ,xn+1)µ(dx1) . . .µ(dxn).

To obtain Chebyshev’s inequality, let µ denote the uniform distribution on {1, . . . ,n}, f (i) = ai, and g(i) = bi.

5.15. To prove that
∫ ∞
0 |sin(x)/x|dx= ∞ note that for all integers n≥ 0,

sin(x)≥ sin(π/4) > 0 uniformly for all x ∈
[
2πn− π

4
,2πn+

π
4

]
.

Therefore,
∫ ∞
0 |sin(x)/x|dx ≥ ∑∞

n=1
∫
[2πn−(π/4),2πn+(π/4)] sin(π/4)dx = ∞. In order to prove the remaining as-

sertions, note that by Fubini–Tonelli,
∫ a
0 (sin(x)/x)dx=

∫ ∞
0

∫ a
0 sin(x)e−xu dxdu. We can integrate by parts twice

to find that
∫ a

0
sin(x)e−xu dx=−1

u
sin(a)e−au+

1
u

∫ a

0
cos(x)e−xu dx

=−1
u
sin(a)e−au− 1

u2
cos(a)e−au+

1
u2
− 1
u2

∫ a

0
sin(x)e−xu dx.

Solve for
∫ a
0 sin(x)e−xu dx to find that

∫ a

0
sin(x)e−xu dx=− u

1+u2
sin(a)e−au− 1

1+u2
cos(a)e−au+

1
1+u2

.

Therefore,
∣∣∣∣
∫ a

0
sin(x)e−xu dx− π

2

∣∣∣∣ =
∣∣∣∣
∫ a

0

(
u

1+u2
sin(a)e−au+

1
1+u2

cos(a)e−au
)
du

∣∣∣∣≤
∫ a

0

(
|u|
1+u2

+
1

1+u2

)
e−au du.

Evidently, 1/(1+ u2) ≤ 1. In addition, |u|/(1+ u2) ≤ 1; if |u| ≤ 1, then this follows from 1/(1+ u2) ≤ 1,
whereas when |u| > 1, it follows from |u| ≤ u2. Therefore,

∣∣∣∣
∫ a

0
sin(x)e−xu dx− π

2

∣∣∣∣≤ 2
∫ a

0
e−au du=

2
a
.

5.16. Because 1− cosx=
∫ x
0 sinydy, we apply the Fubini–Tonelli theorem to find that

∫ a

0

1− cosx
x2

dx=
∫ a

0

∫ x

0

siny
x2

dydx=
∫ a

0

(∫ a

y

dx
x2

)
sinydy=

∫ a

0

(
siny
y
− siny

a

)
dy.


