
p. 10 3. Measure Theory

3.6. If P is a probability measure on (Ω,F ), then define pi = P({ωi}). We claim that for all A⊂Ω, P(A) =∑i:ωi∈A pi.
This follows immediately from the fact that A= ∪i:ωi∈A{ωi} is a denumerable union.
Conversely, if {pi}∞i=1 are non-negative and ∑∞

i=1 pi = 1, then we can define P(A) = ∑i:ωi∈A pi for all A ⊂ Ω.
A sum over the empty set is, by definition, zero. Hence, P(∅) = 0. Because P is countably additive and
P(Ω) = ∑i pi = 1, P is a probability measure on (Ω,P(Ω)), whereP denotes “power set.”

3.7. Let Mα (α ∈ A) denote a collection of monotone classes on Ω. Suppose A1 ⊂ A2 ⊂ ·· · are in ∩α∈AMα . Then
An ∈Mα for all α ∈ A. Hence, ∪∞n=1An ∈Mα for all α . This proves that ∩α∈AMα is closed under increasing
unions. Similarly, one proves that ∩α∈AMα is closed under decreasing intersections. Therefore, ∩α∈AMα is
a monotone class. For the second part define W = ∩N , where the intersection is taken over every monotone
classN that contains A . This is not an empty intersection because of the power set.

3.8. Easy, as long as you define the “cardinality” of an infinite set as ∞.

3.10. Let M denote the collection of all A ∈ B(R) such that meas(A) = meas(A+ x) for all x ∈ R. Then M is
a monotone class that contains all finite unions of disjoint half-open intervals. Thus, M = B(R). That is,
Lebesgue measure is translation invariant. The remainder is proved similarly.

3.11. Find c> 0 such that µ([0 ,1]) = c, and consider instead the measure ν := c−1µ . We seek to prove that ν is the
Lebesgue measure. If k≥ 1 is an integer, then ν([0 ,1/k)) = ν([1/k ,2/k)) = · · · = ν([1− (1/k) ,1)). Add them
to find that ν([0 ,1/k)) = 1/k. This proves that whenever I is an interval of rational length, ν(I) =meas(I). By
continuity properties of ν and meas, ν =meas.

3.13. We can write supp(µ) = ∩C, where the intersection is taken over all closed sets C ⊂ Ω such that µ(Cc) = 0.
Because an arbitrary intersection of closed sets is closed, supp(µ) is a closed set, and hence properly defined.
The rest follows from the definition of closed (i.e., complement of open).

3.15. No, A need not be an algebra. For instance, let µ be the counting measure on positive integers. Then E ∈A
and (Dµ)(E) = 1/2, where E denotes all even integers. Now let F be the collection of all positive integers m
such that: (i) If 2k < m≤ 2k+1 for some even integer k ≥ 0 then m is even; (ii) else m is odd. Then F ∈A and
(Dµ)(F) = 1/2, but E ∩F (∈A .
Let µ be counting measure on positive integers and A the set of all even integers. Evidently, (Dµ)(A) = 1

2 .
However, (Dµ)({x}) = 0 for all x so that (Dµ)(A) (= ∑x even integer(Dµ)({x}). Therefore, Dµ is not countably
additive on A .

3.16. Define φ(x) := (Lµ)(x)− (Lµ)(0), and check directly that φ(x+ y) = φ(x)+φ(y) to finish.


