
p. 4 1. Classical Probability

Now ψ(1,n) is easy to compute: ψ(1,n) = {1− (1− p)n}/(n+1). This yields,

E
[

1
1+X

]
=
1− (1− p)n

p(n+1)
.

By (1.1),

ψ(2,n) =
p−ψ(1,n+1)

n
=
p(n+2)−1+(1− p)n+1

n(n+2)
,

This yields,

E
[

1
2+X

]
=
p(n+2)−1+(1− p)n+1

p2n(n+2)
.

In general, E[(!+X)−1] can be found by iterating these formulæ for all positive integers !.

1.24. It suffices to prove the result for µ1 = µ2 = 0 and σ1 = σ2 = 1. Otherwise, replace Xi by (Xi− µi)/σi and
consult Problem 1.13.
According to Problem 1.22, the density function of X1+X2 is

fX1+X2 (z) =
∫ ∞

−∞
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√
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2π

dy=
1
2π

∫ ∞

−∞
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[
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])
dy.

We can observe that [z2−2zy+2y2] = (z2/2)+ [(z/
√
2)− y

√
2]2. Thus,
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.

That is, X1+X2 is N(0,2). This proves the result.

25. What this means is that P{Unif(0 ,T )≤ x} =
∫ ∞
0 P{Unif(0 , t)≤ x}te−t dt for all x≥ 0. But P{Unif(0 , t)≤ x} is

equal to one if x> t; zero if x< 0; and x/t if x ∈ [0 , t]. Therefore, for all x≥ 0,

P{Unif(0 ,T )≤ x} =
∫ x

0
te−t dt+ x

∫ ∞

x
e−t dt =

∫ x

0
te−t dt+ xe−x.

Differentiate to find that fUnif(0,T )(x) = e−x, x≥ 0.

26. Conditionally onU = u, X = Bin(n ,u). Therefore, for all x= 0, . . . ,n,

pX (x)=
∫ 1

0
P{X = x |U = u}du=

∫ 1

0

(
n
x

)
ux(1−u)n−x du=

(
n
x

)
Γ(x+1)Γ(n− x+1)

Γ(n+2)
=

(
n
x

)
x!(n− x)!
(n+1)!

=
1

n+1
.

27. X is Geom(U). Therefore, for all x= 1,2, . . .,

pX (x) =
∫ 1

0
u(1−u)x−1 du=

Γ(2)Γ(x)
Γ(x+2)

=
(x−1)!
(x+1)!

=
1

x(x+1)
.


