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1.13. For all a,b≥ 0 consider
J(a,b) :=

∫ a

−b

x
1+ x2

dx.

Evidently, J(a,0) = ln(1+a2). Therefore,

J(a,b) = ln
(
1+a2

1+b2

)
.

Therefore, J(a,a) = 0, whereas lima→∞ J(a,a2) = −∞. This proves that
∫ ∞
−∞ x/(1+ x2)dx is not well defined.

But the latter, if well defined, would be πEX .
To finish, consider a random variable Y whose density function is fY (y) := y−2 (y > 1). In this case, EY =∫ ∞
1 y−1 dy= ∞ is well-defined but infinite.

1.16. Because 1−3y−4 ≤ 1≤ 1+ y−2 for all real y %= 0,
∫ ∞

x

(
1− 3

y4

)
e−y

2/2 dy≤
∫ ∞

x
e−y

2/2 dy≤
∫ ∞

x

(
1+

1
y2

)
e−y

2/2 dy.

Therefore, the following two computations complete the solution:

d
dy

[(
1
y
− 1
y3

)
e−y

2/2
]

=−
(
1− 3

y4

)
e−y

2/2,

d
dy

[
e−y2/2

y

]
=−

(
1+

1
y2

)
e−y

2/2.

1.18. Observe first that
1

!+ x
=

∫ ∞

0
e−(!+x)s ds ∀x> 0.

Therefore,

E
[

1
!+X

]
=

∫ ∞

0
e−!sE

[
e−sX

]
ds=

∫ ∞

0
e−!s

(
n

∑
k=0

(
n
k

)
pk(1− p)n−ke−ks

)
ds=

∫ ∞

0
e−!s (pe−s+(1− p)

)n ds,

by the binomial formula. A change of variables [t = pe−s] yields the desired formula; i.e.,

E
[

1
!+X

]
= p−!

∫ p

0
t!−1 (t+1− p)n dt.

Now we try to evaluate this for some !s.
Define

ψ(!,n) :=
∫ p

0
t!−1(t+1− p)n dt ∀! > 0, n≥ 0.

We integrate this by parts to find that for all ! > 0 and n≥ 1,

ψ(!,n) =
t!

!
(t+1− p)n

∣∣∣∣
p

0
− n

!

∫ p

0
t!(t+1− p)n−1 dt =

p!

!
− n

!
ψ(!+1,n−1).

Thus,

ψ(!+1,n) =
p!− !ψ(!,n+1)

n
. (1.1)


