
p. 6 2. Bernoulli Trials

2.4. First of all note that for all ! = 0, . . . ,N,
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Recall that k ∼ (Np). Therefore, if ! is held fixed, then
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If n is held fixed in addition, then we have
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Multiply the preceding three displays to finish.

2.5. Recall that P{Xp = k} = p(1− p)k−1 for all k = 1,2, . . . . Thus,

P
{
Xp ≥ k

}
= p

∞

∑
i=k

(1− p)i−1 = (1− p)k−1 k = 1,2, . . . .

Therefore, for all x> 0, P{Xp ≥ x} = (1− p)$x%, where $z% denotes the smallest integer greater than or equal to
z. Hence, as p→ 0,

P
{
pXp ≥ x

}
= (1− p)$x/p% → e−x,

because (1− ε)ν/ε → e−ν as ε → 0.

2.6. Let Fn(x) := P{Xn ≤ x} and F(x) := P{X ≤ x}. Fn and F are non-decreasing, right-continuous, 1 at ∞, and 0 at
−∞. Choose and fix ε > 0. We can find points−∞< x0 < x1 < .. . < xm <∞ such that: (a) 0≤F(xi+1)−F(xi)≤
ε; and (b) F(x0)+F(xm)≤ ε . Evidently, limn→∞max0≤ j≤m |Fn(x j)−F(x j)| = 0. Therefore, there exists n0 such
that for all n≥ n0 and j = 0, . . . ,m, F(x j)− ε ≤ Fn(x j)≤ F(x j)+ ε . If x ∈ [x j ,x j+1] for some j = 0, . . . ,m−1
then for all n≥ n0, F(x)−2ε ≤ F(x j)−ε ≤ Fn(x j)≤ Fn(x)≤ Fn(x j+1)≤ F(x j+1)+ε ≤ F(x)+2ε . This proves
that

lim
n→∞

sup
x∈[x0,xm]

|Fn(x)−F(x)| = 0.

On the other hand, for all x ≤ x0 and n ≥ n0, Fn(x) ≤ Fn(x0) ≤ F(x0)+ ε ≤ 2ε . Likewise, for all x ≥ xm and
n≥ n0, Fn(x),F(x)≤ 2ε . Thus, Fn→ F uniformly.

2.7. Set P{Xn = n} = 1−P{Xn = 1} = 1
2 . If x )= 1, then P{Xn = x} = 0 := p(x), whereas P{Xn = 1} = 1

2 := p(1).
Clearly ∑x p(x) = 1

2 )= 1.

2.8. Because |∑z∈R pn(z)−∑z∈R p(z)| ≤ ∑z∈R |pn(z)− p(z)|, it follows that ∑z∈R p(z) = 1. But p(z)≥ 0 for all z as
well, because p(z) = limn→∞ pn(z).

2.9.We use Taylor expansions. Define
G(t) =

∫ t

0
e−x

2
dx.

By the fundamental theorem of calculus, G′(t) = e−t2 , therefore L’Hôpital’s theorem tells us that G(t) ∼ t as
t→ 0 (check!). This exercise is asking for a refinement.


