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Measure Theory

3.1. Because Ω ∈Fα for all α ∈ A, Ω ∈ ∩α∈AFα . If E ∈ ∩α∈AFα then E ∈Fα for all α ∈ A. This proves that
Ec ∈Fα for all α ∈ A, whence Ec ∈ ∩α∈AFα . It, therefore, remains to prove that whenever E1,E2, . . . are in
∩α∈AFα then so is ∪∞n=1En. But ∪∞n=1 ∈Fα for all α , whence the claim.
To finish, suppose A is an algebra. We can then define F = ∩G , where the intersection is taken over all σ -
algebras G that contain A . This is clearly the right object. Note that the said intersection is not empty because
the power set is a σ -algebra that contains A .

3.2. Let Ω = N = {1,2, . . .} denote the numerals. For all n = 1,2, . . . define Fn to be the σ -algebra generated
by {1}, . . . ,{n}. For example, F1 = {∅,N,{1},N \ {1}}, F2 = {∅,N,{1},{2},{1,2},N \ {1},N \ {2},N \
{1,2}}, and so on. Evidently,Fn ⊂Fn+1. However, {1,3,5, . . .} %∈ ∪∞i=1Fi.

3.3. For this exercise, we need Cantor’s countable axiom of choice: A countable union of countable sets is itself
countable.
Let F denote the σ -algebra generated by all singletons in R. Obviously, {x} ∈ F for all x ∈ R. It remains
to show that [a,b] %∈ F for any a ≤ b. Define G = {G ⊆ R : either G or Gc is denumerable}. [Recall that
“denumerable” means “at most countable.”] You can check directly that G is a σ -algebra. We claim that
F = G . This would prove that [a,b] %∈F , because neither [a,b] nor its complement are denumerable.
LetA denote the algebra generated by all singletons. If E ∈A , then either E is a finite collection of singletons,
or Ec is. This proves that A ⊆ G . The monotone class theorem proves that σ(A ) ⊆ G , but σ(A ) = F .
Therefore, it remains to prove that G ⊆F . But it is manifest that G ⊂ σ(A ).

3.4. B(Rk) is the σ -algebra generated by all open sets. Let O define the σ -algebra generated by all open balls in
Rk whose radius and center are rational. Because O ⊆B(Rk), it remains to derive the converse inclusion. But
general topology tells us that any open set is a countable union of open balls with rational centers and radii. This
has the desired result.

3.5. To prove (i) set B1 = A1, B2 = A2 \ A1, . . ., Bk = Ak \ ∪k−1i=1 Ai. The Bi’s are disjoint and ∪∞i=1Bi = ∪∞i=1Ai.
Therefore, µ(∪∞i=1Ai) =∑∞

i=1 µ(Bi). Also note that ∪ki=1Ai =∪ki=1Bi, whence µ(∪ki=1Ai) =∑ki=1 µ(Bi). Because
Ak = ∪ki=1Ai, this proves that µ(Ak) ↑ µ(∪iAi) as k ↑ ∞. This proves part (i).
To prove part (ii) define for all i≥ n,Ci = An \Ai. BecauseCi ⊂Ci+1 ⊂ ·· · , (i) implies that µ(Ck) ↑ µ(∪∞i=nCi).
Note that µ(Ak)+µ(Ck) = µ(An). Furthermore, ∪∞i=nCi = An \∩∞i=nAi, so that µ(∩∞i=nAi)+µ(∪∞i=nCi) = µ(An).
A little algebra completes our argument.


