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Recall that for all z≥ 0,
e−z = 1− z+ ε(z),

where ε(z)∼ z2/2 as z→ 0. [This follows from the Taylor expansion with remainder, for example.] Therefore,
as t→ 0,
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,

where θ(t)→ 1 as t→ 0. The exercise follows.

2.10. Throughout, a< b are held fixed. For all λ > 0 let A(λ ) denote the collection of all x ∈R such that λ +x
√
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Z+. By the Stirling formula, uniformly for all x ∈ A(λ )∩ [a ,b],
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Now, uniformly for all x ∈ A(λ )∩ [a ,b],
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Therefore, uniformly for all x ∈ A(λ )∩ [a ,b],
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Combine terms to find that
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2.11.

1. Let σ := sup{x : p(x) > 0} and note that P{X ≤σ}= 1. It follows then that E[Xn]≤σ for all n. Therefore,
limsupnE[Xn]≤ σ . It suffices to prove that liminfnE[Xn]≥ σ .
First suppose σ <∞. Choose and fix some ε ∈ (0,1). By definition, η := P{X ≥ (1−ε)σ}> 0. Therefore,

E[Xn]≥ E [Xn;X ≥ (1− ε)σ ]≥ η(1− ε)nσn.

This proves that liminfnE[Xn] ≥ (1− ε)σ . Let ε ↓ 0 to finish. Next suppose σ = ∞. Then we can find
x1 < x2 < .. . such that limk→∞ xk = ∞, and ηk := P{X ≥ xk} > 0. Then,

E[Xn]≥ E [Xn;X ≥ xk]≥ ηkxnk .

Therefore, liminfn(E[Xn])1/n ≥ xk. Let k→ ∞ to finish.


