St >

Linear Models

1. The basic model

We now study a linear statistical model. That is, we study the models

where the observations Y := (Yy,...,Ys) has the following assumed
property:
V=XB+e¢,
where B:= (Bo,B1,...,Bp-1) is a vector of p unknown parameters, and
X1,0 - Xip-1
X:= . .
Xno -*° Xn,p-1

is the socalled “regression matrix,” or “design matrix.” The elements of
the n x p matrix X are assumed to be known; these are the “descriptive”
or “explanatory” variables, and the randomness of the observed values is
inherited from the “noise vector,” € := (gq,..., &,)’, which we may think
of as being “typically small.” Note that we are changing our notation
slightly; X is no longer assumed to be a random vector [this is done in
order to conform with the historical development of the subject].

Throughout, we assume always that the €;’s are independent with
mean zero and common variance o2, where ¢ > 0 is possibly [in fact,
typically] unknown.

In particular, it follows from this assumption that

Ee = 0 and Var(e) = 0°I. (1)
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Let us emphasize that our linear model, once written out coordinate-
wise, is
Vi = Boxio + -+ + Bp-1Xip-1 + & (1<i<n).
It is intuitively clear that unless n > p, we cannot hope to effectively
use our n observed values in order to estimate the p + 1 unknowns
02, Bo, - .., Bp-1. Therefore, we assume always that

n>p+1. (2)
This condition guarantees that our linear model is not overspecified.

The best-studied linear models are the normal models. Those are
linear models for which we assume the more stringent condition that

ervPL1<O,621>. (3)

Example 1 (A measurement-error model). Here we study a socalled

measurement-error model: Suppose the observations Yy, ..., ¥, satisfy
Vi=p+¢g (1<i<n)

for an unknown parameter p. This is a simplest example of a linear
model, where B = pis1 x 1, and X := 1,1 is a vector of n ones. (]

Example 2 (Simple linear regression). In simple linear regression we
assume that the observed values have the form

Vi = Bo + P1xi + & (1<i<n),

where x; is the predictive variable the corresponds to observation i, and
Bo,B1 are unknown. Simple linear regression fits into our theory of
linear models, once we set the design matrix as

1 X1
X:=
1 x,

Example 3 (Polynomial regression). Consider a nonlinear regression
model

—1 .
Vi =Bo+Bixi +Box? + -+ Bpaxl T +e& (1 <i<n),

where p is a known integer > 1 [p — 1 denotes the degree of the poly-
nomial approximation to the observed y’s]. Then polynomial regression
models are linear models with design matrices of the form

2 p-1
1 x1 xy -+ x

X :=

2 p-1
1 xp x5 -+ Xn
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Example 4 (One-way layout with equal observations). In the simplest
case of one-way layout, in analysis of variance, our observations are
indexed by vectors themselves as follows:

Vij=mi + &, 1<i<I,1<j<)).

For instance, suppose we are interested in the effect of I different fer-
tilizers. We apply these fertilizers to J different blocks, independently,
and “measure the effect.” Then, V;; is the effect of fertilizer i in block j.
The preceding model is assuming that, up to sampling error, the effect
of fertilizer i is p;. This is a linear model. Indeed, we can create a new
random vector Y of I] observations by simply “vectorizing” the V; ;’s:

Y= (Yi‘i,...,YL],YQli,...,YQ,],...,Y[J,...,YI‘])/.

The vector B of unknowns is B := (uy,..., ), and the design matrix is
the following IJ x I matrix:
15+ 0 O --- O
0O 1,4 0 --- O
.X = . . . . ’
0 0 0 -+ 179
where 17,1 := (1,...,1)" is a J-vector of all ones. It is possible to show

that one-way layout with unequal number of observations is also a
linear model. That is the case where Y;; = p; + €;j, where 1 <i < I and
1 < j < J; [the number of observed values might differ from block to
block].

2. The least-squares estimator of 0 := Xf3

Let us return to our general linear model
YV =XB+e.

Ultimately, our goal is to first find and then analyze the least-squares
estimator ﬁ of B. But first, let us find the least-squares estimate for
0 := XPB. In other words, we wish to perform the following optimization
problem:
min |V — XB| = min |¥V - 0|.
0cB(X)

BeRP 6
Abstractly speaking, the minimizer solves
0 = Pgix)Y.

But is there an optimal ? As we shall see next, there certainly is a
unique B when X has full rank.
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3. The least-squares estimator of 8

Our least-squares estimator E of the vector parameter B is defined via

min |V — X =HY—XM.
min | Bl B
We aim to solve this minimization problem under natural conditions on
the design matrix X. But first, let us introduce some notation. The vector

Vi=0:= Xﬁ

is called the vector of fitted values, and the coordinates of
e=V-V

are the socalled residuals.

Now we write our minimization problem in the following form: First

find the minimizing B € RP that solves

mm“y—ﬂ=Hy—xﬂy

zeB(X)
Now we know from Proposition 18 (p. 20) that the vector z that achieves
this minimum does so uniquely, and is given by Pgx) ¥, where we recall
Pgx) := X(X'X)~1X’ is projection onto the column space of X; this of
course is valid provided that (X'X)~! exists. Now the matrix Pgx) plays

such an important role that it has its own name: It is called the hat
matrix, and is denoted as

H:= Pgx) = X(X'X)'X.

H is called the hat matrix because it maps the observations ¥ to the
fitted values ¥ [informally, it puts a “hat” over ¥Y]. More precisely, the
defining feature of H is that

V-HY,

once again provided that X'X is nonsingular. The following gives us a
natural method for checking this nonsingularity condition in terms of X
directly.

Lemma 5. X'X is nonsingular if and only if rank(X) = p.

Proof. Basic linear algebra tells us that the positive semidefinite X'X is
nonsingular if and only if it is positive definite; i.e., if and only if it has
full rank. Since the rank of X'X is the same as the rank of X, and since
n > p, X'X has full rank if and only if its rank, which is the same as
rank(X), is p. O
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From now on we always assume [unless we state explicitly otherwise]
that rank(X) = p. We have shown that, under this condition, if there is a
B then certainly ¥ = Xﬁ HY = X(X'X)"'X'V. In order to find ﬁ from
this, multiply both sides by (X'X)"1X’ to see that § = (X'X)"1X'V.

The quantity RSS := e’e = |e|? := |V - i’][2 is called the sum of
squared residuals, also known as the residual sum of squared errors,
and is given by |(I — H)Y||> = |Pgx). Y| In particular, we have the
following:

Proposition 6. If rank(X) = p, then the least-squares estimator of B is
B:=(XX)'X'V, (4)
and RSS = |(I - H)Y|?

Let us make some elementary computations with the least squares
estimator of .

Lemma 7. B is an unbiased estimator of B, and Var(B) = o%(X'X)~!

Proof. Because Eﬁ = (X’X)"'X’EY = B, it follows that E is unbiased.
Also, Var() = (X'X) "' X'Var(Y)X(X'X)~! = 0%(X'X)"!, because of (1). O

4. Optimality

Theorem 8. Let 0 := X be estimated, via least squares, by 0 =
HY. Then, for all linear unbiased estimates of ¢’0, the estimator c'0
uniquely minimizes the variance.

By a “linear unbiased estimator of ¢’0” we mean an estimator of the
form Z}Li a;¥; whose expectation is ¢’0. In this sense, ¢'0 is the best
linear unbiased estimator [or “BLUE”] of ¢’0. The preceding can be
improved upon as follows, though we will not prove it:

Theorem 9 (Rao). Under the normal model (3), ¢'0 is the unique UMVUE
of ¢’0, for every nonrandom vector ¢ ¢ R™,

Let us consider Theorem 8 next.

Proof of Theorem 8. We saw on page 43 that 0:= HY irrespective of
whether or not (X'X)~! exists. Therefore,

E (c’@) ~c'E0 =c'0, Var <c’§> = c¢'Var(HY)c = ¢'H'Var(Y)Hc

= 0’| He|*.
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Any other linear estimator has the form a’¥, and satisfies
E(a'V) =a'EY =a'0, Var(a'V) = a'Var(Y)a = o*|a|?

If, in addition, @'Y is unbiased, then it follows that a’0 = ¢’0; i.e., a —c is
orthogonal to 6. This should hold no matter what value B8 [and hence 0]
takes. Since B(X) is the collection of all possible values of 6, it follows
that a — ¢ is orthogonal to G(X). Because H is projection onto G(X), it
follows that H(a — ¢) = a; equivalently, Hc = Ha. Therefore, Var(c’a) =
0?||Ha|? and

Var (a'V) — Var (¢'8) = o® {|a|? - |Ha|*} = o*|(I - H)a|? > 0,

thanks to the Pythagorean property. O

5. Regression and prediction
Now that we have the least-squares estimate for B, let us use it in order

to make prediction.

Recall that our model is ¥ = XB + €. In applications, V; is the ith
observation for the y variable, and the linear model is really saying that
given an explanatory variable x = (xo,...,xp-1)",

y = Boxg + -+ + Bp-1Xp—1 + “noise.”
Therefore, our prediction, for a given x, is
[predicted value] y = Boxo + -+ + [Aﬂp_1xp_1, (5)

where B = (Eo e ,B\p~1)’ is the least-squares estimate of B. We may view
the right-hand side of (5) as a function of x, and call (5) the equation for
the “regression line.”

6. Estimation of o2

We wish to also estimate 02. The estimator of interest to us turns out to
be the following:
1

n-p

S§% = RSS, (6)

as the next lemma suggests.

Lemma 10. S? is an unbiased estimator of o2.
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Proof. Recall that RSS = e’e = ||V — HY||?>. We can write the RSS as
(I -H)Y|?>=Y(I-H)(I-H)Y = Y(I - H)Y. In other words, the RSS
is a random quadratic form for the matrix A := I — H, and hence
E(RSS) = tr((I — H)Var(Y)) + (EY)'(I — H)(EY)
= o’te(I — H) + (XB)'(I - H)XB.
Because XB € G(X), I — H projects onto the orthogonal subspace of
where it is, therefore (I — H)XB = 0. And the trace of the projection

matrix (I — H) is its rank, which is n — tr(H) = n — p, since X has full
rank p. It follows that E(RSS) = 0%(n — p), and therefore E(S?) = 02. O

7. The normal model
In the important special case of the normal model,

V ~ Ny <XB,62I> .
Therefore, B ~ Np(B,0%(X'X)"!). And the vector (I - H)Y = YV — Xp of
residual errors is also a multivariate normal:
(I-H)Y ~ Np_p ((1 —H)XB,o2(I — H)(I - H)’> = Nn-p (0,62(1 - H)) .
Therefore, in the normal model,

9 1

X2
s* = |1 - H)Y|?* ~ o> Z2E
n-p n-p

Finally, we note that t’ﬁ +s'(I — H)Y is a matrix times Y for all f € RP

~

and s € R"P, Therefore, (B, (I — H)Y) is also a multivariate normal. But
Cov (B G- H)y) — (X'X)" X' Var(Y)(I-H) = o%(X'X)"'X'(I-H) = 0,

since the columns of X are obviously orthogonal to every element in
G(X)tand I - H = Pgx):. This shows that E and (I — H)Y are indepen-
dent, and hence ﬁ and S? are also independent. Thus, we summarize
our findings.

Theorem 11. The least-squares estimator B of B is given by (4); it is
always unbiased. Moreovgr, S? is an unbiased estimator of 02. Under
the normal model, S and B are independent, and
2
2 21y v —1 2 _ 2Xn-p
B NP<B,6 (X'X) ) §*~ 0Pk
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Recall that ¥ has the nondegenerate multivariate normal distribution
Nn(XB,0%I). Therefore, its pdf is

1 1
=— ——|ly — XB|*) .
This shows readily the following.

Lemma 12. In the normal model, B is the MLE of B and (=B)s% is
the MLE for o2.

Proof. Clearly, maximizing the likelihood function, over all B, is the
same as minimizing |V — XB||*>. Therefore, MLE = least squares for .
As for 02, we write the log likelihood function:

L{o) = ~ 2 In2r) ~ nino - %ny _ Xp2.

Then,

n 1
L'(o) = —— + —|Y - XB|%.
(0) =~ + Z|¥ - XB|
Set L'(0) = 0 and solve to see that the MLE of o2 is %“Y - Xﬁ][2 =
("=2) S, thanks to the MLE principle and the already-proven fact that

the MLE of B is B. O

8. Some examples
1. A measurement-error model. Recall the measurement-error model
Vi=p+e¢g (1 <i<n).

We have seen that this is a linear model withp =1, 8 = g, and X := 1,,41.
Since X’X = n and X'Y = Y"', Vi, we have

~

B=p:=Y,

and

1 o 1

_ 2
_ y—mx‘
n-1 n—1H nxd

1 & 7
= Y (Y - 9= 2
i=1

These are unbiased estimators for p and 0%, respectively. Under the
normal model, ¥ and S? are independent, ¥ ~ N(u,0%) and (n —1)S? ~
62}(,21_1. These are some of the highlights of Math. 5080.
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2. Simple linear regression. Recall that simple linear regression is our
linear model in the special case that p = 2, B = (By,B1), and

1
X:=
1 xp
We have
n n
%= (e S) X = ()
and
(X'X)™" = 1 < YLkt~ ik xi>
nYxf - (Ox)” \Tia%ion
-t <1112?=1xi2 —5C> _
Yo (i — x)? -x 1
Therefore,
<§°> - (X'X)'X'Y,
B1

which leads to

D 01Ot oL (D M1 ca R 1L e Y BT
B = Yol (i — x)? - Y (g — %) and By = YV - By x.

We have derived these formulas by direct computation already. In this
way we find that the fitted values are

Bo + Brxy

Bo + B1xn

Also,

52 U v — 9l 1 < NI IAL

B n—QH B H = H_QZ< i—ﬁo—ﬁixi> ,
i=

and this is independent of (o, B1) under the normal model.

Recall that our linear model is, at the moment, the simple regression
model,

Vi = Bo + Bixi + €.
Perhaps the most important first question that we can ask in this context

is B1 = 0; that is, we wish to know whether the x variables are [linearly]
independent of the Y’s. Let us try to find a confidence interval for 1 in
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order to answer this question. From now on, we work under the normal
model. Recall that under the normal model,

BN (B,0XX)) = B~ N (1o (X)), ) =N (B,

Equivalently,

52
Yoy (i - 55)2> '

7. Z?=1(xi - j)Q <E1 —ﬁ1> N N(O,l)

o
Now, S%/0? is independent of Z and is distributed as szl_z/ (n —2). There-

fore,
Zn o [Bi-Bi VA
(e = 27 <3> R 2

i=1
Therefore, a (1 — a) x 100% confidence interval for By is

) S /2
Bi + tg_gf

Vi (X — X)?
where t] is the point whose right area, under the t, pdf, is r. If zero is
not in this confidence interval, then our statistical prediction is that 5 is
not zero [at the confidence level a].

3. A remark on polynomial regression. Recall that, in polynomial re-
gression, we have Y = XB + g, where X is the following design matrix:

-1

1 xg xf .- b

X:= : :
-1

1 xp x,% ... xP

If p = 2, then this is simple linear regression. Next consider the “qua-
dratic regression” model where p = 3. That is,
2

bx x D SHIFE D D=
Xe=|: : 1| = XX=|XLix YLx Ligx
1 xp, x2 PIARE D BHIFE D I )

Because n > 4, X is nonsingular if and only if x is not a vector of
constants [a natural condition]. But you see that already it is painful to
invert X'X. This example shows the importance of using a computer in
linear models: Even fairly simple models are hard to work with, using

only direct calculations.



