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Abstract

We consider a system of d non-linear stochastic heat equations in spatial dimension
k > 1, whose solution is an R%-valued random field v = {u(t,z), (t,z) € Ry x R¥}.
The d-dimensional driving noise is white in time and with a spatially homogeneous
covariance defined as a Riesz kernel with exponent 3, where 0 < 8 < (2 A k). The non-
linearities appear both as additive drift terms and as multipliers of the noise. Using
techniques of Malliavin calculus, we establish an upper bound on the two-point density,
with respect to Lebesgue measure, of the R*?-valued random vector (u(s,y),u(t,z)),
that, in particular, quantifies how this density degenerates as (s,y) — (¢,x). From this
result, we deduce a lower bound on hitting probabilities of the process u, in terms of
Newtonian capacity. We also establish an upper bound on hitting probabilities of the
process in terms of Hausdorff measure. These estimates make it possible to show that

points are polar when d > ££25 and are not polar when d < %. In the first case, we

2-p
also show that the Hausdorff dimension of the range of the process is % a.s.
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1 Introduction and main results

Consider the following system of stochastic partial differential equations:

d
;ui(t, z) = % Agui(t,z) + Y o j(ult,x)) FI(t, ) + bi(u(t, 7)),
j=1

u;(0,z) =0, ied{l,..,d},

(1.1)

t>0,z R k>1, 0,5, b : R? — R are globally Lipschitz functions, i, j € {1,...,d}, and
the A, denotes the Laplacian in the spatial variable x.

The noise F = (F L. F 1) is a spatially homogeneous centered Gaussian generalized
random field with covariance of the form

B[F(t,2) (s, )] = 0t = )]z =yl 7o, 0<B<(2Ak). (1-2)

Here, §(-) denotes the Dirac delta function, d;; the Kronecker symbol and ||-|| is the Euclidean
norm. In particular, the d-dimensional driving noise F' is white in time and with a spatially
homogeneous covariance given by the Riesz kernel f(x) = ||z|| 7.

The solution u of (1.1) is known to be a d-dimensional random field (see Section 2, where
precise definitions and references are given), and the aim of this paper is to develop potential
theory for u. In particular, given a set A C R?, we want to determine whether or not the
process u hits A with positive probability. For systems of linear and/or nonlinear stochastic
heat equations in spatial dimension 1 driven by a d-dimensional space-time white noise,
this type of question was studied in DALANG, KHOSHNEVISAN, AND NUALART [DKNO07]
and [DKNO09]. For systems of linear and/or nonlinear stochastic wave equations, this was
studied first in DALANG AND NUALART [DNO04] for the reduced wave equation in spatial
dimension 1, and in higher spatial dimensions in DALANG AND SANZ-SOLE [DSS10, DSS11].
The approach of this last paper is used for some of our estimates (see Proposition 5.7).

We note that for the Gaussian random fields, and, in particular, for (1.1) when b = 0 and
o = I, the d x d-identity matrix, there is a well-developed potential theory [BLX09, X09].
The main effort here concerns the case where b and/or o are not constant, in which case u
is not Gaussian.

Let us introduce some notation concerning potential theory. For all Borel sets F' C R¢,
let Z(F) denote the set of all probability measures with compact support in F. For all
a € R and p € 2(RF), we let I,(1) denote the a-dimensional energy of u, that is,

In(u) == / / Ko (llz — ) p(de) p(dy),

where
r-¢ if a >0,
Kq(r) := S log(Ng/r) if a =0, (1.3)
1 if a <0,

where Ny is a constant whose value will be specified later (at the end of the proof of Lemma
2.3).



For all a € R and Borel sets F' C R¥, Cap,,(F) denotes the a-dimensional capacity of
F', that is,

~1
Cap, (F):= | inf I, ,
wo(F)i= | inf 1200

where, by definition, 1/00 := 0.
Given a > 0, the a-dimensional Hausdorff measure of F' is defined by

Ho(F) = lim inf {i@ri)o‘ P C [j B(x;,r;), supr; < e} , (1.4)

+ .
=0 i=1 i=1 izl

where B(x,7) denotes the open (Euclidean) ball of radius r > 0 centered at x € R?. When
a < 0, we define J#,(F) to be infinite.

Consider the following hypotheses on the coefficients of the system of equations (1.1),
which are common assumptions when using Malliavin calculus:

P1 The functions o; ; and b; are C* and bounded with bounded partial derivatives of all
orders, 7,7 € {1,...,d}.

P2 The matrix o = (0;)1<ij<d is strongly elliptic, that is, ||o(z) - £||*> > p? > 0 (or,
equivalently, since o is a square matrix, || - o(z)||? > p? > 0) for some p > 0, for all
re Rl € RY [ = 1.

Remark 1.1. Note that because ¢ is a square matrix,

inf inf ||o(z)-&||* = inf inf T.o(2)]?
xeRd”gH:lH (z) - |l Jnf, It 1€ - o)

However, for non square matrices, this equality is false in general.

For T' > 0 fixed, we say that I x J C (0,7] x R* is a closed non-trivial rectangle if
I C (0,7T] is a closed non-trivial interval and J is of the form [a1,b1] X - -+ X [ag, b], where
ai,bi € R and a; < bi, 1=1,.., k.

The main result of this article is the following.

Theorem 1.2. Let u denote the solution of (1.1). Assume conditions P1 and P2. Fiz
T >0 and let I x J C (0,T] x R¥ be a closed non-trivial rectangle. Fiz M > 0 and n > 0.

(a) There exists C > 0 such that for all compact sets A C [-M , M]?,

(b) There exists ¢ > 0 such that for all compact sets A C [-M , M4,

P{u(I x )N A# @} > cCapy_(sear) ., (A).



As a consequence of Theorem 1.2, we deduce the following result on the polarity of
points. Recall that A is a polar set for v if P{u(l x J)N A # @} =0, for any I x J as in
Theorem 1.2.

Corollary 1.3. Let u denote the solution of (1.1). Assume P1 and P2. Then points are

not polar for uw when d < % and are polar when d > 4+2k (if = 4+2k s an integer, then
the case d = % is open).

Another consequence of Theorem 1.2 is the Hausdorff dimension of the range of the
process u.

Corollary 1.4. Let u denote the solution of (1.1). Assume P1 and P2. Ifd > 4+2k , then

a.s.,
442k

2—-03"
The result of Theorem 1.2 can be compared to the best result available for the Gaussian
case, using the result of [X09, Theorem 7.6].

dim,, (u(Ry x R¥)) =

Theorem 1.5. Let v denote the solution of (1.1) when b =0 and 0 = 1. Fiz T,M > 0
and let I x J C (0,T] x R¥ be a closed non-trivial rectangle. There exists ¢ > 0 such that
for all compact sets A C [—M , M]?,

¢! Cap,_ (s (4) S P {o(I x J) N A # @} < e s (A).

Theorem 1.5 is proved in Section 2. Comparing Theorems 1.2 and 1.5, we see that
Theorem 1.2 is nearly optimal.

In order to prove Theorem 1.2, we shall use techniques of Malliavin calculus in order
to establish first the following result. Let p;.(z) denote the probability density function
of the Re-valued random vector u(t,z) = (u1(t,z),...,uq(t,x)) and for (s,y) # (t,z), let
ps,y;m(zl, z9) denote the joint density function of the R2_valued random vector

(u(s,y),u(t,x)) = (u1(s,y), .-, uq(s,y),ur(t,x),...,uq(t,z)).

The existence (and smoothness) of p; . (-) when d = 1 follows from [MMSO01, Theorem 2.1]
and Lemma A.1 (see also [NQO7, Theorem 6.2]). The extension of this fact to d > 1 is
proved in Proposition 4.2. The existence (and smoothness) of ps 4.+ (:,-) is a consequence
of Theorem 5.8 and [N06, Thm.2.1.2 and Cor.2.1.2].

The main technical effort in this paper is the proof of the following theorem.

Theorem 1.6. Assume P1 and P2. Fiz T > 0 and let I x J C (0,T] x R* be a closed
non-trivial rectangle.

(a) The density p;.(2) is a C> function of z and is uniformly bounded over z € R? and
(t,x) e I x J.



(b) Foralln >0 and~ € (0,2—[), there exists ¢ > 0 such that for any (s,y), (t,x) € IxJ,
(S7y) 7é (ta 1")7 21,22 € Rd; Cmdp > ]—}

t— v/2 ol p/(2d)
P+ —yl

25 _B\— |
ps,y;t,x(zlsz) < C(‘t - 8| 2+ ”l’ - y||2 ﬁ) iz ||21 - 2'2”2

(1.5)

Statement (a) of this theorem is proved at the end of Section 4, and statement (b) is
proved in Section 5.3.

Remark 1.7. The last factor on the right-hand side of (1.5) is similar to the one obtained

in [DSS11, Remark 3.1], while in the papers [DKN07, DKNO09], which concern spatial di-
mension 1, it was replaced by

exp(— HZl _ Z2H2 )
c(|t = P72 + o = yl7)

This exponential factor was obtained by first proving this bound in the case where b; = 0,
i =1,...,d, and then using Girsanov’s theorem. In the case of higher spatial dimensions
that we consider here, we can obtain this same bound when b; = 0,7 =1,...,d (see Lemma
5.12 in Section 5.3). Since there is no applicable Girsanov’s theorem in higher spatial
dimensions and for equations on all of R?, we establish (1.5) and, following [DSS11], show
in Section 2.4 that this estimate is sufficient for our purposes.

One further fact about p; »(-) that we will need is provided by the following recent result
of E. NUALART [EN10].

Theorem 1.8. Assume P1 and P2. Fiz T > 0 and let I x J C (0,T] x R* be a closed
non-trivial rectangle. Then for all z € R? and (t,x) € (0,T] x R*, the density p;.(z) is
strictly positive.

2 Proof of Theorems 1.2, 1.5 and Corollaries 1.3, 1.4 (assum-
ing Theorem 1.6)

We first define precisely the driving noise that appears in (1.1). Let 2(RF) be the space
of C™ test-functions with compact support. Then F' = {F(¢) = (F'(¢),...,F%¢)), ¢ €
P(R¥1)} is an L?(Q,.%, P)%valued mean zero Gaussian process with covariance

BFOP W) =6, [ ar [ ay [ dzotally == vir2)

Using elementary properties of the Fourier transform (see DALANG [D99]), this covariance
can also be written as

BFOF 0] =6 eus [ dr [ d el Z 000 FO0 0.



where ¢, g is a constant and .# f(-)(£) denotes the Fourier transform of f, that is,

FIO = [ e f(o) do

Rk

Since equation (1.1) is formal, we first provide, following WALSH [W86, p.289-290], a
rigorous formulation of (1.1) through the notion of mild solution as follows. Let M =
(MY, ..., M%), M? = {M}(A),t > 0,A € %,(RF)} be the d-dimensional worthy martingale
measure obtained as an extension of the process F' as in DALANG AND FRANGOS [DF98].
Then a mild solution of (1.1) is a jointly measurable R%-valued process u = {u(t,z), t >
0, z € R¥ }, adapted to the natural filtration generated by M, such that

t d )
it = [0 [ S0 s2 =03 ongtuts. ) s ) .

t
+/ ds [ dyS(t— s,z —y)bi(uls,y), i€ {l o d),
0 Rk

where S(t, ) is the fundamental solution of the deterministic heat equation in R¥, that is,

_ YR
S(t,x) = (2nt) exp 5 )

and the stochastic integral is interpreted in the sense of [W86]. We note that the covariation
measure of M? is

QUO,1) x A x B) = (M(A), MI(B)); = t /R s /R dyLa(@) e — ]~ (o),

and its dominating measure is K = ). In particular,

(/Ot N S(t— s,z —y) Mi(ds,dy)>2]

t
:/0 ds/dey/dezS(t—s,m—y) ly— 2?8t —s,2—2)
t
— oo [ ds [ el IES(E s O, 22)

E

where we have used elementary properties of the Fourier transform (see also DALANG
[D99], NUALART AND QUER-SARDANYONS [NQO7], and DALANG AND QUER-SARDANYONS
[DQ10] for properties of the stochastic integral). This last formula is convenient since

F8(r,-)(€) = exp(—=272r[[€]|*). (2.3)

The existence and uniqueness of the solution of (1.1) is studied in DALANG [D99] for
general space correlation functions f which are non-negative, non-negative definite and
continuous on R*\ {0} (in the case where k = 1; for these properties, the extension to k > 1



is straightforward). In particular, it is proved that if the spectral measure of F, that is, the
non-negative tempered measure p on R¥ such that .#u = f, satisfies

p(d€)
/]Rk TT 12 HE < 400, (2.4)

then there exists a unique solution of (1.1) such that (¢, z) — wu(t,x) is L?-continuous, and
condition (2.4) is also necessary for existence of a mild solution.

In the case of the noise (1.2), f(z) = ||z||7? and u(d€) = cq||€]|P~F d€, where ¢g is a
constant (see STEIN [S70, Chap.V, Section 1, Lemma 2(b)]), and the condition (2.4) is
equivalent to

0<B<(2Nk). (2.5)

Therefore, by DALANG [D99], there exists a unique L2-continuous solution of (1.1), satis-
fiying

sup E [|ui(t, x)|p} < 400, i1e{l,..,d},
(t,z)€[0,T] xRF

for any T'> 0 and p > 1.

2.1 Holder continuity of the solution

Let T > 0 be fixed. In SANZ-SOLE AND SARRA [SS02, Theorem 2.1] it is proved that for
any v € (0,2 — ), 5,t €[0,T], s <t, z,y € RF p>1,

E([lu(t, z) — u(s, 9)[P] < Crpr(t = s[72 + [l — y|)P/2. (2.6)

In particular, the trajectories of w are a.s. 7/4-Holder continuous in t and ~y/2-Ho6lder
continuous in z.

The next result shows that the estimate (2.6) is nearly optimal (the only possible im-
provement would be to include the value v =2 — 3).

Proposition 2.1. Let v denote the solution of (1.1) with o =1 and b = 0. Then for any
0<to<T,p>1and K a compact set, there exists c; = c1(p,to, K) > 0 such that for any
th<s<t<T,z,ye K,ie{l,..d},

2-8 2-8
Bllui(t,2) = vils, )] = e (Jt = s 7 7+ o =y 77) (2.7)

Proof. Since v is Gaussian, it suffices to check (2.7) for p = 2. Setting ¢ = s + h and
x =y + z, we observe from (2.2) that

E(lvi(s + h,y + 2) — vi(s, )] = e (I1 + I2),
where
s+h
n= [ [ a1 S h =)

b= [Car [ dgleP 1ZS (s b= )@ e ) - F (s g)



Case 1. h > ||z||%. In this case, we notice from (2.3) that

s+h
hotzni= [ [ gl exp(-am(s + b=l
s R

2 2
_ [ 4 ﬁ—k(l_eXP(_47T hl€]l ))_
/R dellel e

We now use the change of variables §~ = h/2¢ to see that the last right-hand side is equal

to
o [ (1= exp(—dn|EP)
h2 d B k( _ )
IR PRETHE

Note that the last integral is positive and finite. Therefore, when h > ||z|?,

B (Jos(t + oy + 2) — vi(s, )] > e (max (b, [ 2]2) 7

Case 2. ||z||*> > h. In this case, we notice that
S
. . 2
htlh>1 = / dr / g i€l exp(—an?(s—r)[[€]|*) [1 — exp(—4n*h[|¢|[*) exp(-2mi€ - 2)]
0 R

We use the elementary inequality |1 — re®| > 3|1 — %], valid for all r € [0,1] and 6 € R,
and we calculate the dr-integral, to see that

1 — exp(—4m?s||¢||?
B [ i (FIRE D) - exp-zmic )P

Because z € K — K and K is compact, fix M > 0 such that [|z]| < M. When 2z # 0, we use
the change of variables £ = ||z]|£ and write e = z/||z]| to see that the last right-hand side is
equal to

2-3 dENENB—k=2 (1 _ 424 €12 2 1— _orif . e
cllzl /R CAE (€172 (1= exp (—4m2tE12/1121%) ) 11— exp(=2ni€ - o)
> cl| 2> /R CAE[€1°H (1 - exp (—anto[I€]2/00) ) |1 - exp(—2mi€ - o).

The last integral is a positive constant. Therefore, when ||z|? > h,

B (Jos(t + vy + 2) — vi(s, )] > e (max (b, 2]2)) 7

Cases 1 and 2 together establish (2.7). O

2.2 Proof of Theorem 1.5

Under the hypotheses on b and o, the components of v = (vy,...,v4) are independent, so v
is a (1 + k, d)-Gaussian random field in the sense of [X09]. We apply Theorem 7.6 in [X09].
For this, we are going to verify Conditions (C1) and (C2) of [X09, Section 2.4, p.158] with
N=k+1,H=02-0)/4H=02-58)/2,j=1,..,k



In particular, for (C1), we must check that there are positive constants ci, ..., cq such
that for all (t,z) and (s,y) in I x J,

c1 < E(vi(t,z)%) < e, (2.8)
and

es (It =" + o = yl*7) < Blwi(t.2) = vi(s,9)?] S ea (It = o7 + o = yl>7).
(2.9)

Condition (2.8) is satisfied because E[v (t, z)?] = Ct(>=/2 (see (2.2), (2.3) and Lemma
A.1). The lower bound of (2.9) follows from Proposition 2.1. The upper bound is a conse-
quence of [SS00, Propositions 2.4 and 3.2].

Finally, in order to establish Condition (C2) it suffices to apply the fourth point of
Remark 2.2 in [X09]. Indeed, it is stated there that Condition (C1) implies condition
(C2) when (t,z) — Efv(t,2)% = Ct2=P)/2 is continuous in I x .J with continuous partial
derivatives, and this is clearly the case.

This completes the proof of Theorem 1.5. g

2.3 Proof of Theorem 1.2(a)

Fix T > 0 and let I x J C (0,7] x R* be a closed non-trivial rectangle. Let v € (0,2 — 3).

4n

For all positive integers n, i € {0,...,n} and j = (j1, ..., jx) € {0,...,n}*, set ¥ =27 7,
n

n L —In n . y—2n
o = (2}, =n2 7, ..,2f =2 7), and

IiT,Lj = [t;",tih 1] X [90?1 ,$?1+1] X X [CC?,C ’$§Lk+1]'

The proof of the following lemma uses Theorem 1.6(a) and (2.6), but follows along the
same lines as [DKN07, Theorem 3.3] with A((t, z); (s, y)) there replaced by |t — s|7/2 + ||z —
y||7, B there replaced by d —n and e in Condition (3.2) there replaced by 27". It is therefore
omitted.

Lemma 2.2. Fizn > 0 and M > 0. Then there ezists ¢ > 0 such that for all z € [-M, M}d,
n large and I}'; C I X J,

P{u(I;) N B(z,27") # @} < e,

Proof of the upper bound in Theorem 1.2. Fix € € (0,1) and n € N such that 27" < e <
27", and write

PlullxnBlzg#oks 5 Plulli)nB(q#2)
(1.5): 17, N(I X J) £ 2
(5+2k)

The number of (1 + k)-tuples (i,5) involved in the sum is at most ¢2" . Lemma 2.2

implies therefore that for all z € A, n > 0 and large n,

4+2k

P{u(IxJ)NB(z,e) # @} <CE2 ™) m2"




Let / = n+ (% — ﬁ) (4 + 2k). Then this is equal to

442k 4+2k
2 =g ) < gt

because 2771 < ¢ < 27", Note that C' does not depend on (n,¢), and 7' can be made
arbitrarily small by choosing ~ close to 2 — 8 and n small enough. In particular, for all
c€(0,1),
d_%_n/
P{u(IxJ)NB(z,e) #0} <Ce 287, (2.10)
Now we use a covering argument: Choose € € (0,1) and let {B;}°, be a sequence of
open balls in R? with respective radii r; € [0, €) such that

o0
_4+2k
ACUZ Biand Y (2r)" 75 77 < Ay s (A) +E (2.11)
=1

Because P{u (I x J)NA# @}isat most y .o, P{u(I x J) N B; # &}, the bounds in (2.10)
and (2.11) together imply that

Plu(IxJ)NA#B}<C (%_%_n,m) +g) .
Let € — 0 to conclude. O

2.4 Proof of Theorem 1.2(b)

The following preliminary lemmas are the analogues needed here of [DKN07, Lemma 2.2]
and [DKNO7, Lemma 2.3], respectively.

Lemma 2.3. Fiz T > 0 and let I x J C (0,T] x R¥ be a closed non-trivial rectangle. Then
foral N >0,b>0,7>~v>0andp > %Y—d(ib — 2k — 4), there exists a finite and positive
constant C = C(I,J,N,b,~,7,p) such that for all a € [0, N],

/(2d)
; o (= e =gl N
dt/ds/dl‘/dy t_57/2_+_ x_y'y b/2 | Al
Jae [as [ ax [ ay r=sp2spz i) g

< CKs, asa(a). (2.12)
Yy ad

Proof. Let |J| denote the diameter of the set J. Using the change of variables u =t — s (¢
fixed), o = x — y (= fixed), we see that the integral in (2.12) is bounded above by

I e vete AP/
IIIA1€(<J)/| |da/ dis (@2 + ||o||7) /2 @t el |
0 B(O,lJ‘) a

where )i, denotes Lebesgue measure in R¥. A change of variables [@ = a*/7u2, & = a?/ 70
implies that this is equal to

L pam ) ) 2d
ca“f‘”‘—lb/ udu/ dv (a7 + ||o]| V)"t <<m/4+||vw/2> Al)p/( :
0 B(0,|J]a=2/7)

10



We pass to polar coordinates in the variable v, to see that this is bounded by
—2/y 1/2 -2/~
442k 7 a (1) |J]a - - p/(2d)
Ca j/b/ du/ do 2ty (u¥ 4 27) 782 <(u7/2—|—:ﬂ/2) /\1> .
0 0

Bounding z¥~'u by (u + 2)¥ and using the fact that all norms in R? are equivalent, we
bound this above by

a2 2Jja=2/" ]
Ca%_zb/ du/ dx (u+ az)k_%b ((u + )P/ () A 1) .
0 0

We now pass to polar coordinates of (u, ), to bound this by

442k _&b

Ca v 7 (11+12(a)), (2.13)

where

KN—2/~ .
L :/ dp pFT=% (pP D 1),
0

Ka=2/7 -
Iy(a) = / . dppt 7,
KN—=4/v

where K = 2(+/|I|V|J]). Clearly, Iy < €' < oo since k‘—}—l—gb—l—% > —1 by the hypothesis
on p. Moreover, if k + 2 — %b # 0, then

T A2k T A+2k
36 an v — N~ v
IQ (CL) — Kk+2 5

Yb
E+2-%

There are three separate cases to consider. (i) If k& + 2 — % < 0, then Iz(a) < C for all
5 442k

a€[0,N]. (i) If k+2 — 3 >0, then Ir(a) < car’™ 7 . (iii) If k+2 — 22 = 0, then

_2

Ig(a) ~

1
[ln —+InN } .
a
We combine these observations to conclude that the expression in (2.13) is bounded by
CXKs, at2(a), provided that Ny in (1.3) is sufficiently large. This proves the lemma. [
v vy

For all a,v, p > 0, define

SL’k_l

p+a’

U, .u(p) = /Oa dz (2.14)

Lemma 2.4. For all a,v,T > 0, there exists a finite and positive constant C = C(a,v,T)

such that for all0 < p < T,
ou(p) < CKpiyw(p)-

11



Proof. If v < k, then lim,_o ¥, ,(p) = [ 2F=17" dr < oco. In addition, p — W, ,(p) is
nonincreasing, so ¥, , is bounded on R+ when v < k. In this case, K(,_p),,(p) = 1, so the
result follows in the case that v < k.

For the case v > k, we change variables (y = 2p~'/") to find that

ap—1/v

p
Vau(p) = p_(y_k)/y/o dy

When v > k, this gives the desired result, with ¢ = 0+°° dyy* 1 (14 y*)"'. When v = k,
we simply evaluate the integral in (2.14) explicitly: this gives the result for 0 < p < T,
given the choice of Ko(r) in (1.3). We note that the constraint “0 < p < T” is needed only
in this case. O

il
1+yv

Proof of the lower bound of Theorem 1.2. The proof of this result follows along the same
lines as the proof of [DKNO7, Theorem 2.1(1)], therefore we will only sketch the steps that
differ. We need to replace their 5 — 6 by our d — 4ny% + 1.

Note that our Theorem 1.6(a) and Theorem 1.8 prove that

inf /dt/d:cptx )>C >0, (2.15)

=ll<m

which proves hypothesis A1’ of [DKNO07, Theorem 2.1(1)], (see [DKNO7, Remark 2.5(a)]).
Moreover, Theorem 1.6(b) proves a property that is weaker than hypothesis A2 of
[DKNO7, Theorem 2.1(1)] with their 5 =d+n, v € (0,2 — ) and

A((t,); (s,9) = [t = s[> + |lz = yII",

but which will be sufficient for our purposes.
Let us now follow the proof of [DKN07, Theorem 2.1(1)]. Define, for all z € RY and
€>0,B(z,e):={ycR?: |y — 2| < ¢}, where |2| := maxi<j<q |2;|, and

1
as in [DKNO7, (2.28)].

Assume first that d +1n < 4+2ﬁk Using Theorem 1.6(b), we find, instead of [DKNO7,
(2:30)],

B <c [at [ds [ do [ dye= s/ 4 o= yl>) 0
I I J J

Use the change of variables u = t — s (¢ fixed), v = z — y (x fixed) to see that the above
integral is bounded above by

1] .
5/ da/ dis ("2 + ||5)|2-B)~ (/2
0 B(0,|J])

| 7] 2.8
= c/ du/ de " Y(u'z 4 2270)~(d+n)/2
0 0
. (2-8)(d+n)/4
<c /0 dw W) (2—g)(a+n)/2(u ).
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Hence, Lemma 2.4 implies that for all € > 0,

1]
E[(J.(:)?] <C | duK (2-B)(d+m)/4y.
P <0 [ aK )

We now consider three different cases: (i) If 0 < (2—3)(d+n) < 2k, then the integral equals

|I]. (ii) If 2k < (2—B)(d+n) < 4+2Fk, then Klf( 2 )(u(2—ﬁ)(d+n)/4) — y(k/2)=(2=pB)(d+n)/4
2— +n

and the integral is finite. (iii) If (2 — 3)(d +7) = 2k, then Ko(u*/?) = log(No/u*/?) and the
integral is also finite. The remainder of the proof of the lower bound of Theorem 1.2 when
d+n < 42%2/6’? follows exactly as in [DKNO7, Theorem 2.1(1) Case 1 ].

Assume now that d +n > %. Define, for all p € Z(A) and € > 0,

Jop) = @/}Rdu(dz) /]dt/]dx 1ot 2)),

as [DKNO7, (2.35)].
In order to prove the analogue of [DKNO7, (2.41)], we use Theorem 1.6(b) and Lemma
2.3 (instead of [DKNO07, Lemma 2.2(1)]), to see that for all p € Z(A), ¢ € (0,1) and

’YE (072_5)7

-1

—1
B [(00] < ¢ |Caps gyt ()] = [Comyysiar ()

The remainder of the proof of the lower bound of Theorem 1.2 when d 4+ n > % follows
as in [DKNO7, Proof of Theorem 2.1(1) Case 2].

The case d +n = % is proved exactly along the same lines as the proof of [DKNO7,
Theorem 2.1(1) Case 3], appealing to (2.15), Theorem 1.6(b) and Lemma 2.3. O

2.5 Proof of Corollaries 1.3 and 1.4

Proof of Corollary 1.3. Let z € R, If d < 4+2k , then there is n > 0 such that d—%—l—n <
0, and thus

Capdiﬁﬂi({z}) =1.

Hence, Theorem 1.2(b) implies that {z} is not polar. On the other hand, if d > %, then

there is > 0 such that d — % —n > 0. Therefore,

L%ﬂ 4+2k ({Z}) =0

and Theorem 1.2(a) implies that {z} is polar. O

Proof of Corollary 1.4. We first recall, following KHOSHNEVISAN [K02, Chap.11, Section 4],
the definition of stochastic codimension of a random set E in R?, denoted codim(E), if it
exists: codim(FE) is the real number « € [0, d] such that for all compact sets A C R?,

>0 whenever dim, (4) > a,
=0 whenever dim,(4) < a.

P{EmA;é@}{

13



By Theorem 1.2, codim(u(Ry x R¥)) = (d — %)Jﬂ Moreover, in KHOSHNEVISAN [K02,

Thm.4.7.1, Chap.11], it is proved that given a random set E in R? whose codimension is
strictly between 0 and d,
dim, (F) + codim(F) = d, a.s.

This implies the desired statement. O

3 Elements of Malliavin calculus

Let .7 (R¥) be the Schwartz space of > functions on R¥ with rapid decrease. Let .7
denote the completion of .7 (R¥) endowed with the inner product

(6() () = /R da /R Ay oo =yl () = /R ENENITTEF () FU()E),

¢, € . (RF). Notice that # may contain Schwartz distributions (see [D99]).

Forh = (h',...,h%) € #%and h = (h',..., h%) € 7 weset (h, h) pa = S (W7, B7) .
Let T > 0 be ﬁxed. We set ¢ = L2([0, T] ,%”d) and for 0 < s <t < T, we will write
A = L2([s, 1] ).

The centered Gaussian noise F' can be used to construct an isonormal Gaussian process
{W(h), h € 28} (that is, E[W (h)W (h)] = (h, B>%j‘i) as follows. Let {e;j, j > 0} C 7 (R¥)
be a complete orthonormal system of the Hilbert space . Then for any ¢ € [0,7],

ie{l,...,d} and j >0, set
t —// - F'(ds, dzx),
Rk

so that (I/V]’L7 j > 1) is a sequence of independent standard real-valued Brownian motions
such that for any ¢ € 2([0,T] x R¥),

Z / ) dW(s),
where the series converges in L?(€), F, P). For hi € 7, we set
() Z / (i(s, ), €5 () AW} (),

where, again, this series converges in L*(Q, F, P). In particular, for ¢ € 2([0,T] x R¥),
Fi(¢) = Wi(¢). Finally, for h = (hl,... hd) € H2, we set

d

W(h) =Y _ W'(h).

i=1

With this isonormal Gaussian process, we can use the framework of Malliavin calculus.
Let . denote the class of smooth random variables of the form G = g(W (h1), ..., W(hy)),

14



where n > 1, g € €p°(R"), the set of real-valued functions g such that g and all its
partial derivatives have at most polynomial growth, h; € %ﬂfl. Given G € .7, its derivative

(DG = ( Dﬁl)G, .. ,Dﬁd)G), r €[0,77)), is an J#¢-valued random vector defined by

D,G = Z; e (W (h1), oo, W (h))hi(r).

For ¢ € #% and r € [0, T, we write D, 4G = (D,G, ¢(-)) ypa. More generally, the derivative
DG = (D" G, (r1,...,mm) € [0,T]™) of order m > 1 of G is the (%)% -valued

(7‘17--477'm)
random vector defined by
- 0 0
R C A Z ozs, O, gW(h1), oo, W(hn))hiy (r1) @ - -+ @ hy,,, (1)
115--5tm= m
For p,m > 1, the space D" is the closure of . with respect to the seminorm || - |/
defined by

m
IGIE, = ENGI) + Y B [IDGIL 0, -
j=1
We set D = Np>1 Nim>1 D™P,

The derivative operator D on L?(Q) has an adjoint, termed the Skorohod integral and
denoted by 4, which is an unbounded operator on L2(Q,¢%’”7€l). Its domain, denoted by
Dom 6, is the set of elements u € L?(€, #¢) for which there exists a constant ¢ such that
|E[(DF, “>%ﬁ” < ¢||Flloz, for any F € D2, If u € Dom §, then §(u) is the element of

L?(2) characterized by the following duality relation:
E[F§(u)] = E[(DF, u) 44], for all F € D2,

An important application of Malliavin calculus is the following global criterion for exis-
tence and smoothness of densities of probability laws.

Theorem 3.1. [N06, Thm.2.1.2 and Cor.2.1.2] or [S05, Thm.5.2] Let F = (F', ..., F%) be
an R-valued random vector satisfying the following two conditions:

(i) Fe D)%
(ii) the Malliavin matriz of F defined by vp = (<DFi,DFj>jioqgl)1§i’j§d is invertible a.s.
and (det vp)~t € LP(Q) for all p > 1.
Then the probability law of F' has an infinitely differentiable density function.

A random vector F that satisfies conditions (i) and (ii) of Theorem 3.1 is said to be
nondegenerate. The next result gives a criterion for uniform boundedness of the density of
a nondegenerate random vector.

Proposition 3.2. [DKN09, Proposition 3.4] For allp > 1 and £ > 1, let ¢; = c1(p) > 0
and ca = ca({,p) > 0 be fized. Let F € (D*®)? be a nondegenerate random vector such that

15



(a) E[(detyr) ] < i
(b) E[[D'(F)| Ceyedd S €2, 0=1,.d.

Then the density of F' is uniformly bounded, and the bound does not depend on F but only
on the constants c1(p) and ca(£,p).

In [MMSO01], the Malliavin differentiability and the smoothness of the density of u(t, )
was established when d = 1, and the extension to d > 1 can easily be done by working
coordinate by coordinate. These results were extended in [NQO7, Prop. 5.1]. In particular,
letting - denote the spatial variable, for r € [0,¢] and 4,] € {1,...,d}, the derivative of
u;(t, z) satisfies the system of equations

DI (uy(t,x)) = ai(ulr, ) St —r,x — )

/ S(t—0,z—n
Rk

/ do | dnS(t—6,x—n)DWY(b;(u(b,n))),
r Rk

D (0(u(9,m))) M7 (d6, dn)

M&

Fl (3.1)

and Dﬁl) (ui(t,x)) = 0 if r > t. Moreover, by [NQO7, Prop. 6.1], for any p > 1, m > 1 and
i € {1,...,d}, the order m derivative satisfies

wp B |07 w0 ]y | < 52)
(t,z)€[0,T]xRF H H(E,fqgl)ép

and D™ also satisfies the system of stochastic partial differential equations given in [NQO7,
(6.29)] and obtained by iterating the calculation that leads to (3.1). In particular, u(t,z) €
(D)4, for all (¢,z) € [0,T] x RE.

4 Existence, smoothness and uniform boundedness of the
density

The aim of this section is to prove Theorem 1.6(a). For this, we will use Proposition 3.2.
The following proposition proves condition (a) of Proposition 3.2.

Proposition 4.1. Fiz T > 0 and assume hypotheses P1 and P2. Then, for any p > 1,
E [(det 'yu(t’z))_p} is uniformly bounded over (t,z) in any closed non-trivial rectangle I x J C

(0,T] x R¥,

Proof. Let (t,z) € I xJ be fixed, where I x J is a closed non-trivial rectangle of (0, T] x R¥.
We write

d
detyy(t,z) = (infgeRd:|§||1(£T7u(t,m)§)> :

16



Let £ € R? with ||| = 1 and fix € € (0,1). Using (3.1), we see that

d t d
& V()€ > Z/t dr Z DO (u;(t, )¢
=1 Jtme G

#
d t d 2
:Z/ dr Za” S(t—r,x— fi—i—Zai(l,r,t,x)& ,
j=1 /i€ i=1 H
where, for r < t,
t d )
altortn) = [ [ 86,20 3" DO u(6,m) M8, )
r JRE j=1 (4.1)
t
+ [ a0 [ ans(e~ 6.0 - DO bitud,n)
r Rk
We use the inequality
la+b]1% > *llalbzo—2||b||f, (4.2)
to see that
E )€ 2 32/ ar €T - oulr, D S~ 1 =l — 245
where
t d 2
Agz/ Z Zazlrtx)f
t—e -1 g4
The same inequality (4.2) shows that
d t 9
S [ i€ otutr S - = = 341 - 24,
=1 t—e
where
t d
A= [ dr YT otulr )i St - r =l
t—e _
t =1 (4.3)
A :/t dTle (€T (a(u(r,) — o(u(r,2)) St —r,z —)|%-

Note that we have added and subtracted a “localized” term so as to be able to use the
ellipticity property of o (a similar idea is used in [MS99] in dimension 1).

Hypothesis P2 and Lemma A.1 together yield A; > Ceg, where C' is uniform over
(t,x) eI xJ.
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Now, using the Lipschitz property of ¢ and Holder’s inequality with respect to the
measure ||y — z|| S (t — r,x — y)S(t — r,x — 2) drdydz, we get that for ¢ > 1,

t q-1
< </ dr/ dy/ dZHy—Z||_BS(t—T,x—y)S’(t—r,1:—z))
t—e RE Rk

t
X </ dr/ dy/ dz |y — 2| 7PS(t —rz —y)S(t — 1z — 2)
t—e Rk Rk

x EflJu(r,y) = u(r, )| |u(r, 2) — u(r, x)l!q]>-

B| o
geR: [¢]=1

Using Lemma A.1 and (2.6) we get that for any ¢ > 1 and v € (0,2 — ),

2

E (|47 < Ce=V%" x

where

v= [Car [ ay [ sy ol S - 9)S(rn - 2lly— ol F e - o) ¥
0 Rk Rk

Changing variables [g = Z\;;y, Z= x\;}

r

], this becomes

v — / drr3+% / di / dz (1, §)S(1, )17 — 2P 115121 %
0 Rk Rk

2-p
—Cez T2,

Therefore, we have proved that for any ¢ > 1 and v € (0,2 — ),
25 +2
E| sup |Ag|?| <Cez 929 (4.4)
£ERL:||€]|=1
where C' is uniform over (¢,z) € I x J.
On the other hand, applying Lemma A.2 with s = ¢, we find that for any ¢ > 1,
E [ sup ’Ag‘q:| < Ce?=Pa,
£ER:g]=1

where C' is uniform over (¢,z) € I x J.

Finally, we apply [DKNO09, Proposition 3.5] with Z := inf||§H:1(§T7u(t7a;)§)7 Yie=Ys =
sup||§||:1(]A2\ +|A43]),e0=1, 1 = g = #, and 81 = B = #—i—%, for any v € (0,2—7),
to conclude that for any p > 1,

E [(det yy(1.0)) "] < C(p),
where the constant C'(p) < oo does not depend on (t,x) € I x J. O

In [MMSO01, Theorem 3.2] the existence and smoothness of the density of the solution of
equation (1.1) with one single equation (d = 1) was proved (see also [NQO7, Theorem 6.2]).
The extension of this fact for a system of d equations is given in the next proposition.
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Proposition 4.2. Fizt > 0 and x € R*. Assume hypotheses P1 and P2. Then the law of
u(t, x), solution of (1.1), is absolutely continuous with respect to Lebesque measure on R,
Moreover, its density pt »(-) is C*.

Proof. This is a consequence of Theorem 3.1 and Proposition 4.1. O

Proof of Theorem 1.6(a). This follows directly from (3.2), Propositions 4.1, 4.2 and 3.2. O

5 Gaussian upper bound for the bivariate density

The aim of this section is to prove Theorem 1.6(b).

5.1 Upper bound for the derivative of the increment

Proposition 5.1. Assume hypothesis P1. Then for any T > 0 and p > 1, there exists
C := C(T,p) > 0 such that for any 0 < s <t < T, z,y € R*, m > 1,4 € {1,...,d}, and
i € (07 2— ﬂ)’

1D™ (i (t,2) = wils, )| Loy yom) < CUIt = s + |l — | )V2.
7)%™)

Proof. Assume m = 1 and fix p > 2, since it suffices to prove the statement in this case.
Let

Gtasy(r,) =St —rz— )<y =S —ry—")ly<g-
Using (3.1), we see that

1D (ui(t, z) — Uz’(Say))HLP(Q ) S cp(Ar + A1 + Ago + Az + As ),

where

Ale_(/o erHgm,y Jorij(u ,->>\\})p/z],

_ d
Ayy = F / / Graty (0,1) S D@15 (u(0,m))) M (d), dy)
L j=1

%ﬂj 7

p
J
8

_ d
A272 =E / / gty; s,y 9 1 ZD U” ))Mj(de d77)
L j=1

P
|
#

p]
s

Using Burkholder’s inequality, (2.2) and (2.6), we see that for any v € (0,2 — f3),

r T
Aoa =B || [ d [ dngraa,(6.mD(biCu(6. )
LIt JO R

r T
Aso =B ||| ["a8 [ dnguys 0.mD0(0.)

A1 < ¢E H/ / Grasy (0,1 ZJU (6,1)) M7 (d8, dn) p] (5.1)
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In order to bound the right-hand side of (5.1), one proceeds as in [SS02], where the so-
called “factorization method” is used. In fact, the calculation used in [SS02] in order to
obtain [SS02, (10)] and [SS02, (19)] (see in particular the treatment of the terms Ia(¢, h, z),
I3(t,h,z), and Jao(t,z, z) in this reference) show that for any v € (0,2 — ),

Ar < e[t = 8|2 + o —yl")?.

We do not expand on this further since we will be using this method several times below,
with details

In order to bound the terms As ; and Aj o, we will also use the factorisation method used
in [SS02]. That is, using the semigroup property of S, the Beta function and a stochastic
Fubini’s theorem (whose assumptions can be seen to be satisfied, see e.g. [W86, Theorem
2.6]), we see that, for any a € (0, %),

d
/ St=0,0- )Y D(ai;(u(8,n))) M7 (db, dn)
® i=1 (5.2)

= sin(m / dr/ dz S(t —r,x — 2)(t — ) Y (r, 2),
RE

where Y = (Yi(r, 2),r € [0,T], 2 € R¥) is the s#%-valued process defined by
. T d .
Yo (r z) = / - S(r—0,z—n)(r—60)"¢ Z D(o; j(u(8,n)))M?(df, dn).
j=1

Let us now bound the LP(Q; #%)-norm of the process Y. Using [NQO7, (3.13)] and the
boundedness of the derivatives of the coefficients of o, we see that for any p > 2,

B[ 17 z>||§fﬁ}<cp2 sup B 1Dt ) | 027,

— (t,)€[0,T] xRk

where
Urz = [S(r—*,2—)(r— *)_O(H%;d' (5.3)

We have that
o= [ ds [ a7 o2 = )l
- / ds (r — s)~22~% / 4E €17 exp(~272[I€]1) (5.4)
0 Rk
2-8 _9a
=T 2 .

Hence, we conclude from (3.2) that

sup  E[[[YE(r, )] < +oc. (5.5)
(r,2)€[0,T]|xR¥ T
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Now, in order to bound Aj i, first note that by (5.2) we can write

Ayq < E[H /Ot dr /Rk dz (Yot =12 — 2) — Yot — 1y — z))YOZ;(r, 2)

p
|
g

where ¥, (t,z) = S(t,z)t*~!. Then, appealing to Minkowski’s inequality, (5.5) and Lemma
5.2(a) below, we find that, for any v € (0,4«),

p
A21<cp(/dr/wdz% = 2) = balt — iy 2

sup  E[[|Y5(r,2)]%,]
(7‘ 2)€[0,T] xRk A

X
< cpllw —yll2P

We next treat Aso. Using (5.2), we have that Az < ¢po(A221 + A222), where

dr dz (Ve (t — 1@ — 2) — Ya(s — r,x — 2))Y(r, 2) }
A

R
p
%T

Agoo = [H/ dT/Rk dz ot —rx — 2)Yi(r, 2)

Now, by Minkowski’s inequality, (5.5) and Lemma 5.2(b) below, we find that, for any

€ (0,4a),
5 P
taas <o [ ar [ dspputt = o =)~ vals = ria - )
0 Rk

x sup  E[[Yi(r,2)]",]
(r,2)€[0,T] xRF £

Ago1 = [

< gplt — s|aP.

In the same way, using Minkowski’s inequality, (5.5) and Lemma 5.2(c) below, for any
€ (0,4«), we have that

t p .
Asas < ( / dr / dz Pt — 1 z>) sup  BIYi(r )]
s Rk (r,z)€[0,T]xR* T
< gplt — s|a?.

Finally, we bound A3 ; and Az, which can be written

toa = | [0 [ an(s— 0.0 )= 5t~ 0.y =)D u00)

p
|
ez

oz = | ['ao [ anste—0.5- 00000
~ [0 [ dnsts 0.y~ nDibitulo. )
0 R

p}
o
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The factorisation method used above is also needed in this case, that is, using the semigroup
property of S, the Beta function and Fubini’s theorem, we see that for any « € (0, 1),

/d@/ dnS(t — 0,z —n)D(b;(u(0,n)))
0 R

_ sin(7a)

t
= /dr/ dzS(t —r,x — 2)(t —r)* 1 Z¢ (1, 2),
0 Rk

™

where Z = (Zi(r,2),r € [0,T], 2 € R¥) is the J#¢-valued process defined as

Zi(r,2) = /0 8 [ anS(r—0.2= 1)l = 0)"D(s(u(0.1).

Hence, we can write

A3 <E H‘ /Ot dr /Rk dz (Yot — 1@ — 2) — Yot — 1y — 2)) 2L (r, 2)

p
I
A8

p
I
ot

and Az < ¢pal(As21 + Asz22), where

Azo1 =E H

/s dr/ dz (Ya(t =1,y — 2) —ha(s — 1,y — Z))Zé(ﬁ z)
0 RF

p}
7

We next compute the LP(€2; #%)-norm for the process Z. Using Minkowski’s inequality
and the boundedness of the derivatives of the coefficients of b, we get that

¢
A3’272—EH / dr/ dzwa(t—r,y—z)Zé(r,z)
s Rk

d
B[ Zi(r ), ] < c sup E[HD(uxt, )P }mz)ﬁﬂ,
), s

where

Trz :/ d9/ dnS(r—0,z—n)(r—0)"¢ =rl=e,
0 Rk

Hence, using (3.2), we conclude that

sup B[ Z4(r,2)||
(r,2)€[0,T)| xRk

gﬂﬁ} < 400. (5.6)

Then, proceeding as above, using Minkowski’s inequality, (5.6) and Lemma 5.2, we
conclude that for any v € (0,4w),

A1+ Aza < cp([la — gl 2P + ||t — s]|P).

This concludes the proof of the proposition for m = 1.
The case m > 1 follows along the same lines by induction using the stochastic partial
differential equation satisfied by the iterated derivatives (cf. [NQO7, Proposition 6.1]). [
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The following lemma was used in the proof of Proposition 5.1.

Lemma 5.2. For « 0, set Yo(t,x) = S(t,x)t* 1, (t,x) € Ry x RF,
(a) For a € (0,2 ) v € (0,4q), there is ¢ > 0 such that for all t € [0,T], z,y € R¥,
and € € [0,1],

t
/ C”/ Az ot — 1,2 — 2) — alt — 1y — 2)| < e} [z — |2
t—e RE

(b) For a € (0, #), v € (0,4q), there is ¢ > 0 such that for alls <t € [0,T], x,y € R¥,
and € € [0, 5],

/ dr/ dz |ha(t — ryx — 2) — als —ra — 2)| < ce® 7 |t — s/,
s—e Rk

(¢c) Fora € (0, #), v € (0,40), there is ¢ > 0 such that for all s <t € [0,T)], z,y € R¥,

/dr/ dz ot —r,x — 2) < c|t — s|7/4.
RE

Proof. (a) This is similar to the proof of [SS02, (21)].
(b) This is similar to the proof of [SS02, (14)].
(c) This is a consequence of [SS02, (15)]. O

5.2 Study of the Malliavin matrix

Let T > 0 be fixed. For s,t € [0,T], s < t, and z,y € R* consider the 2d-dimensional
random vector

7Z = (u(s,y),u(t,x) —u(s,y)). (5.7)

Let vz be the Malliavin matrix of Z. Note that vz = ((v2)m,1)m.i=1
2d x 2d random matrix with four d x d blocs of the form

o4 1S a symmetric

-----

vy
Yz = e )
vy Loy
where
3 = (D(ui(s, ), D(u;(s,9))). #)ij=1,...d
»y(ZZ) = ((D(ui(s,9)), D(u;(t, z) — u;(s, )));fd) 0,j=1,....d>
VD = (D(ui(t, 2) — ui(s,y)), D(wj(5,9))) )i j=1,....d>
7y = (Dt 2) = wils,9)), Dl (b 2) = (5, 9)) i1,
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We let (1) denote the set of couples {1, ...,d} x{1, ..., d}, (2) theset {1, ...,d} x{d+1,...,2d},
(3) the set {d+1,...,2d} x {1,...,d} and (4) the set {d+1,...,2d} x {d+1,...,2d}.

The following two results follow exactly along the same lines as [DKN09, Propositions
6.5 and 6.7] using (3.2) and Proposition 5.1, so their proofs are omitted.

Proposition 5.3. Fiz T > 0 and let [ x J C (0,T] x R* be a closed non-trivial rectangle.
Let Ay denotes the cofactor matriz of 7. Assuming P1, for any p > 1 and v € (0,2 — f3),
there is a constant ¢, such that for any (s,y), (t,x) € I x J with (s,y) # (t, ),

eypr(ft = sP2 4 ||z —y|7)? if (m,l) € (1),
E(A2)maP1'7 < S ey pr([t — s/ + [l — y[7)4
ey p (|t — 3’7/2 + ||z — y‘“)d_ if (m,l) € (4).

= ol
<
B
\.N
~—
m
—~
[
SN—
S
3
—
w
SN—

Proposition 5.4. Fiz T >0 and let I x J C (0,T] x R* be a closed non-trivial rectangle.
Assuming P1, for any p > 1, k > 1, and v € (0,2 — 3), there is a constant cy p 1 Such
that for any (s,y), (t,z) € I x J with (s,y) # (t,x),

B [10% ()i ] < { err(lt = sPP2 + =y if (.)€ (2) or (3).
Crppr(t=sPP +llz—yl") if (m,D) € (4).

The main technical effort in this section is the proof of the following proposition.

Proposition 5.5. Fizn, T > 0. Assume P1 and P2. Let Ix.J C (0,T] xR be a closed non-
trivial rectangle. There exists C depending on T and n such that for any (s,y), (t,x) € I x J,

(s.9) # (), and p > 1,
E [(detyz) #]"7 < Ol — 5|3 + [l — y> )40+, (5:8)

Proof. The proof has the same general structure as that of [DKN09, Proposition 6.6]. We

write
2d

detyz = [J(€)T2€', (5.9)
i=1
where ¢ = {¢!,...,£%9} is an orthonormal basis of R?? consisting of eigenvectors of .
We now carry out the perturbation argument of [DKN09, Proposition 6.6]. Let 0 € R?
and consider the spaces E1 = {(\,0) : A € R?} and Fy = {(0, ) : p € R%}. Each ¢’ can be

written
&= ()\i, ui) = ai()\i, 0)+4/1—a? (0, /li), (5.10)

where A, p? € RY, (X, 0) € Ey, (0,7i") € Ey, with | X = ||#’] = 1 and 0 < o < 1. In
particular, [|€°]|* = [|A[[* + [|p*]* = 1.

The result of [DKN09, Lemma 6.8] give us at least d eigenvectors ¢!, ..., ¢4 that have a
“large projection on F,”, and we will show that these will contribute a factor of order 1
to the product in (5.9). Recall that for a fixed small ag > 0, & has a “large projection on
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77

if a; > 9. The at most d other elgenvectors with a “small projection on E;” will each

contmbute a factor of order (|t — s| 2+ |z — y||>#)~17", as we will make precise below.
Hence, by [DKN09, Lemma 6.8] and Cauchy-Schwarz inequality, one can write

E[(detz) *]'? < 3 <E [1 . (1‘17[{ ()T §i> —217] ) 1/(2p)

Kc{l,..2d},|K|=d
—2dp 5.11
1/(2p) ( )
X (E inf §TVZ£ > )
E=(A

) ER?4:
A2+l l?=1

where Ay = ﬂigK{Oé@' > Oéo}.

With this, Propositions 5.6 and 5.7 below will conclude the proof of Proposition 5.5. [

Proposition 5.6. Fix n,T > 0. Assume P1 and P2. There exists C' depending on n and
T such that for all s,t € I, 0 <t—s<1,z,y € J, (s,y) # (t,x), and p > 1,

—2dp

. 23 _B\—
ol e I IO R by Py e e N GR T
£=(A,u)eR%:
A2+l l?=1

Proposition 5.7. Assume P1 and P2. Fix T > 0 and p > 1. Then there exists C =
C(p,T) such that for all s,t € I with 0 <t—s< %, x,y € J, (s,y) # (t,x),

Lay (H(&’)szﬁ

€K

E <, (5.13)

where Ak is defined just below (5.11).

Proof of Proposition 5.6. Fix v € (0,2 — 3). It suffices to prove this for n sufficiently small,
in particular, we take n < /2. The proof of this lemma follows lines similar to those
of [DKNO09, Proposition 6.9], with significantly different estimates needed to handle the
spatially homogeneous noise.
For e € (0,t —s),
§z€ > T+ o,

where
d 2
/ Z i) (S(s —ry =)o (u(r,-) + ai(l,r,5,9) + W|
=1 =1 w
d (5.14)
B [ a3 v
t—e 1=
where
d
W= wiS(t =z —Joi(ulr,) + pai(l, rt,x), (5.15)
=1
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and a;(l,rt,z) is defined in (4.1).
We now consider two different cases.

Case 1. Assume t —s > 0 and |lz —y||? <t —s. Fix e € (0,(t —s) A (%)2/’7). We write

inf ¢T~z¢ > min ( inf Jo, inf J1> . (5.16)
lgll=1 lell=1 llull>en/2 ™ llgll=1, ||l <en/?

We will now bound the two terms in the above minimum. We start by bounding the term
containing Jy. Using (4.2) and adding and subtracting a “local” term as in (4.3), we find

that Jp > %Jél) — 4(J2(2) + J2(3)), where
d
J2(1) = Z/ dr / dv / dz|lv—z|| PSSt —rx—v)S{t —rx—2) (1" - olu(r,z)))?,
1= Jte Rk Rk

d t
7 = Z/ ar / dv / dz v — 2| PS(t = rz —0)S(t —r .z — 2)
=1 Jt—e Rk RF

% (u7- lotu(rv) = ou(r,2))]) (47 fo(u(r2) = -o(u(ra))]) .

l l

2
)
H

d
Z ai(la r, ta 1’) i
i=1

Jé‘”:/t dr

d
t—e =1

Now, hypothesis P2 and Lemma A.1 together imply that J2(1) >c ||NH2€¥- Therefore,

inf Sy eer - sup 2002+ T, (5.17)
ll€l1=1, ]l ]| > en/2 ll€]|=1, ||l >€n/2

Moreover, (4.4) and Lemma A.2 imply that for any ¢ > 1,

E sup (|J2(2)| + J2(3))q < ce T 9T, (5.18)

ll€ll=L, ]|l =en/2

This bounds the first term in (5.16) and gives an analogue of the first inequality in [DKN09,
(6.12)].

In order to bound the second infimum in (5.16), we use again (4.2) and we add and
subtract a “local” term as in (4.3) to see that

2
Nz JU (D 4 g® 4 @ g6,
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=1

J1(2) = g/;edr /Rk dv /Rk dz|lv— 2| 7PS(s —r,y —v)S(s —r,y — 2)
< (A= lourv) = olulry)]) (A=) loulr, ) = olulr.y)])

I I

s d d 2
I = [ ar Y |3t = e = ogtatr)|
s=C =1 =1 H
4 s d d 2
‘]1( ) = / dr Z Z(AZ - /’Lz)al(lv r,s, y) y
s7¢ =1 Mi=1 H
s d d 2
J1(5) = / dr Z Zuiai(l, r,t,T)
s=e =1 1i=1 4
Hypothesis P2 and Lemma A.1 together imply that Jl(l) >c||A— MH2€¥‘ Therefore,
inf  pzaer - s 8(P 1+ a0+ 0P). (5.19)
[l€l1=1, ]l ]| <en/2 €=, ||| <en/?

Now, (4.4) implies that for any ¢ > 1,

-8
E [ sup |J1(2)|q] < ce T IH3,
l1€l1=1, ]|l <en/?
Moreover, hypothesis P1, the Cauchy-Schwarz inequality and Lemma A.1 imply that for
any ¢ > 1,
-5
E [ sup |J1(3)|q] < ceFPatna.
[I€]1=1, ]l ]| <en/2

Applying Lemma A.2 with t = s, we get that for any ¢ > 1,

: [ i ‘J1(4)’q] < ce TR
[€N1=1,]| ]| <en/?
Again Lemma A.2 gives, for any ¢ > 1,
-8
b [ sup |J1(5)|q] < ce T At
lEll=1,l|pll<en/?

Since we have assumed that n < 7, the above bounds in conjunction prove that for any
q=1,

E sup (|J1(2)\ +J® 4 g 4 J1(5))q] < e 3atm, (5.20)

€l1=1,[|l|<en/
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We finally use (5.16)—(5.20) together with [DKN09, Proposition 3.5] with ay = % +1,
By = # +71, s = # and 3y = # + 1 to conclude that

—2pd
(inf 5%5) ] <ec
l€ll=1

~ 2-6 _
<élt-97 + o -y’

1\ 2/ —2pd(2352 +n) .
E (t—s)A <4> ] < d(t—s) Wit

)

:| —2pd(1+n")
(for the second inequality, we have used the fact that ¢ — s < 1, and for the third, that
|z — y||? <t —s), whence follows the proposition in the case that ||z — y||? <t — s.
Case 2. Assume that ||z —y|| > 0 and ||z — y||> > ¢ — s > 0. Then

vz > i+ Ja,

where J; is defined in (5.14),

. d
7 ::/ ar S W,

(t—e)Vs =1

and W is defined in (5.15). Let € > 0 be such that (14 a)e'/? < +llz — yll, where o > 0 is
large but fixed; its specific value will be decided on later. From here on, Case 2 is divided
into two further sub-cases.

Sub-Case A. Suppose that € > t —s. Apply inequality (4.2) and add and subtract a “local”
term as in (4.3), to find that

A — 8(A2 + A3+ Ay + A5),

B; — 4(B2 + Bs),
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where

d s
Ay :—Z/ drHS(s—r,y—-) ((A—M)T-a(u(r,y))>l
I=157¢

8 —ra—) (1 -otutra)) ||
d . 2
Ag = ;/Se dr ‘S(S —ry—-) <()\ — ) - lo(u(r,-) - a(u(r,y))DlH%)
d s T 2
44 :lz / dr || st —ria =) (1 o, ) = o)) |
d d 2
A4 = Z/ dr Z()\z - ,U/i)ai(la’rysay)
I=17°" =1 a
d d 2
As = Z/ dr Z,Uiai(lar7t’ ZL‘)
I=1"°" i=1 o
d t 2
Bui= Y [ dr|Stt = v = )" ofulra))
I=1"°% 7
B2 — i/t dr )S(t —r oz — ) (MT . [U(u('l“, )) — O'(U(T, .Z'))]) H2 y
2, il
d t d 2
Bs = Z/ dr Zuiai(l,r,t, x)
=178 i—1 H

Using the inequality (a + b)? > a® + b? — 2|ab|, we see that A; > Ay + Ay — 2By, where
d s
Al = Z/ dr
l:1 S—e€
d s
AQ = Z/ d?”
I=1"57¢

d K
B = Z/ dr (S(s —ry =)A= )" o(ulr,y)), S —r,2 =) (' - o(ulr,2))e.
I=1757¢

2
S(s—ry = A= alulr,y))

%?
2
S(t—rx—-)(u" - o(ulr,)))

H

By hypothesis P2 and Lemma A.1, we see that

AQ—{—Bl:Z/ dr
1=1"57¢

2
S(t—ra—)(u" - o(ulr,))

H
2

a |l
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. . g 2 2-p8
Similarly, Ay > ||A — pl|®¢ 2, and so

~ ~ 2 5
A+ Ay + By > (JA— pl® + [P)eT 27 . (5.21)

Turning to the terms that are to be bounded above, we see as in (4.4) that
E[|A2]7) < ce 31439, and E[|By|7] < ce’7 1+39,
Using Lemma A.2 and the fact that t — s < ¢, we see that
E[|Bs|?] < ce® 9 E[|A4)9]) < cc? D9, and E[|A5|9] < ce?~04,

In order to bound the g-th moment of Az, we proceed as we did for the random variable
Ay in (4.3). It suffices to bound the ¢g-th moment of

d s
lz;/gEdr/Rk dv/Rk dz||v —zH*ﬂS(t—r,x—v)S(t—r,:c—z)
x (1T lo(u(r,v) = a(u(ro))]), (17 olulr, 2)) - ou(r,2))]) .

l
Using Holder’s inequality, the Lipschitz property of o and (2.6), this ¢-th moment is bounded

s q—1
(/ dr/ dv/ dz||v—z||_ﬁS(t—r,m—v)S(t—r,:z;—z))
s—e Rk Rk

></ dr/ dv/ dsz—zH_BS(t—r,x—v)S(t—r,x—z)Hv—xH%qHz—xH%
s—e RF RF

=:a1 X ag.

2-8 . . _ - _
By Lemma A.1, a1 < e 2 (@71 For as, we use the change of variables v = 2=, z = 2=
to see that

az = /dr/ dv/ dz |5 — 2|72 (t = r) P91, 8)S (L, 2) 8] 2 121 % (¢ —r)
Rk

- dr(t—r)éq—i/ dﬂ/ 4z 5(1,8)S(1, )5 — 2ol ¥ (12 %
Rk Rk

We now study the term By, with the objective of showing that B, < ® a)e 2, with
limgy— 0o () = 0. We note that by hypothesis P1,

B4§c/ dr/ dv/ dz|lv —z||7PS(s — 1,y —v)S(t —r,x — 2)
s—e RE Rk
—c [ dr [ ool (S =y =)+ St == 0)0)
s—¢ Rk
:c/ dr/ dv ||v||PS(t + 5 — 2r,y — x +v),
s—e Rk
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where we have used the semigroup property of S(¢,v). Using the change of variables 7 =
s — r, it follows that

I N R R
0 Rk

2(t —s+2r)
=: C(Il + IQ),
where
‘ - - ly — 2 +v]]?
h::/mdr/‘ dunmyﬂa-s+2r)kﬂexp<_ ,
0 [vll<vr(14a) 2(t — s+ 2r)

‘ - - ly — = +v]?
IQZ/ dr/ dv |[v]| P (t — s + 2r) k/zexp<— .
0 [v]|>vr(14a) 2(t — s+ 2r)

Concerning I, observe that when ||v]| < /r(1 + «), then
1
ly =+ ol > lly =2l = llol = lly — 2l = Ve(l + @) = Slly — @l = ave,

since we have assumed that (1 + a)y/e < 3|y — z||. Therefore,

€ a’e
I S/ dr(t—s—l—2r)k/2exp<—> / dv ||v]| 7P,
0 20t —s+2r) ) Jjpll<vr(1+a)

and the dv-integral is equal to (1 + oz)k*ﬁrg, SO

€ _ 2
I < (1+a)kﬁ/ dr (t—5+2r)*k/2r¥ exp<_2(a€)

0 t—s+2r)
< (14 a)kF /6 dr(t —s+2r)™/%e o
_ <ol >
- 0 P 2(t —s+2r))’

where the second inequality uses the fact that £ — 3 > 0. Use the change of variables
p= % and the inequality t — s < € to see that

t—s+2e
2

aZe 1
dpa’e (a®ep)™P/% exp (—)

L <(1 —|—a)k_5ﬂ 2%

Ot2€

2-8 k-3 2-p 3/a? —B/2 1 2=8
<ez? 14+a)"Pa dpp exp| —5- | =€ ().
0 P

@

We note that limg,—, o P1(a) = 0.
Concerning I3, note that

‘ - - - ly — = +v|?
IQS/ dr/ dvr P21 +a) Pt —s+2r k/Qexp(—
0 lvll>v7(1+e) ( ) ) 2(t — s+ 2r)

B € a a ?)||2
< (1 B ﬁ/z/ _ 9 k/2 _ ly —x+
(1+a) /0 drr » dv (t — s+ 2r) exp 20— s+ 2r)

2-8

=c(l+a)Pez .
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We note that limg,_,o(1 + @)™? = 0, and so we have shown that By < @(a)eg, with
limg— 400 () = 0.
Using (5.21), we have shown that

2 2
H&II lfT’Yzf Z3 Ap —8(A2+ A3+ As+ As5) + 3 By — 4(B2 + Bs)
2
> g(x‘h + Ay + By) — 3 By —8(Az + Az + Ay + As) — A(Ba + Bs)
2 4
> gceM —4®(a)e 2? — Z1e,
where E[|Z; (|7] < 57739, We choose a large enough so that ®(a) < ¢, to get

1
inf €Tz ¢ > Seet?t - e
l€l=1 3

Sub-Case B. Suppose that ¢ <t — s < |z — y|?. As in (5.16), we have

Hﬁﬁlf éTfYZf > min <C€ 2 S YiE,CG 2 _Yés>a
1

where E[[Y] (|7] < ce T T34 and E[|Y2,]7] < ce 37919, This suffices for Sub-Case B.

Now, we combine Sub-Cases A and B to see that for 0 < e < (1 +a) 2|z — y||?%,

2-8
||%ﬁlf1§T7Z§ > min (ce 2 +77 YLG’ ceE 2 — Y2,61{e§t—s} — Zl,el{t—s<e}) .

By [DKNO09, Proposition 3.5, we see that

—2dp
Kn%nflgVZf) ] < |z — y| 220 570

B
< (|t — s+ [lo — yl?) 2T
2-8 —B\— 7
<clt =877 +|lz —y|*7F) 720D

(in the second inequality, we have used the fact that ||z — y||> >t — s). This concludes the
proof of Proposition 5.6. O

Proof of Proposition 5.7. Let 0 < ¢ < s < t. Fix ip € {1,...,2d} and write Mo —
(A, ., A9) and i = (7., if). We look at (£9)T47€ on the event {ai, > ag}.
As in the proof of Proposition 5.6 and using the notation from (5.10), this is bounded below

32



d

(Aldrij §:[<am¥%xs_ny_ﬂ)

I=1"4i=1

+m%h—ai@@—nx—q—sw—ny—»>@AMn»

+ aioiﬁoai(l, T, 8,Y)

d

: 2 (5.22)
+ 104 /1— a2 (a;(l,r,t,z) — ai(l,r, s,y))]
Vi-ad B
t d d '
[y y [ﬂ? 1= a2 St —r.x—)oi(ulr. )
sV(t—e) =1 =
2
+ ,LNL;L:O 1—a? ai(l,r,t,x)}
Vi-ad B

We seek lower bounds for this expression for 0 < e < &g, where gy € (0, %) In the remainder

of this proof, we will use the generic notation o, A and fi for the realizations o, (w), A% (w),
and f1"°(w). Our proof follows the structure of [DSS11, Theorem 3.4], rather than [DKNO09,
Proposition 6.13].

Case 1. t —s > €. Fix v € (0,2 — ) and let n be such that n < v/2. We note that

inf  (¢£0)" y2£ = min(E.., Ea0),

1>a>ag
where § ]
E = inf 10 %0 , E - inf i io .
1,e oo <a<y/Te (§ ) vz§ 2,e o<t ({ ) vzE&

Using (4.2) and (5.22), we see that

2 _
El,e > inf <G1,e - 2G1,E> s
agla<ly/1—€l 3

where

t d

Groi=(1=a) [ dr SO otulr DSl - =),
sV(t—e) =1

d

Gl,e = /t drz
t—e

=1

d 2
aiv1—a? a;(l,rt,x)

i=1

H

Using the same “localisation argument” as in the proof of Proposition 4.1 (see (4.4)),
we have that there exists a random variable W, such that
2-p

Gie>pPe(l—a®)((t—s)he) 2 —2W,, (5.23)

33



where, for any ¢ > 1,
2-8
E[|[We|?] < cqe 2 a+34,

Hence, using the fact that 1 — a2>e"and t — s > €, we deduce that
28, A
El,e >cez T —2W, — 2G1,ea

where, from Lemma A.2, E[|Gy (|9] < cqe(%ﬁ)q, for any ¢ > 1,
We now estimate Ey .. Using (4.2) and (5.22), we see that

9 _ _ _ _
By > ng,e —8(G2,1,e + Gooe + Gaze + Goae),
where

S d N
G = o / dr ST - oulr, )i S(s — 1y — 2
ST€ =1

d

Gare=(1-a?) / dry N(a" - o(ulr, )i St —rz )%,
57 =1

d

Gz = (1 —a”) /S dry NI(A" - o(ulr, ) S(s —ry =)l
s—e =1

s d d 2
6_1273’5 = / drz Z (aj\i — V11— a2> ai(l,r,s,9)|
s¢ =1l i=1 H
S d d 2
Goae = (1—a?) / dr Z Z fiai(l,r t,x)
s—e =1 =1 H

As for the term G, in (5.23) and using the fact that o > 1 — ¢, we get that

2-08
Goe > ce 2 = 2W,,

-3 .
where, for any ¢ > 1, E[|[W¢]?] < cqe%ﬁ%q. On the other hand, since 1 — a? < €7, we can
use hypothesis P1 and Lemma A.1 to see that

B [|Ga1,e|?] < cqe 2"+,
and similarly, using Lemma A.1,

B (|G| < cqe2" M,
Finally, using Lemma A.2, we have that

2-8, 2=8 (MJ’,W)(].

E[|G23.]7 < ce®P4, and E[|Gau.c|?) < cg€(t —s+€) 2 Te 7 9 < cpel 3
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-5 -8
We conclude that Ey > e’ — Je, where E[|J¢|?] < cqe(%‘”’)q. Therefore, when t —s > ¢,

2

c T ; . 2-8 2-8
1{017;02040} (é‘lo) '72510 Z 1{017;02&0} min (Cﬁ 7 T — ‘/6 , CE 2 — JE) )
2-8 .2
where E[|V]1] < cye 2 9729

Case 2. t — s <, % <'e. The constant dp will be chosen sufficiently large (see (5.29)).
Fix 6 € (0, 3) and v € (0,2 — 3). From (4.2) and (5.22), we have that

T 9 _ _ _ _
1{041'02040} (610) ,72510 2 §G3769 - 8(G3,1,69 - G3,2760 - G3,3,60 - G3,4,59)7

S d -
Gyoima® [ dr S IATaulr ) S(s — roy =l
S—€ =1

s d
Goro =a® [ arSOIGT (otulr, ) = oulry)i SGs =y = )P,
S—€ =1
s d d 5 2
@372759 = / drz Z <O¢AZ‘ — V11— a2) ai(l,r,s,9)|
s—f o 15 H
B s d 2
Gygeoi= (1= [ dr S0 |G olulre ) (S~ rea =) = S(s = ry =) .
s—e =1 H
s d d 2
A — (1 — 2 i
Gaaari=(1=a®) [ a3 | S pwatir )|
=1"1i=1 7

By hypothesis P2 and Lemma A.1, since t — s < ¢ and « > «ag, we have that

2-5
Gseo > o2ee 5

As in the proof of Proposition 4.1 (see in particular (4.3) to (4.4)), we get that for any
qg=1

B (|G 0]7] < P37 4300,

Appealing to Lemma A.2 and using the fact that t — s < ¢, we see that
E[|Gy .07 < e

and o
E(|Gyue0|?) < cqt —s+€0)2 90727 < ¢, "1,

It remains to find an upper bound for 63,3,4’- From Burkholder’s inequality, for any
q=1, B
E HG3’3’69 |q] S Cq(Wl,ee + W27€9), (524)
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where

d
Wi =E U/ / S(t—rx—z)—S(s—r,z—2)) Z 2))) M (dr, dz)
s—e? JRE =1

d
Wy =E U/ / S(s—r,x—z)—S(s—r,y—=z)) Z 2))) i M (dr, dz)
s—e? JRK

=1

|
i

As in the proof of Proposition 5.1, using the semigroup property of .S, the Beta function
and a stochastic Fubini’s theorem (whose assumptions can be seen to be satisfied, see e.g.
[W86, Theorem 2.6]), we see that for any a € (0, #),

d
I, [ S —vy=m > )M (dv, d)
s—¢ =1

sm

- (5.25)
_ / /Rk 2 S(s — .y — 2)(s — 1)V (r, 2)

where Y = (Y, (r,2),r € [0,T], 2z € R¥) is the real valued process defined as
(r,z) S(r—v,z—n)(r—v)~ ¢ WM (dv, dn
-] > (AT otalv ) (o)

We next estimate the LP(£2)-norm of the process Y. Using Burkhélder’s inequality, the
boundedness of the coefficients of o, and the change variables £ = \/r — v £, we see that

p

E[Ya(r,2)] < e ( / L / E[ENPHF S (r 0z = ) — v>—a<5>|2> 2

- (/ dv/ dg €177 (r — v) T2t e T4 v||£||2>
=Cp (/_ de (r—uv)~ 2a§/ dg”fHﬂ kg 47r2”€|2)2

<ep(r—s+ 69)(¥_°‘)p.

Hence, we conclude that

sup E[|Ya(r, 2)P] < Cp60(¥_a)p. (5.26)
(r,2)€[s—e? s] xRk

Let us now bound W) .. Using (5.25) and Minskowski’s inequality, we have that

s 2q
Wieo < ( dr/ dz(o(t —ryx — 2) —wa(s—r,m—z))>
s—ef R

X sup EHYQ(T, 2)|2q]7
(r,2)€[s—e? 5] xRF
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where 9, (t,z) = S(t,x)t“. Then by (5.26) and Lemma 5.2(b), we obtain that for any
v < 4a,

_ x 2-6_ 2-6_ 1z x
Wi o < cge?12073) | — 5|29 I 2000 — ¢ I 2)a) — g]29,

Thus, using the fact that ¢ — s < ¢, we conclude that

27
J,%)

2_
Wieo < cqee( 2 ezl = cqeeTqG%(lfe)q. (5.27)

We finally treat W, .. Using (5.25) and Minskowski’s inequality, we have that

s 2
Woo < ([ ar [ astvals=ra—2) = vals—ry=2))

< s E[Ya(no)P)
(r,2)€[s—e? 5] xRk

Then by (5.26) and Lemma 5.2(a), we obtain that for any v < 4«
Wy < cq €120 [ — 0 372000 — ¢ HOFE -1y _ gy,
Thus, using the fact that |z — y| < v/dpe, we conclude that
Wyeo < Cq€9(¥77)q50%q65q = cq502q692%q6%(1729)q. (5.28)

Finally, substituting (5.27) and (5.28) into (5.24) we conclude that for any ¢ > 1,

Therefore, we have proved that in the Case 2,
1{041‘02(10} (510) 72510 Z 1{041‘020!0}(669 2 = We)v
where E[[W,]7] < Cq€9¥q+%qmin(0,1729)'

Case 3. t —s<e¢,0<e< %. From (4.2) and (5.22), we have that

io) T i 2 ~ A ~ A
Haiy>a0} (£°) yzE™ > §G4,e —8(Ga1e — Gaze — Gaze — Gaae),

37



where

s d
G47 = / d?"z

=1

m

Xd: { (O&i - ﬂiﬂ) oir(u(r,y)) S(s —ry—-)

i=1

2

)

+ V1= 2o (ur,z)S(t —r,o — .)} #

2

d
S (ad = iv/T=a?) [owululr. ) = oia(ulr )] Ss = roy =)

s d
G4,1,6 ::/ drz

=1 ||i=1 H
_ s d 2
Graci= (=) [ S| (5T lotutr)) — otutra)l) == .
s—e =1
s d d B 2
Guse = / ar 3| S (0h = i/ 1= a) @il s)|
s=e¢ =1 =1 H
s d d 2
é4,4,€ = (1 - QQ)/ dTZ Zﬂl ai(l,r7t,$)
s7¢ =1 "i=1 H

We start with a lower bound for G4 .. Observe that this term is similiar to the term A, in
the Sub-Case A of the proof of Proposition 5.6. Using the inequality (a+b)? > a®+b*—2|ab|,
we see that Gy e > Ga1,e + Ga2e — 2G4 3, Where

d g 2
Gre=Y [ ar[[s6—ry-r— Vi o]
=1 /S—€ H
d s 2
G2, = Z/ dr(|S{t—r,x—-)(V1-— a2,uT co(u(r,x))l
=1 /s—¢ H

d s
Grac=Y [ dr(S(s—ry=)(@r = VI= a2 olulro))
I=17°7¢

S(t—rz—-)(au -olu(r, x)))l>7f

Hypothesis P2, Lemma A.1, and the fact that t — s < e imply that

2-8 2-8
Guie+ Gaze 2 clllad = V1= a2ul? + [V1- a2 pl*)e™2 > coe 2.

On the other hand, using the same computation as the one done for the term B, in the

Sub-Case A of the proof of Proposition 5.6, we conclude that G4 3. < @(% N 1)e¥,
with limg— 100 () = 0. Choose dy sufficiently large so that

(3 V-1 <, (5.29)

2-8
so that G > Fe 2 .
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We next treat the terms @4,1-,5, i =1,...,4. Using the same argument as for the term
G310, we see that for any ¢ > 1,

E |Gyl < Cel 243,
Appealing to Lemma A.2 and using the fact that t — s < ¢, we find that
E([|Gasell] < cge® D9, and E[|Gyuel?] < cge?@ 0.

Finally, we treat G42.. As in the proof of Proposition 4.1, using Hélder’s inequality, the
Lipschitz property of o, Lemma A.1 and (2.6), we get that for any ¢ > 1

E[|Gyo.]?] < P2 @,

where

:/ dr/ dv/ dz ||z — || PS(t —r,x — 0)S(t — @ — 2)||a — v]| 29|z — 2|27
s—e Rk RE

Changing variables [0 = , 2= \/t__ir], this becomes

Hence, we obtain that for any ¢ > 1,
B[|Gao.l?] < CeP37 ).

Therefore, we have proved that in the Case 3,

io\ T i 2=8
Lias >0 (6°) 72 2 L{a; za0)(ce 2 — G,

B%)

where E[|G¢|7] < cqe(22 4. This completes Case 3.

Putting together the results of the Cases 1, 2 and 3, we see that for 0 < € < ¢,

io\ T i
Lias >0 (€7) 728" = Lia, >a0) Z:

where

Z = min (ce¥+” -V, e 7 — J) 1y oo+ ( =2 Wl

{i—s<e,e> 1220y
2-
+ (ce 2 —Go)1

2
{t—s<e<lzzblty
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where for any ¢ > 1,

~

BVlY < ce®= D, B[JJq < ez,

E[|W.]7 < Cee#w%qmin(al—w’ E[|G.|7] < O3+ D,

Therefore,

. 28, 2-p
Z > min <ce 2 — Ve, ce2 — Jel{t,sx} — Gel{t—s§e<‘zg§|2}’

%3 _wa )
ce’ 2 — € _ul2 .
{t—sge,ez%}

Note that all the constants are independent of i5. Then using [DKNO09, Proposition 3.5]
(extended to the minimum of three terms instead of two), we deduce that for all p > 1,
there is C' > 0 such that

E [(1{%20«)} (€i°)T'Yzfi°)p] <E [1{%2&0} Z‘p} <E[Zz7]<C

Since this applies to any p > 1, we can use Holder’s inequality to deduce (5.13). This proves
Proposition 5.7. O

The following result is analogous to [DKN09, Theorem 6.3].

Theorem 5.8. Fiz n,T > 0. Assume P1 and P2. Let I x J C (0,T] x R¥ be a closed
non-trivial rectangle. For any (s,y), (t,x) € I x J, s <t, (s,y) # (t,x), k>0, and p > 1,

2-p —B\— .
%@mﬂﬂ—ﬂ25+Hw—MPﬁ)” if (m,l) € (1),
— 2— .
1Oz millkp < § chpmr(t =512 + [z —y|>7)720 if (m,1) € (2) or (3),
25 —B\—1— .
Chpnr(t =372+ —y>7) 717 (m,1) € (4).

~—

Proof. As in the proof of [DKN09, Theorem 6.3, we shall use Propositions 5.3-5.5. Set
A=t ="+ lz -yl
Suppose first that £ = 0. Since the inverse of a matrix is the inverse of its determinant

multiplied by its cofactor matrix, we use Proposition 5.5 with n replaced by 77 = m and

Proposition 5.3 with v € (0,2 — 3) such that 2 — 3 —~ = ﬁ to see that for (m, 1) € (2)
2
or (3),
(v Dmillop < cppyr A™IE=AEFD A(d-1)
= Cpn, T A_¥ A(2_,8—’Y)% A_d(z_ﬁ_'Y)_ﬁd@—,@)

=y A2 A-(d-3)(2-B-7)—7d(2-5)
2-5
= Cpn,T A" 72 AT
This proves the statement for (m,l) € (2) or (3). The other two cases are handled in a
similar way.
For k > 1, we proceed recursively as in the proof of [DKN09, Theorem 6.3], using
Proposition 5.4 instead of 5.3. g
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Remark 5.9. In [DKN09, Theorem 6.3], in the case where d = 1 and s = t, a slightly
stronger result, without the exponent 7, is obtained. Here, when s = ¢, the right-hand sides
of (5.8) and (5.12) can be improved respectively to C||z —y||~?~#? and C||z — y|~ @52,
Indeed, when s = ¢, Case 1 in the proof of Proposition 5.6 does not arise, and this yields
the improvement of (5.12), and, in turn, the improvement of (5.8). However, this does not
lead to an improvement of the result of Theorem 5.8 when s = ¢, because the exponent 7
there is also due to the fact that v < 2 — 3 in Proposition 5.3.

In the next subsection, we will establish the estimate of Theorem 1.6(b). For this, we
will use the following expression for the density of a nondegenerate random vector that is a
consequence of the integration by parts formula of Malliavin calculus.

Corollary 5.10. [N98, Corollary 3.2.1] Let F = (F',...,F%) € (D®)¢ be a nondegenerate
random vector and let pp(z) denote the density of F' (see Theorem 3.1). Then for every
subset o of the set of indices {1, ...,d},

pr(2) = (=) VB[ pis iy picaiigo Ha, ) (F, 1),
where |o| is the cardinality of o, and
Ha, . a)(F,1) = 6((vp ' DF)*3((v DE)*16(-- - 6((vp ' DF)') - --)).
The following result is similar to [DKNO09, (6.3)].

Proposition 5.11. Fiz n,T > 0. Assume P1 and P2. Let I x J C (0,T] x R* be a closed
non-trivial rectangle. For any (s,y), (t,x) € I x J, s <t, (s,y) # (t,x), and k > 0,

2-8 —B\—
1Hq, 20)(Z, Doz < Cr(lt = 5|72 + ||z —y|>=7)~ @072,

where Z is the random vector defined in (5.7).

PROOF. The proof is similar to that of [DKNO09, (6.3)] using the continuity of the Skorohod
integral ¢ (see [NO6, Proposition 3.2.1] and [N98, (1.11) and p.131]) and Holder’s inequal-
ity for Malliavin norms (see [W84, Proposition 1.10, p.50]); the only change is that 7 in
Proposition 5.1 must be chosen sufficiently close to 2 — . ([l

5.3 Proof of Theorem 1.6(b)

Fix T'> 0 and let I x J C (0,T] x R¥ be a closed non-trivial rectangle. Let (s,y), (t,z) €
IxJ,s<t, (s,y) # (t,x), and 21,z € R% Let py be the density of the random vector Z
defined in (5.7). Then

Psy;ta(21,22) = pz(21, 22 — 21).

Apply Corollary 5.10 with o = {i € {1,...,d} : 25 — 2! > 0} and Holder’s inequality to see
that

d 1
. . 2d
P, 21— 29) < H(P{\uxt,m) i,y > [ — 2\}) < Her,..00(Z. )0z, (5.30)
=1
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When ||z1 — 23] =0,
|t — s + [l =yl

|21 — 22|

Al=1,

since the numerator is positive because (s,y) # (¢, z). Therefore, (1.5) follows from Propo-
sition 5.11 in this case.

Assume now that ||z; — z2|| # 0. Then thereisi € {1,...,d}, and we may as well assume
that i = 1, such that 0 < |2{ — 21| = max;—1__4|2} — 25|. Then

m."‘

(P {Juit, 2) — wils. )| > |5 — 11 < (P {lua(t,2) — wn(s,9)] > |2 — 31} %
1

d
1=

Using Chebyshev’s inequality and (2.6), we see that this is bounded above by

Al . 5.31
e (5:31)

P P
t—sP2+ e =yl | [l s =l ]
|21 — 2 -

The two inequalities (5.30) and (5.31), together with Proposition 5.11, prove Theorem
1.6(Db). O

As mentioned in Remark 1.7, in the case where b = 0, one can establish the following
exponential upper bound.

Lemma 5.12. Let @ the solution of (1.1) withb=0. FizT >0 andy € (0,2— (). Assume
P1. Let I x J C (0,T] x R* be a closed non-trivial rectangle. Then there exist constants
c,cr > 0 such that for any (s,y), (t,x) € I x J, s <t, (s,y) # (t,x), 21,22 € RY,

d

1
_ _ o\ l21 — 2o )
P<lu;(t, ) — a;(s,y)| > |27 — =5 <cexp| — )
[1(p{lasen - o = 1 =41} ) ™ < com (Bt

=1

Proof. Consider the continuous one-parameter martingale (M, = (M}, ..., M%), 0 < a < t)
defined by

Jo Jpe (St =712 —v) = S(s —r,y —v)) Z?:l 0 ((r,v)) M7 (dr, dv)
if0<a<s,

Jo Jae (St =12 =) = S(s =,y — v)) 9_; 035 (@i(r, v)) M7 (dr, dv)
+ [ fpu S =12 —0) 0 03 ((r,v)) MY (dr, dv)
if s <a<t,

for all ¢ =1, ..., d, with respect to the filtration (#,, 0 < a < t). Notice that

Mi=0, M} =4a'(t,z)—a'(s,y).
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Moreover, because the M* are independent and white in time, (M), = #{ + .43, where

d s
///12:2/ dr
j=179

2
(S(t =z —-) = S(s =ry =)oy (alr,-))

)

H

Using the fact that the coefficients of ¢ are bounded and Lemma A.1, we get that
. 2—-03
My <clt—s|2 .

On the other hand, we write .#{ < 2(.4{ | + .4} ,), where
d_ s
‘%l’il = Z/ dr
j=170
d S
///fz = Z/ dr
j=170

In order to bound these two terms, we will use the factorisation method. Using the semi-
group property of S and the Beta function, it yields that, for any « € (0,1),

2
(S(t—r,x—-)=St—r,y—-))oiu(r,-))

9

H

2
(St =ry—-) =50 —ry—-))oia(r,-))

H

sin(ma)

Sit—r,x—z)=

s

/t d9/ dn et — 0,2 —n)SO —r,n—2)(0 —7)7°,
r RE

where ¥, (t,z) = S(t,z)t*L. Hence, using the boundedness of the coefficients of o, we can
write

t
/d@/ dna(t — 0,2 — 1) — Palt — 0,y — )|
r Rk

2

d s
Miq < CZ/ dr
j=1"0

xSO—-r,n—-)0—r)"

Y

H

and M{ , < c(M{,, + M{,,), where

d S
%1272’1 = Z/ dr
j=1""9

/ de/denwa(t—e,y—n)—wa(s—e,y—n)l

2
x SO —r,n—-)0O—r)"“

I

H

/ de/Rkdn%(t—o,y—msw—r,n—~><e—r>a

2

)

H

d S
3 —
%172’2 = Z/ dr
j=17"
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Using Holder’s inequality, (5.3), (5.4) and Lemma 5.2, we get that for any « € (0, #) and
v € (0,4a),
Miy<c  sup [[S(r—xz—)(r— %)%,
(r,2)€]0,T| xRk "

t 2
x (/ dr dzwa(t—r,m—z)—%(t—r,y—zn)
0 RE

<er(a)lz =y,

Mgy <c  sup [[S(r—xz =) (r— %)%
(r,2)€[0,T] xRk "

. 2
X (/0 dr/dez\wa(t—r,y—Z)—¢a(3—7“7y—z)’>

< ep(a)|lt - s[7?,
, t 2
Migy<c sup HS(T—*,Z—-)(T—*YO‘HQ%OCI </ dr/ dzwa(t—r,y—z))
(T’,Z)E[O,T]XRIQ o S Rk
< er(a)llt — 52
Thus, we have proved that for any v € (0,2 — f3),
(M) < ep(lt = s + [la — y||").
By the exponential martingale inequality [N06, A.5],
P{|~i(t ) ~i( )‘>‘ i i‘}<2 < |Z%_Z§’2 )
a'(t,z) —u'(s,y 2] — 25| ¢ < 2exp| — ,
b er(|t = s[/2 + [z — y|7)
which implies the desired result. O

A Appendix

Lemma A.1. There is C > 0 such that for any 0 < e < s <t and x € R¥,

2-p8 2—-3

/s dr/ A |€1PF | FS(t —rym — NOP = C((t— 5+ % — (t— 5)°7).
s—e€ Rk

~ ~ 28
Moreover, there exists C > 0 such that the above integral is bounded above by CEQT, and
2-8

if t —s < €, then there exists C > 0 such that the above integral is bounded below by Ce 2 .
Proof. Using (2.3) and changing variables [F = ¢ —r, E=¢ /7] yields

/_ dr/Rk de ||€|)P* [ FS(t —r,x —)(E)I

t—s+e
:/ drr—ﬁ/Q/ dg ||€||P " e lIEl®
t RF

—S8
t—s+e
=C drr=P/2
t—s
2— 2-3

—CO((t—s+e)°7 —(t—5) 7).
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If € <t — s, then the last integral is bounded above by C(t — s)™8/2¢ < Ce*3”. On the
other hand, if t — s < ¢, then the last integral is bounded above by

2e
/ drr—B/2 < Ce¥.
0
Finally, if t — s < ¢, then
t—s+e 2-3
/ drr P2 > e(t—s+e) P2 >e2) P2 =ce2 .
t—s

O

Lemma A.2. Assume P1. For allT > 0 and q > 1, there ezists a constant ¢ = ¢(q,T) €
(0,00) such that for every 0 < e <s<t<T, x € R* anda >0,

W[ w ([ a3

gertgl<a \Js—e T

2 \¢
2-8, 20
) <ca®l(t—s4e)2 92

d
Z ai(l7 T, t? x)gz
i=1

where a;(l,r,t,x) is defined in (4.1).

Proof. Use (4.1) and the Cauchy-Schwarz inequality to get

W < ca® (E [(/ dr HWlH?%Od)q} +E [(/ dr \|W2H?W>q]>, (A1)

where
d t ‘
Wl = Z / RE S(t - 07 € — n)DT(U%J(u(Gv "7))) Mj (d97 dn)a
ij=1YT
d t
Wy = Z/ d&/k dn S(t — 0,2 — ) Dy (bi(u(0,7))).
=177 R®
Then

s q
2
B[ arimilles) | =B (W0 ]
We then apply [S05, (6.8) in Theorem 6.1] (see also [NQO7, (3.13)]) to see that this is

< ([ ar [ wiae |ﬂs<r><s>|2)ql

t
FS(t — 2sup E ||| D... 29 .
<[ an [ utae)1Zs - o6 509 B 1Dl )

(A.2)

According to [S05, Lemma 8.2],

SAp q
sup B [ID.culp )2 ] < ([t [ ez 56010

neRk
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and we have

7 2 _ g —rlgf2 _ 2 LA 1Y COR S
[ w9175 @f = [ eIl ok [ e —ard )

For p < s,
p—s+e

/:pdT /Rk w(d€) | FS(p—r)(&)]* = CO/O -

and for s < p,
p—s+e€

/_A” dr /R u(d) |7S(p = )P = cO/p drr-

—S

! 5 ! 8
:ce/ (p—s+ev) 2dv < ce/ (ev)” 2dv
0 0

2-p
=ce 2 .

Therefore, from (A.2) and (A.3) above,

2-p 2*/9(1

E [||W1 <clt—s+e) 2 %21 (A.4)

7 ]
L2([s—e,s],#%)

We now examine the second term in (A.1). Notice that

s d s t
[ el <eSs [ ar( [ a0 [ dniensie- 0.0 - Do),
s—€ i—1 /s—¢€ s—e

| [ it St - b - D@ )

—€

d  pt t ~
=CY [ do [ dn do [ diS(t—6,z2—n)S(t -0,z —7)
i1 /s Rk s—e Rk

x / " dr (D, (b (u(, ), Dy (il 7))

S

The dr-integral is equal to
(D(0i(w(8,m)), D(bi(u(0,7))) st -

Therefore, we can apply Hélder’s inequality to see that

s q
Bl([ ariwalk.) |
d t t _ g-1
gcz(/ de/ dn/ df dﬁS(t—G,x—n)S(t—G,m—ﬁ))
i—1 s—€ Rk s—e R¥

t t ~ ~
></ de dn/ dé dnS(t—0,x —n)S(t—0,x —1n)
s—e R¥ s5—€ RF

« E [<D<bi<u<o,n>>>,D(bxu(éaﬁ)))ﬂ@a,J '
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Using the Cauchy-Schwarz inequality, we see that the expectation above is bounded by

o],

)g)d

[HD u(0,1))) H ] <supE [HD (6 ”)))”Zd ] C(A5)

s—

Arguing as for the term Wj and using P1, we bound the expectation by ce¥q, and the
remaining integrals are bounded by (¢ — s + €)?, so that

s q _
E K/ dT‘|W2||3gﬂd> ] < C(t—s+e)qe¥q.

Together with (A.1) and (A.4), this completes the proof. O
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