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Abstract

In Chapter 1, we provide some background to the topics discussed throughout the dissertation,
including the method of the closed point sieve employed in Poonen’s Bertini theorem.

In Chapter 2, we extend Poonen’s Bertini theorem over finite fields to Taylor conditions arising
from locally free quotients of the sheaf of differentials on projective space. This is motivated by
aresult of Bilu and Howe in the motivic setting that allows for significantly more general Taylor
conditions.

In Chapter 3, we provide a framework that abstracts several instances of implementations of
Poonen’s closed point sieve.

Chapter 4 consists of joint work with Sean Howe. We formulate an abstract notion of equidis-
tribution for families of A-probability spaces parameterized by admissible Z-sets. Under the
assumption of equidistribution, we show that the o-moment generating functions of certain
infinite sums of random variables can be computed as motivic Euler products. Combining this
result with earlier generalizations of Poonen’s sieve, we compute the asymptotic A-distributions

for several natural families of function field L-functions and zeta functions.
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Chapter 1

Introduction and background

1.1 Classical Bertini

As many works in this area begin, let us recall a version of Eugenio Bertini’s famous theorem:

Theorem 1.1.1 (Classical Bertini). Let X be a smooth projective subvariety of P}! over a field k. Let
(PY)* be the dual projective space. Call a hyperplane H € (P})* good if H n X is smooth and and

does not contain X. Then a general element H € (P})* is good.

Recall that by a general element of ([P’Z)*, we mean the set of such elements form an open,
dense subset of (P})*.

As a corollary, if k is algebraically closed, then “almost all” hyperplanes defined over k are
good. Furthermore, if k is not necessarily algebraically closed but is infinite, one can always find a

good hyperplane defined over k.

Remark 1.1.2. There are various stronger versions of Theorem 1.1.1 stated in terms of the base
locus of a linear system on X. Many of these already fail when k is not algebraically closed, or
when £k is algebraically closed but char(k) > 0. As we are interested in finite fields, our comparison

is limited to the version that works in the broadest setting.
For a wonderful history of Bertini’s life and theorems, the reader is highly encouraged to

consult [K1e98].

1.2 The situation over finite fields

If k is finite, then the set of k-hyperplanes in P}’ is also finite; this does not give much room to

work with, and things can go very wrong from a classical perspective.

1



2 Chapter 1. Introduction and background

1.2.1 Failure of classical Bertini

In [Kat99], Katz gave an example of a smooth projective hypersurface over F, that has no smooth

F,-hyperplane sections.

Example 1.2.1 ([Kat99, Question 10]). Let Hyp(2n + 1, g) be the smooth hypersurface in P[anH
q
defined by

n
Z(xiJ’? - x?yi)
i=0

where X, ..., X,, Yo,---, ¥, are the homogeneous coordinates on P?"*!, Then there is no Fg-

hyperplane H such that X n H is smooth.
Katz proves this by showing that

(@) Hyp@2n +1,q)(F,) = P*"*1(F ), and

q))
(b) Hyp(2n + 1, q) is isomorphic to its own dual variety.

By definition of the dual variety, this means that every F -hyperplane in P27+ is tangent to
Hyp(2n + 1, q), hence does not intersect it smoothly.

So Theorem 1.1.1 fails over [Fq. Katz went on to ask ([Kat99, Question 13]) if some version
of Bertini can be salvaged by considering not only hyperplanes but hypersurfaces of degree d
sufficiently large. This was answered affirmatively by Gabber in [Gab01] when d is divisible by
p = char(F ). Around the same time, though, Poonen proved a much stronger result.

Using a technique called the closed point sieve, Poonen showed that, as d — oo, the probability
that a hypersurface intersects X smoothly factors over the probabilities that it is smooth at every

closed point x of X.

Definition 1.2.2. Let S; be the polynomials of degree d in variables x,, ..., x,, over F, identified

with HO(P” ,Opn(d)). Let P, be a subset of S;. We write
q

#P,
Prob(f e P,;) .= —.
rob(f € Pa) #S,

Theorem 1.2.3 ([Poo04, Theorem 1.1]). Let X be a smooth quasiprojective subscheme of P" of

dimension m = 0 over F ;. Define
Py={feS;| H; n U is smooth of dimension m — 1}.

Then
dhm Prob(f € Pd) — 1_[ (1 _ q—(m+1)deg(x)) — (X(m + 1)—1

closed xeX
where { x is the local zeta function of X.
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This is a direct geometric analogue of the classical result in number theory that the probability
that an integer is square-free is

6
[T a-pH=(@7"'= —

p prime

where here ( is the Riemann zeta function. In fact, assuming the abc conjecture, Poonen gives
a shared generalization of Theorem 1.2.3 and this classical result in [Poo04, Theorem 5.1] for
quasiprojective schemes over Z.

Before discussing the proof of Theorem 1.2.3, we give a brief exposition of local zeta functions.

1.2.2 Zeta functions

Definition 1.2.4. Let X be a scheme of finite type over F ;. The local zeta function of X is

#X(F )
{x(s) =exp| Y —TL—q7™|.

m=1 M
It has an Euler product

CX(S) — H (1 _ q*SdegP)*l.

closed PeX

By the Weil conjectures (now theorems), { y is a rational function of g~°. For simple X it is
possible to compute { x directly using the definition. See [Sil09, Example 2.1] for the example of
P,

1
Example 1.2.5. (a) CAlgq (s) = 1_—qn_s
1

Q1-g A -g%---A~-q"%)

(b) L (9) =
q

When X is an elliptic curve over [, it is a consequence of the Grothendieck-Lefschetz trace
formula (proved by Weil for curves) that

1— aq—s + ql—Zs

1.2.1
(1-g501~-q'™ (.21

Cx(s) =
where a =1+ g - #X(F,). See [Sil09, V.2] for a discussion and proof.

Example 1.2.6. Suppose p # 2,3 and p = 2 (mod 3). Let E be the elliptic curve over F, with

Weierstrass form y> = x> — B, B not divisible by p. One can easily show #E F,) =p+1,s0
1_2q—s+q1—23
(=g 0-¢")"

More generally, for p # 2,3, any supersingular elliptic curve over [, has p + 1 pointsin F,,

a=1+p—-(p+1) =2. ByEquation (1.2.1), {y(s) =

hence has the same zeta function as E above.
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1.2.3 Closed point sieve

Consider the standard proof that the density of square-free integers is [, (1 — p~2). For finitely

many primes py, ..., p,, the Chinese remainder theorem says that the probability of not being

divisible by p?

fori=1,...,sis[[;_, (1 - pi‘z), i.e. the probabilities are independent. But this
breaks down when considering infinitely many primes. The difficult part of the proofis showing

that the error term vanishes as all primes are included in the computation, meaning showing

... #{n=d|p*nforsomep>e}
lim lim
e—00 —00 d

=0.

Poonen applied this idea to the closed points of a variety. For f homogeneous, Hy n X is
smooth at a closed point x € X if and only if a dehomogenization of f at x does not vanish in
Ox ! m2; equivalently, if and only if the degree zero and one Taylor coefficients of this dehomog-
enization are not all zero. If X has dimension m, then this is m + 1 linear conditions over the
residue field x (x). Writing deg(x) := [k (x) : F;], this means the probability that Hy N X is smooth
at xis 1 — g~(m+Ddeg® Agwith square-free integers, these conditions are independent at finitely
many points, but not at infinitely many. The difficult part of the proof is showing that the error
term (when d > deg(x) > 1) vanishes.

In fact, Poonen gives stronger versions of Theorem 1.2.3 that allow for controlling the Taylor

expansions of f at finitely and infinitely many points ([Poo04, Theorems 1.2 and 1.3]).

1.3 Organization

This thesis has three chapters of new material, all with their own introductory sections describing
the motivation for the results therein. At their core, all are motivated by Poonen’s Bertini theorem
and method of the closed point sieve.

Chapter 2 extends Poonen’s Bertini to more general Taylor conditions arising from locally
free quotients of the sheaf of differentials of projective space, including with prescribed Taylor
expansions at infinitely many points. This allows one to compute more exotic probabilities even
related to non-smooth varieties (see Example 2.5.3).

Chapter 3 attempts to unify various implementations of the closed point sieve in the literature
into a generally applicable result (Proposition 3.1.3).

Chapter 4 is joint work with Sean Howe. Using Poonen’s Bertini as the paradigmatic example,
we develop a notion of equidistribution in the setting of admissible Z-sets and show that under

this assumption, o-moment generating functions of certain infinite sums of random variables can
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be computed as motivic Euler products. We then use this to compute asymptotic A-distributions

of families of L-functions and zeta functions.
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Chapter 2

Taylor conditions on varieties over
finite fields

2.1 Introduction

For X a smooth quasiprojective subscheme of P" over a finite field [Fq, Poonen showed in [Poo04]
the existence of smooth hypersurface sections of X and computed the asymptotic density of
smooth hypersurface sections to be { y(dim X + 1)~!, where {x is the zeta function of X. He
also allowed for prescribing the first few coefficients of the Taylor expansions of hypersurfaces at
finitely many points. It is natural to extend the problem to more general conditions on the Taylor
expansions. As far as the author knows, questions like the following are not within the scope of

Poonen’s theorem or its existing generalizations'.

Question 2.1.1. Assume char(F,) # 2. Choose a finite, reduced, degree 4 subscheme Y of [P’%q
whose points are geometrically in general position. Let:: X — [P’%z7 be a curve whose geometric
points are in general position with the points of Y. For each closed point x € X, there is a unique
smooth conic C, passing through the four points and X. What is the probability that a random

plane curve intersects C, transversely at x for each closed point x € X?

This question is answered in Example 2.5.3 and requires considering Taylor conditions arising
from locally free quotients of the sheaf of differentials on projective space. Such Taylor conditions
are addressed in the following theorem which is the main result of this chapter. See Section 2.2.1

for notation and the definition of the sheaf of principal parts 22!,

Theorem A. Let X be a quasiprojective subscheme of P{ of dimension m with locally closed
q

embedding 1. Let 2 be a locally free quotient of L*QHIM of rank ¢ = m, and let X denote the kernel

IThese include [BK12], [EW15], [GK23], [Gun17], [Poo08], and [Wutl4].
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OfL*an — Q. Foreach d, define
&y := (P Opn(d))) | X (d)
where we view X (d) as a subsheaf of 1* 2 (Opn (d)) via the exact sequence
0 — 1*Qp,(d) — 1*P(Opn(d)) — Ox(d) — 0.

This defines a 1-infinitesimal Taylor condition T, onP" such that at each closed point x, T, , <
Opn (d) /M2 is given by not vanishing in the fiber of &, at x. By convention, T, is always satisfied if
x ¢ X.
Define
Pg:={f€S,| [ satisfies T, at all closed x € P" }.

Then
lim Prob(f € Py) = [T (-g@Vdes™)=¢ e+

closed xeX
Note that for X smooth, taking 2 = Qﬁ( recovers Poonen’s Bertini theorem. Regarding
Question 2.1.1, we will define a suitable sheaf 2 in Example 2.5.3 whose fiber at a closed point x
is the cotangent space of C, at x.
Following Poonen, we will prove Theorem A as a special case of the following more general

theorem that allows one to prescribe the first few Taylor expansions at finitely many points.

Theorem B. Let X be a quasiprojective subscheme of [P’Fq and Z a finite subscheme of P". Fix a
subset T < H°(Z,0 ). On each connected component Z; of Z, fix a nonvanishing coordinate x X
For f € S, write f|, for the element of H°(Z, 0 ,) that on each Z; equals the restriction of x]Tidf
to Z;.

Assume U := X — (Z n X) has dimension m with locally closed embedding 1 : U — P". Fora
locally free quotient 2 of L*Qulm of rank ¢ = m, define &, and T; as in Theorem A.

Define

Pg:={f €S, | f satisfies T, arall closed x € P" — Z and f|, € T}.

Then

lim Prob(f € P,;) =

— e+l
d—o0 #HO(Z,@Z)(U( 1

The proof is an adaptation of Poonen’s original proof; the main innovation is observing that

the Taylor condition parameterized by X need not have anything to do with properties of X.
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Again following Poonen, we will prove a stronger version of Theorem B that allows us to
impose Taylor conditions of arbitrary order at infinitely many points so long as the conditions are
no stronger than nonvanishing in locally free quotients of the sheaf of principal parts relative to a

finite set of varieties.

Theorem C. Let X;,..., X, be quasiprojective subschemes of [P’[’qu of dimensions dim X; = m; with
locally closed embeddings t,, .. .,t,, respectively. For each i, let 2; be a locally free quotient of
L;QHIM of rank ¢; = m;. Define the sheaves &; ; and Taylor conditions T; ; as in Theorem A.

For each closed point x € P", fix a positive integer M, a nonvanishing coordinate x ;, and a
subset A, < @W,x/m% For f € S;, write f|, for the image of x]Tdf in @’Pnyx/m%. Assume that
the sets A, have been chosen so that for all but finitely many x, f|, € A, whenever f € S, satisfies
T;qatx foralli.

Define

Py:={f€S,| fly €A, forallclosed x € P" }.

Then
#A

lim Prob(f e Py) = [ ——.
d—o0 closed xeX #@pn,xlmy"

2.1.1 Motivation

Theorems A, B, and C are motivated by the more general Taylor conditions considered by [BH21]
in the motivic setting, i.e., in the Grothendieck ring of varieties. There the authors ask if an

arithmetic analog of the following theorem holds over F, (see the paper for notation):

Theorem ([BH21, Theorem B]). Fix f : X — S, a proper map of varieties over a field K, & a
coherent sheaf on X, £ a relatively ample line bundle on X, and r, M = 0. Then, there is an
€ > 0 such that as T ranges over all r-infinitesimal Taylor conditions on F(d) = F ® £ with
M-admissible complement,

+O(L~%
t=1

[\/(f*g(d))T—everywhere] _ [TC]x )
VEFZ@)] bl V@LZ @),

in My.

For Bilu and Howe, a Taylor condition is just a constructible subset of the sheaf of principal
parts (viewed as a scheme) and the M-admissible condition ensures the motivic Euler product
converges. In the arithmetic setting, we also need a good notion of “admissibility” for a Taylor

condition such that the probability that the condition is satisfied everywhere factors into the local
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probabilities at closed points. A counterexample to the most general such Taylor conditions is

given in Example 2.3.1, suggesting more structure, possibly algebraic as in Theorem A, is necessary.

2.1.2 Organization

In Section 2.2 we set up our notation and give some properties of the sheaf of principal parts.
Section 2.3 contains a counterexample for the most general Taylor conditions. In Section 2.4 we

prove Theorems A, B, and C, and in Section 2.5 we give some applications.

2.2 Notation and definitions

Throughout, let g be a power of a prime p and [Fq the field with g elements. Let S = [Fq[xo, e Xy
and identify S; := H°(P? ,0(d)) with degree d homogeneous polynomials in S. Let A =
q

Fylx1,..., x,] and A_; the polynomials in A of degree at most d. For a closed point

Notation 2.2.1. Let & be an Ox-module on a locally ringed space X. Leti : x — X be the

inclusion of a point. We write & |, for the fiber of & at x, i.e. the x(x)-vector space
Fly = H, i*F) = F, 85 k().

Notation 2.2.2. For X alocally ringed space and x € X, we write x") for the rt infinitesimal
neighborhood of x, i.e. x" = Spec(@y . /m}*).

Let j : ') — X be the inclusion and & an @ y-module. We write the restriction of & to x”) as
— () — +1
Flun = HGD, j*F) = F, 86, Ox Jmi

Definition 2.2.3. Let & be a coherent sheaf on a proper F ;-scheme X. An r-infinitesimal Taylor

condition on & at a closed point x € X is a subset
7; c g'x(” .

An r-infinitesimal Taylor condition T on % is a choice of an r-infinitesimal Taylor condition 7, at
x on & for each closed point x.
We say that a global section s € HY(X, %) satisfies T at x € X ifits image in |, liesin T,

and satisfies T if it satisfies 7 at every closed point x € X.

Definition 2.2.4. Let & be a coherent sheaf on a proper F,-scheme X. For a subset P of the finite
dimensional F g-vector space H(X, %), denote by Prob(s € P) the probability that a random
uniformly distributed global section s of & belongs to P, i.e.,

#P

Prob(se P) i= ————.
#HY(X,ZF)
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Remark 2.2.5. The definition above differs from that of [EW15]. When they write Prob(s € P),
they mean (in our notation) lim,_ . Prob(s; € P;) where for each d = 0, P; € H°(X, % (d)) and

s, is a uniform random global section of & (d).

Remark 2.2.6. Our definition of a Taylor condition assumes X is proper over F, so that H(X,Z)
is a finitely generated [ ,-vector space. This does not contradict allowing quasiprojective X in

Theorem A since there, the Taylor condition is actually on P”.

2.2.1 Sheaves of principal parts

We recall the definition of sheaves of principal parts and collect some of their relevant properties.
These sheaves were introduced by Grothendieck in [Gro67, §16] and have been the object of
intermittent study since; recently, they've received some revived interest in commutative algebra
in the study of higher order differential operators?. Good resources on the subject include the

original work in EGA 1V, [Ben70, III, §2], [EH16, §7.2], [LT95, §4], and [Per95, Appendix A].

Definition 2.2.7. Let X — S be a morphism of schemes and & an Gy-module. Let A" be the
r-th infinitesimal neighborhood of the diagonal A in X xg X andlet 567 : A") — X x¢ X be the
canonical morphism. Denote by 7,7, : X xg X — X the corresponding projections and set

p=m,06" and q = m, 0 6. The sheaf of r-th order principal parts of & on X over S is
P55 F) = p.(q" F).

By definition this is an O'x-module. If S is clear from context, we write ?}’}’( (&) for 9’)’( / 5(9 );if X is

also clear, we write 227 (Z).
References given below are not necessarily the original source of the result.

Lemma 2.2.8 (|Gro67, Proposition 16.7.3]). If & is quasi-coherent (resp. coherent, of finite type,
of finite presentation), then 2y, ((F) is quasi-coherent (resp. coherent, of finite type, of finite

presentation,).

Lemma 2.2.9 (|Gro67, Corollary 16.4.12] and [Ben70, III, Lemma 2.1 and Proposition 2.2]). If S =
Spec k for k a field, & is quasi-coherent, and x € X is rational over k, then the fiber 9]’)’( / s(g )Ny =
P55 F)x 8¢,  K(X) is canonically isomorphic to Fx Jmit

If k is perfect, then the same is true for any closed point x € X.

ZSee, for example, [BJNB19], [DNB22], and [LY25].
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Remark 2.2.10. In our notation, Lemma 2.2.9 says that an r-infinitesimal Taylor condition on &%

is just a choice of subset of the fiber of 2} | (¥) for every closed x € X.

Lemma 2.2.11 ([Per95, A, Proposition 3.4]). If X — S is differentially smooth (see [Gro67, 16.10]),

and & is locally free on X, then there is an exact sequence of Ox-modules
0 — Symg, (QY,q) ®p, F — Py ((F) — P5(F) — 0.

If X, Y are smooth S-schemes, f : X — Y is a morphism of S-schemes, and ¥4 is locally freeon Y,

then there is a map of exact sequences of Gx-modules

0— Sym%x(f*9§//s) 8, [7G — [*Pys(§) — [T P59 — 0

| | l

0— Sym%x(gﬁc/s) ®0y [7G — Py ;79 — '@)rﬁsl(f*(g) —0

Corollary 2.2.12 ([Per95, A, Proposition 3.3]). In the setting of Lemma 2.2.11, if & is locally free of

dim X
1mr +r)'

rank n, then 25 () is locally free of rank n - (

2.3 Counterexamples to most general Taylor conditions

The following example shows that arbitrary set-theoretic constructions of Taylor conditions even
on Opx(d), d = 0, can produce local probabilities whose product is not the asymptotic global

probability of the condition being satisfied.

Example 2.3.1 (Diagonal argument). Let X = IP['qu and & = Op». Both the union of global sections
S, overall d = 0 and the set of closed points of P” are countably infinite; let f}, f5,...and x;, x,, . ..
be enumerations of them, respectively. For each i, fix an isomorphism Op.(d)] FORE Opn| L0
Define a 1-infinitesimal Taylor condition 7; on Op. (d) as follows: for each i, identilfy Opn (d)| xl@
with Opx|, 0 under the fixed isomorphism and set 7 . to be all of Gp.| 0 except the Tayl(;r
expansion lof f; (this does not depend on d). Then the local probabilities are p;i =1 g~ (n+1) deglx)
and the product over all closed points is {pa (72 + 1)1

Globally, however, no section f € Sy, Can satisty this Taylor condition. Indeed, define
P, =1{f €S, | f satisfies T, at all closed x € P"}.

By construction, if f = f; in our enumeration, then 7 ,. excludes the Taylor expansion of f, so f

fails 7, at x;. Thus P; = @ for all d, and
o0
lim Prob(f € Py) = 0 # [1py =Cputn+17"
—00 i=1

1
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Some algebraic nature to the condition is likely necessary in general. In Theorem A, this

manifests as “locally free quotients of the sheaf of differentials”.

2.4 More general Taylor conditions

We now use Poonen’s method of the closed point sieve to prove our main theorems. Throughout

this section, let notation be as in Theorem B.

2.4.1 Points of low degree

The following lemma says that for finitely many closed points, the local probabilities are indepen-

dent.
Lemma 2.4.1 (Points of low degree). Let U_, be the closed points of U of degree less than e. Define
PZ‘?‘Q’ ={f €S, | f satisfiesT;atallx € U.,and f|, € T}.

Then

#T Mae- q—(é+1)deg(x))'

lim Prob(f € PIW) = ———
A Prob(f € Pq.) #HY(Z,07) rey.,

Proof. LetU,, = {x,,..., x;}. By definition, f € S fails 7, at x; if and only if it vanishes under the

composition

Sy = Opn(d)y Im5 — &4l

for some i € {1,...,s}. Thus Piio‘e’v consists of the preimage of T x [];_, (&4, — {0}) under the

composition

Sy — H(Z,0,(d)) x f[lﬁpn (d),,/m5 — H(Z,0,) x f[lgdui.
i= i=
The first map is surjective for d > 1 by [Poo04, Lemma 2.1] and the second since t* 2! (Opn (d)) —
&, is surjective and H°(Z, 0 ,(d)) = H°(Z, 0 ), so the composition is surjective.
We have a filtration of x (x;)-vector spaces 0 = 2(d)|,, < &,l,, whose quotients 2(d)|,, and
84ly,12(d)|,, have dimensions ¢ and 1, respectively, hence &1, — {0} has size g‘+1de8) 1,
and the local probability of vanishing is 1 — g~(¢*1 4¢8() A this does not depend on d, the result

follows. O
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2.4.2 Points of medium degree

Lemma 2.4.2 (Points of medium degree). For e > 0, define
Qmed :={f €Sy f fails T; at some x € U withe < deg(x) < 7% }.

Then
lim lim Prob(f € Qmed =0.

e—00 —o00

Proof. Let xbeaclosed point of U with e < deg(x) < ¢+1. We have diqu Eyl, = (0+1)deg(x) = d
by assumption. Note the argument in [Poo04, Lemma 2.1] works exactly the same here with the

map S,; — &,l,, so this map is surjective and identical reasoning as in [Poo04, Lemma 2.3] shows

the fraction of f € S, that vanish in &, is g~ de8)

Now we follow Poonen’s proof of [Poo04, Lemma 2.4]. By [LW54], there is a constant ¢ > 0

depending only on U such that #U(F ;) < cq"™. With the result above, this gives

e
med L ; —-(0+Dr
Prob(f € 97¢) < ) (#of points of degree r) - g
r=e
ld/(¢+1)] ,
Z #U([qu) . q—( +1)r

r=e

IA

rm —(+Dr

cq g

18

=

<
Il

e

e(m—0-1)
Since ¢ = m, this converges to iq_qw. This is independent of d and goes to zero as e goes to

0. O

2.4.3 Points of high degree

As usual with proofs using the closed point sieve, showing the contribution from high degree

points is negligible is the hardest part of the proof.

Lemma 2.4.3 (Points of high degree). Define

high |

Q%" :={fe€S,| [ failsT; atsome x € U, v 1.

hlgh

Thenlim,_, ., Prob(f € Q =0.

Proof. Asin [Poo04, Lemma 2.6], we reduce to the affine case  : U — A", also dehomogenizing

to identify S, with A_.
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Consider the commutative diagram

0 — "Qpup, — P Op) — Oy — 0
0 2 « &

Given a closed point x € U, the map on fibers L*Q}\ — 2|, is surjective, and every ele-

wir, lx
ment of L*Q}\n ¥, |, = m,/m? is the restriction of some dt to x where ¢ is some element of A.
Choose t;, ..., t, € Asuch that the restrictions of d ¢y, ..., dt, to x map to a x(x)-basis of £|,. By
Nakayama’s lemma, the elements d#, ..., df, in the stalk (L*Q/l_\n /[Fq) x map to an 0y, ,-basis for
£2,. Call this basis Q;, ..., Q, and let d;,...,0, be the corresponding dual basis.

Now we mimic the proof of [Poo04, Lemma 2.6].

We have 1
Homg, (2,,0y ) € Homg, (" Qpn) 1 Oy )

= Homg,, Qa0 Oy )

= Der[Fq @pn Oy )
where the first inclusion follows since Homg, (=, 0y ) is contravariant left exact. Thus we can
think of the dual basis elements 0, as F-derivations Op» , — Oy . Choose s € A/I(U) with
s(x) # 0 to clear denominators so D; = s0; is a global derivation A — A/I(U). We can find a
neighborhood N, of x on which Qy, ..., Q, generate 2 and such that s € O (N,)*. As we can
cover U with finitely many such N,, we may assume U < N,, and that the Q, ..., Q, generate 2
globally.

Set 7 = max;{degt;}, ¥y = l(d —1)/pl,andn = |d/p]. If fy € Ay, &1,-..,8¢ € Asy, and

h € A, are selected uniformly at random, then the distribution of

f=fo+gln+--+glt,+n?

is uniform over A_,;. We will bound the probability that for such an f, there is a closed point
¥ € Us 4041y Where f is zero in the fiber of & at y. Let 1 be the constant function in 1* 2! (),
and Ritsimagein &. Then R, Qy, ..., Q, are a basis for &, giving a trivialization & = @’f}“. In this
trivialization, the map sending a polynomial f to its first order Taylor expansion in t* 2! (Gyn)
then to & is given by (f,0, f,...,0,f). Thus f is zeroin &| , if and only if f(y) = (D, /)(y) =--- =
(DeHy) = 0.

Since charF, = p, we have

D,f =D;fy+ 8Dty + tpD;g +--- + g/ D;t, + t;pD; g, + pDh

=D;fy+8's
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fori =1,...,¢. By abuse of notation we will consider the D; f as defining hypersurfaces in A" by

choosing a lift to A of minimal degree. Define

W, =Un{D;f=---=D;f =0}
Claim 1. For0 < i < ¢ - 1, conditioned on a choice of f,, g;,...,8; such that dim(W;) = m — i,
the probability that dim(W; ;) = m—i—1is1—o0(1) asd — oo.

Let V},...,V, be the (m — i)-dimensional irreducible components of (W;)..q. By Bézout’s
theorem,

e < (deg U)(deg D, f) --- (deg D, f) = O(d")

as d — oo, where U is the projective closure of U. As dim V}. = 1, there exists a coordinate x I
depending on k, such that the projection x;(V}) has dimension 1.

We want to bound the set
Gzad ={gis1 € Aoy | D; . f =D fo+ gfﬂsvanishes identically on V;. }

since forany g;,; € Gzad, Vi € W;,, and then dim(W;, ;) would failtobe < m — i — 1.

Ifg, g€ Gzad, then on V,

gPs—g"Ps
0=2-—"2 "
N
=@g-g)

so if Gzad is nonempty, it is a coset of the subspace of functions in A., that vanish on V;. The
codimension of that subspace is at least y + 1 since a nonzero polynomial in x; does not vanish

on V.. Thus the probability that D, f vanishes on some V. is at most eg~"*V = 0(1) as d — oco.

Claim 2. Conditioned on achoice of fy, 81, ..., 8¢ forwhich W, is finite, Prob(HNW,NU. q(r+1) =
D) =1-0()asd — co.

In fact, we need only show this for H; N W,,, N U, 4/(¢+1)- The same Bézout argument as above
shows #W,, is O(d™). For a given y € W,,,, the set H*® of h € A, for which H passes through y

is either empty or a coset of ker(eval,, : A, — x(y)).

#Fbad

d . ppgbe - o d
If deg(y) > 741 then [Poo04, Lemma 2.5] implies FA, < g~¥ where v = min(n + 1, 751)-

Hence

Prob(H; N W, N Us /011y # D) < #W,,q7" = 0(d™q™")
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which by assumption is o(1) as d — oo.

Given the two claims, we have

lim Prob(dlm Wi =m-—iforalll =i </¢and Hf N Wm n U>d/(€+1) = @)

d—oo
m—1
[T@=-01)-1-o01)

i=0
1-o0(1).

So the same holds for W,. But now Hy n W, is the subvariety of U defined by failing 7, so

Hy 0 Wy N U, g4 is the set of points of degree > % where Hy n U fails 7. O

2.4.4 Proofs of Theorems A, B, and C

Proof of Theorem B. We have

high

1 d
Pdgpdfzvgpduggfﬁ uQ,

S0
Prob(s € P}f‘é") > Prob(s € P,)
= Prob(s € Piio"é") — Prob(s € Qgﬁd) — Prob(s € Ql;gh).
By Lemmas 2.4.1 to 2.4.3, letting d, then e go to oo gives the result. O
Proof of Theorem A. Take Z = () in Theorem B. O

Proof of Theorem C. The reasoning here is the same as in the proof of [Po004, Theorem 1.3]. Given
a condition on sections no stronger than nonvanishing in the fiber of a single &; ; at all except
finitely many points, the probability of failing this condition goes to 0 as d — co by Lemmas 2.4.2
and 2.4.3. Now considering a condition no stronger than nonvanishing in the fiber of each of
&1.4>- -1, 4 at all except finitely many points, the probability of failing is still zero as this is a
finite union of sets with probability zero. Thus we can approximate 7P, by the sets Piio‘é" defined
by satisfying the condition at points of degree at most e. But now the result follows by [Po004,

Lemma 2.1] and identical reasoning as in the proof of Lemma 2.4.1. O

2.5 Applications

Example 2.5.1 (Poonen’s Bertini). To get [Poo04, Theorem 1.1], assume X is smooth and take

9 = Qﬁ( IF in Theorem A. Similarly, [Poo04, Theorem 1.2] follows from Theorem B.
q
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Our Theorem C does not imply [Poo04, Theorem 1.3] since we don’t work with the completed
local rings, however it does imply the weaker version where, at each point, one only controls the

Taylor expansion up to finitely many terms.

Example 2.5.2. Let X be a quasiprojective subscheme of P[?q of dimension m with locally closed
embedding:andletA: X — X X, P”" be the graph of t. Suppose j : Z — X xF, P" is a closed
embedding such that the projection ¢ : Z — X is smooth of relative dimension ¢ = m, and such
that A factors as
X % 7L xxpn
for some morphism a : X — Z.
We have a surjection of sheaves

1 . A1
Qyipnix = J«Qzx

which induces a surjection

A*QL

* 2 1
xxprx > ATJQ

ZIX*

The left side is isomorphic to L*Qulj,n ;indeed, let p : X x P” — P be projection onto the second

coordinate. Then by standard base change for the sheaf of differentials,

A" Qxpnix = AP Qpnyg,
_ * ~1
=(poA) QIP’"/[Fq
_ %0l
=1 QIF’"/[Fq'

~

Define 2 = A*j*QIZ/X. This is locally free: by assumption, A = joa so 2 = a*j*j*le/X =

* 1
a QZ/X.

1

As ¢ is smooth of relative dimension ¢, Q7

is locally free of rank ¢ and thus so is 2.

With £ as above, define &4, 7;, and P, as in Theorem A. Applying the theorem, we get
lim Prob(f € P,) = {x(£ + 1)~
d—oo

Example 2.5.3. We now answer Question 2.1.1 as a specific instance of Example 2.5.2. Assume
char(F,) # 2. Choose a finite, reduced, degree 4 subscheme Y of [P’[?;q whose points are geomet-
rically in general position. Let:: X — P%q be a curve whose geometric points are in general
position with the points of Y. Then for each closed point x € X, there is a unique smooth conic
C, (defined over k(x)) passing through x and each point of Y. Let j : C — X x P? be the inclusion

of the subscheme C parameterizing the data {(x, y) | x € X, y € C,}. Then A factors as j o a where
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a is the diagonal into C, and ¢ : C — X is smooth of relative dimension 1, so the conditions of the
example are satisfied.

Let f € ;. With £ defined as in Example 2.5.2, the hypersurface H intersects C, transversely
at x if and only if it does not vanish in the fiber of 2 at x. Thus the example above shows the

probability that a random plane curve intersects C, transversely at x for all closed x € X is { x(2) 1.

Example 2.5.4. Let L be the line at infinity in IPZq; write the homogeneous coordinates on P2
as Xy, X1, X,. In the affine chart x, # 0, choose [Fq—points P, =(0,0), P, = (0,1), P; = (1,0),
and P, = (1, 1). Then the lines through pairs of points in Py, P,, P3, P, intersect L in four points;
set U to be L with these four points removed and Y := {P;, P,, P3, P,}. Define C, as above. By
Example 2.5.3, the probability that a random plane curve intersects C, transversely at x for all
x € Uis {y(2)7!. Recall that for a scheme X of finite type over F, with closed subscheme Z, we
have { x\ 7 (s) = {x(8)/{ 5 (s). Writing Z = {Q;, Q,, Q3, Q,} for the set of four points removed from

L, this implies
@ a-gHt  1-q7"
L2 (1-g72)3

(y@7! "
(1-g72)A-g™)
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Chapter 3

Axiomatic approach to Bertini
theorems over finite fields

After Poonen’s Bertini theorem, numerous analogous and more general Bertini-type results fol-
lowed. For those generalizations that relate to Taylor conditions (see Definition 2.2.3), we provide
a framework (Proposition 3.1.3) that axiomatizes the general strategy of the proofs and that can,

in theory, be applied to prove similar results.

This chapter is motivated by the results of [CGM86] and [Spr98] that provide powerful ax-
iomatic frameworks for proving Bertini-type theorems over algebraically closed and infinite fields,
respectively. Recent work has used the Cumino-Greco-Manaresi framework to prove Bertini
theorems in the positive characteristic, algebraically closed setting: F-regular and F-pure singu-
larities ([SZ13]), F-signature and Hilbert-Kunz multiplicity assuming normality ([CRST21]), and

Hilbert-Kunz multiplicity along fibers and without assuming normality ([DS22]).

Our framework is not nearly as useful. First, our framework applies only to conditions on
the Taylor coefficients of sections; theirs applies to any condition that satisfies certain axioms.
Second, our result is not particularly useful for proving new theorems since it pushes the difficult

part of the proof, showing part (c) of Proposition 3.1.3, down the road.

Further motivation comes from the work of Margaret Bilu and Sean Howe in the motivic
setting. In [BH21, Theorem B] (also restated and discussed in Section 2.1.1), a very general class
of Taylor conditions were shown to give asymptotic “global probabilities” that factor into the
asymptotic “local probabilities” in a suitable localization and completion of the Grothendieck
ring of varieties. However, neither the results nor methods are applicable in the point-counting
setting. In [BH21, Section 1.3], the authors ask if a similar theorem exists in the point-counting

setting. This chapter does not provide an answer to this question; it does, we hope, provide a

21
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useful framework for thinking about the diverse applications of Poonen’s closed point sieve, often

appearing ad hoc in the literature.

3.1 The framework

Throughout this chapter, we will use the notation and definitions given in Section 2.2. Before

stating the axiomatic framework, we need a lemma.

Lemma 3.1.1. Let Y be a projective scheme over a field k. If Z is a finite subscheme of Y, and & is

a coherent sheafon Y, then the map
$q: H'Y, F(d) — H(Z, j*F ()
is surjective for d > 0, where j : Z — Y is the inclusion morphism.
Proof. We have a short exact sequence
0 — I, — Oy — j.Oy — 0
which, after tensoring with &, induces an exact sequence
0 — J0r(j,05, F) — F,08F — F — (j,.O)F — 0.

By the projection formula, (j,0,) ® & = j, j*Z. Set 9 = coker(Jor (j, 04, F) — I, ® F). The

exact sequence above gives a short exact sequence
0 —>¥% > %F — jj’% — 0.
Twisting by Oy (d) gives
0 — %(d) — F(d) — j,j*Fd) — 0
inducing the long exact sequence in cohomology

0 — HY,9(d) — H(Y,Z(d) 24 HY(Z, j*Z (d))
— HYY,9(d) —— -+

Thus coker(¢,) is a sub-vector space of H!(Y,%(d)). Since ¥ is coherent (see Remark 3.1.2),
H(Y,%(d)) = 0 for d > 0 by Serre vanishing ([Har77, Theorem 5.2]). Hence coker(¢,) = 0 for

d > 0,i.e. ¢, is surjective. O
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Remark 3.1.2. The sheaf ¢ above is indeed coherent. The sheaf Jo#;(j,.0 , %) can be computed
as the homology of the complex £* ® & where £* — j,.0, is a resolution by finite, locally free
Oy-modules (such a resolution always exists in this setting; see [Har77, Example 6.5.1]). This is
coherent since the category of coherent sheaves on a scheme is abelian, so closed under kernels,

cokernels, and images. Since .#, ® & is coherent, the cokernel ¢ is also coherent.

Proposition 3.1.3. Let & be a coherent sheaf on a projective scheme Y over F,. Ford = 0, let
V= HY(Y,Z(d)). Foreachd = 0, let T, be an r-infinitesimal Taylor condition on % (d). Fix a

function c : N — R.;. Define

pg’cvlv :={s €V, | ssatisfies T, at all x with deg(x) < e}

Qg};d :={se V| sfails T; at some x with e < deg(x) < c(d) }

Q};gh :={s € Vy| s fails T; at some x with deg(x) > c(d) }

Suppose that

(a) Foreach closed point x €Y,
li #Td,x
= lim ———
P = ¥ F (@) o

exists.

(b) lim lim Prob(s € Q™% =0
€—00 d—o00 ’

(© lim Prob(s € Q") =0
—00

Then
(}im Prob(s satisfies T;) = 1_[ Px-
— 00

xeY
Proof. First we show independence at finitely many closed points, namely that
L}ijgo Prob(s € Pi‘y’;") = H Py

xeyY
deg(x)<e

For a closed point x € Y, let x") be the rth infinitesimal neighborhood of xin Y. Define Z = | | x
where the union is over the finitely many closed points x € Y of degree < e. A section s € V;
satisfies 7, at x if and only if its restriction in H(x\", j*%(d)) = Z(d)|,w» lies in T, ,, where
j 1 Z — X isthe inclusion. Thus Pé?;" is the preimage of

l_[ Td,x

xeyYy
deg(x)<e
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under
bq:Vy — HUZ,j*F@d) = || F@Dlw.

xeY
deg(x)<e

By Lemma 3.1.1, ¢ is surjective for d > 0, so

#T,
lim Prob(s € P1%%) = i T '
dl—I>Iolo rob(s e,d) dl_{go xlel #F(d)] H Px

xeY
deg(x)<e deg(x)<e

To finish the proof, the reasoning is the same as in the proofs of [Poo04, Theorem 1.2] and [EW15,
Theorem 3.1]. Let P, be the set of s € V; that satisfy 7,;. We have

high

low med
Pngeyd gPduQe’d qu

SO

Prob(s € Pg’;") > Prob(s € P,)

high

= Prob(s € P};’(‘i"’) — Prob(s € le;d) —Prob(s€ Q °).

Applying our assumptions and computation above, letting d, then e go to co gives the result. O

Remark 3.1.4. In Proposition 3.1.3, both the function c(d) and splitting the “non-low” degree
points into “medium” and “high” degree are not important to the proof. All that matters is that
the local probabilities p, exist and that the probability that a section has a singularity of degree e
goes to zero as d, then e go to co. We phrase it like this only to match the existing implementation

of the closed point sieve.

3.2 Observing the framework in action

Now we go through several examples in the literature, observing how the framework of Propo-
sition 3.1.3 is implicitly applied. For simplicity of exposition we will work with versions of the
various theorems that do not impose additional Taylor conditions, however the framework can be

easily modified to apply in those settings as well.

3.2.1 Poonen’s Bertini

Let S = F,[x, ..., x,], Sy the degree d homogeneous elements of S, and Sy,gmeg = Ugso Sa- Set
Hp = Proj(S/(f) < P[’F‘q.

We restate Poonen’s Bertini theorem given in the introduction:
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Theorem 1.2.3 ([Poo04, Theorem 1.1]). Let X be a smooth quasiprojective subscheme of P" of

dimension m = 0 over F ;. Define
Py={feS;| Hy n U is smooth of dimension m —1}.

Then
lim Prob(fePy) = [] (1- q_(m“)deg(x)) ={xm+1)7"
d—oo closed xe X

where ( x is the local zeta function of X.

In the context of Proposition 3.1.3, set Y = P and & = Opx. For each d > 0 and closed
q

x € P" define

o {8y € Opn(d) ,/m5 | image of g, in Oy ,/m% isnonzero} xe X
) By (d) M2 xEX
Set ¢(d) = # and define the subsets PL‘,’;", legd, and Ql;gh of S, as in Proposition 3.1.3.

We'll show conditions (a)-(c).
#T, .

(a) By (noncanonically) untwisting, one sees the terms 0 do not depend on d, so cer-

tainly their limits p, exist, and equal 1 — g~V 48 by [Poo04, Lemma 2.2].
(b) Thisis [Poo04, Lemma 2.4].
(c) Thisis [Poo04, Lemma 2.6].

Hence the axiomatic framework applies. Note that this example will be subsumed under all

examples that follow.

3.2.2 Complete intersections

Ford = (d,,..., d) atuple of positive integers, write Sq for the product S; x...x S; and identify
it with the global sections of Op. (d) = EB;‘ZI Opn(d;). Foreachf = (fi,..., fi) € Sq, write H; for
I‘If1 Nn...N ka
Define
k-1 .
Lig,mk =[]a-q ™7
j=0

which is the probability that k randomly chosen vectors in Fy' are linearly independent.

Theorem 3.2.1 ([BK12, Theorem 1.2 without additional Taylor conditions]). Let X be a smooth

quasiprojective subscheme of P" of dimension m = 0 over F ;. Let X denote the Zariski closure of
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X inP". Choose an integer k € {1,..., m + 1} and a tupled = (d, . .., d}) of positive integers with
dy < ... < dy. Define

Pq:={fe Sq | Hyn X is smooth of dimension m — k }.
Then

Prob(f € Py) = H (1 _ q—kdeg(x) + q—kdeg(x)L(qdeg(x), m, k))
xeX

+ O((dl + 1)—(2k—1)/m 4 dlrcnq—dllmax{mﬂ,p})

where the implied constant is an increasing function of n, m, k, and deg(X). Thus letting
dy,...,dy — oo such that d" g~/ m&Im+Lph . 0, we get the probability converging to the product

of the local factors.

Due to limitations in the setup of Proposition 3.1.3, we will only consider that case that
dy,...,d; — oo at a uniform constant rate for all k. However, one could modify the statement
similar to Definition 4.4.1 to account for nets of Taylor conditions 7, d € I for I a directed set.
This is done for this example in Section 4.6.1.

SetY = [P[?q and & = Opn(dy) whered, = (d;, ..., d;) is any fixed tuple of nonnegative integers
(again, an artifact of our limited setup). We will consider the twists & (d) = @le Opn(d; + d) as
d — oo. Note that

(dp + d)" g~ DM g as d — oo

so in this setting the error term of Theorem 3.2.1 tends to zero.
For each d = 0 and closed x € P", let 7 , be the subset of & (d)|,0) = Opn(dg + d) ./m2 where,

for the image of atuple f = (f3, ..., fi) € F(d)|,» inOx(d, + d)x/mi, either not all terms vanish,

dy+d

Py and define the subsets

or they all vanish and have linearly independent gradients. Set c(d) =

high
plow Qmed andQ 18

o Lod g of V= H(P", & (d)) as in Proposition 3.1.3.

(a) As for Poonen’s Bertini, the local factors do not depend on d, and equal 1 — g~*de8® 4

q‘kdeg(X)L(qdeg(’”, m, k) by [BK12, Corollary 2.2].
(b) By [BK12, Lemma 2.5],
Prob(f € QI'5%) < 2" deg(X) kg *** V.

This bound does not depend on d and goes to 0 as e — oco.
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(c) By [BK12, Corollary 2.7],
PrOb(fG Qgigh) < kngm(m + 1) deg()_()m+1(dk + d)mq—min{(d1+d)/(m+1),(d1+d)/l7}
which goesto 0 as d — oo.

3.2.3 Semiample Bertini

Let X be a smooth projective variety (integral but not necessarily geometrically integral) of
dimension m over F,, with a very ample divisor A and a globally generated divisor E. Let 7 be the

map given by the complete linear series on E:
7 X 2 pM,

Let b = dim n(X). Define R, 4= HO(X, Ox(nA+ dE)) and write Hf for the corresponding divisor
in|nA+ dE|.

Theorem 3.2.2 ([EW15, Theorem 3.1 without additional Taylor conditions]). With notation as

above, set ny := max{b(m + 1) — 1, bp + 1}. For a closed point P € n(X), define
pp = L}im Prob(H; is smooth at all points of 1 (P))
—00
and
Py:={f€Ryy| Hyn X is smooth}.

Then for all n = n,, we have

lim Prob(f € P,) = H Pp-
d—oo Pen(X)

Let P € n(X) and PV = Spec(@,x) p/m3) the first-order infinitesimal neighborhood of P.
For x € 771(P), define similarly x) = Spec(@y ,/m?). Set Xpa) := X x;x) PW.
Given asection f € R, 4, H; is smooth at a closed point x € n~1(P) if and only if f does not

vanish under the restriction map
R, — H°(xW, 0,0 (nA) = 0y ,/ma.
where the latter isomorphism is a noncanonical untwisting. This map factors as

Ry & HOOW, 050 (na) & 0x .
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In the context of Proposition 3.1.3,set Y = n(X) and & = n,(Ox(nA)),so F(d) = n,(Ox(nA+
dE)). There is a natural map ([Har77, III, §11])

F@lpw =7, @x(nA+dE)p B¢, Onx)p/M5 £ H(Xpu), Oy, (nA)).
Note that g is the composition of the natural restriction map
Ry = H(X), F(d) — F(d)|pn

followed by k. As explained in the proof of [EW15, Lemma 5.2(a)], this restriction is surjective for
d > 0 by Serre vanishing. Thus the asymptotics for R,, ; and & (d)|pn) at P are the same, and we
may use the latter to compute probabilities.

Define 7, p to be the preimage of (,c,-1(p, (ker ¢ )¢ under k. This Taylor condition captures
the property that a section is smooth at all points of 7! (P).

Let c(d) = m and define the low, medium, and high degree points as usual. Then
conditions (a)-(c) of Proposition 3.1.3 are exactly [EW15, Lemmas 3.2-3.4].

Remark 3.2.3. Combining the methods in Sections 3.2.2 and 3.2.3, one can do the same analysis

for the semiample complete intersection result of [Gru22, Chapter 2].

3.2.4 Containing a closed subscheme

Furthering the comparison with classical Bertini theorem, Poonen showed in [Poo08] that, given
some dimension assumptions, the hypersurfaces H that intersect X smoothly can be assumed to
contain a given closed subscheme Z of P" so long as Z n X is smooth. In [Wut14], Wutz removed
the assumption that Z n X be smooth. This material is also contained in the shorter preprint
[Wut16]; independently, the main theorem was also proved by Gunther in [Gun17].

For Z a closed subscheme of P", let I, ; be the set of f € S, that vanish on Z. Let .#, be
the ideal sheaf of Z and identify I Z.d with the global sections HO(P", & ~(d)) (cf. [GW20, Remark
13.26]).

For X a scheme locally of finite type over a field k, write X for the locally closed subscheme

of X of points with embedding dimension j, i.e. where dim,(,, (Q; el =

Theorem 3.2.4 ([Wutl4, Theorem 2.1]). Let X be a quasiprojective subscheme of P" of dimension
m = 0 over F . Let Z be a closed subscheme of P" and let V := Z n X. Define

P, :={f€lz,| Hyn X is smooth of dimension m — 1}.
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(@) If maxy<j<p,-1{j +dimV;} <mandV,, = 0, then

lim Prob(f € P,) = (V(’Z: D — = lm—l -
d—oo CX(m+ 1) l_[j:() {V](m_]) (X—V(m+ D Hj:O (V](m_‘])

(b) IfmaxOSjsm_l{j + dim Vj} =morV,, # 0, thenlim,_, , Prob(f € P;) =0.

In the context of Proposition 3.1.3, set Y = P¢ and & = .9,. Forasection f € I 5, Hy N X is
q

smooth of dimension m — 1 at a closed point x € X if and only if f does not vanish under the map
ba:lsq=H®", I,d) — H'&W, 9, -6.0)

by [Wutl4, Lemma 2.9]. This map is is surjective for d > 0 ([Wutl4, Lemma 2.8]) and factors
through the map I, ; — %, (d) ./ m?.

For each d = 0 and closed x € P, define

o {g, € #,(d),/m% | image of g, in .7, - @X’x/mi isnonzero} xe X
XN g ,(d)  Im2 x¢X

This Taylor condition captures the property that H; N X is smooth of dimension m — 1 and Hy
contains Z. Fix an integer c such that S,1, ; = I, 4, forall d = c¢ (see [Wutl4, remarks afer

Lemma 2.7]). Set c(d) = ;(;l;r(i Then in the setting of part (a) of Theorem 3.2.4, conditions (a)-(c)

of Proposition 3.1.3 are exactly [Wutl4, Lemmas 2.12, 2.15, 2.16, and 2.19].

In the setting of (b) where maxy< j,,,_1{j + dim V;} = mor V,,, # 0, the same computations
above apply. However, in the first case, Wutz shows the partial product resulting from low degree
points is bounded by the inverse of the partial Euler product of a zeta function evaluated at one of
its poles; thus, as e — oo and more terms of the product are included, the product goes to zero.
In the second case, the inverse of the zeta function for V,, will contain a term 1 — g~ ("~ deg(0,

hence the entire product is zero.

Remark 3.2.5. This shows that it does not follow from the setup of Proposition 3.1.3 that the
resulting product is zero if and only if one of the terms is zero. Note, though, that this is the case

for all other theorems discussed in this section.

Remark 3.2.6. Capturing the related but slightly different results of [Wut17, Theorems 2.1 and
3.1] under a modified version of Proposition 3.1.3 would be more difficult since there Wutz is
prescribing an additional condition on the dimension of the singular locus (Hy N X)jng, which is

not a Taylor condition.
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3.2.5 Smooth-agnostic Taylor conditions

We restate Theorem A from Chapter 2.

Theorem A. Let X be a quasiprojective subscheme of P{ of dimension m with locally closed
q

embedding 1. Let 2 be a locally free quotient of L*QUIM of rank ¢ = m, and let X denote the kernel

of 1*QL, — 2. For each d, define

&, := (P Opn(d))) | H (d)
where we view X (d) as a subsheaf of 1* 2 (Opn (d)) via the exact sequence
0 — 1*Qp,(d) — 1*P(Opn(d)) — Ox(d) — 0.

This defines a 1-infinitesimal Taylor condition T; onP" such that at each closed point x, T, , <
Opn (d) /M2 is given by not vanishing in the fiber of &, at x. By convention, T, is always satisfied if
x¢X.
Define
Py:={f €S| f satisfies T, at all closed x € P" }.

Then
dhm Prob(f € Pd) — H (1 _ q—(f+l) deg(x)) — CX([ + 1)—1‘
—00

closed xe X
In the context of Proposition 3.1.3, set Y = P"” and &% = Op» on P". Then conditions (a)-(c)

are exactly Lemmas 2.4.1 to 2.4.3.

3.2.6 Related results in the literature

Other results that fall under the framework of Proposition 3.1.3 include [Lin17, Theorem 1.1] and
[GK23, Proposition 4.8]. Details are omitted since the steps are nearly identical to the examples
above.

While not strictly related to Taylor conditions, the results in [Ngu05], [Poo13], [CP16], [BE19],
and [GK23, §4 and §5] are worth consideration for future attempts at axiomatization of Bertini-

type theorems over finite fields.



Chapter 4

Equidistribution and arithmetic
A-distributions

The following chapter is joint work by the author and Sean Howe.

4.1 Introduction

In [How24], Sean Howe introduced a theory of probability in A-rings in order to provide a concise
language for describing random variables valued in multisets of complex numbers. The main
application was a comparison between zero distributions for certain families of function field
L-functions and associated eigenvalue distributions in random matrix statistics ((How24, The-
orems B and C]), and the key arithmetic input for the two types of families treated in [How24]
was Poonen’s sieve for hypersurface sections ([Poo04]). The purpose of the present work is to
generalize and abstract the method used in [How24] to compute arithmetic A-distributions or,
equivalently, their associated o-moment-generating functions, and then to apply this generaliza-
tion to compute arithmetic A-distributions in new cases.

To that end, we first formulate in Definition 4.4.1 a general notion of equidistribution for a
sequence of families of 1-probability spaces parameterized by an admissible Z-set (an abstraction
of the Fq-points of an algebraic variety over [ q). In Theorem 4.4.3 we show that, if equidistribution
holds, then for certain sequences of random variables constructed by integrating over these
families, the associated sequence of o-moment-generating functions converges to an explicit
motivic Euler product. We apply this abstract result to compute asymptotic A-distributions for
L-function and zeta function statistics in more settings where Poonen’s sieve has been generalized
(using the original sieve, one recovers [How24, Theorems B and CJ).

In particular, in Theorem D we combine our systematization with the generalization of

31
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Poonen’s sieve given in [BK12] to compute the asymptotic A-distributions of the zeroes of the
L-functions of vanishing cohomology of smooth complete intersections and compare these with
the associated random matrix A-distributions. This generalizes the case of smooth hypersurface
sections treated in [How24, Theorem C]. We also treat natural families arising from the semiample
version of Poonen’s sieve of [EW15] and the “smooth-agnostic” generalization of Poonen’s sieve
developed in Chapter 2.

The key new tool that allows us to systematize and abstract the arguments of [How24] is a
motivic Euler product adapted to point-counting. We continue the introduction by explaining

how this notion arises naturally in the problems we consider.

4.1.1 Equidistribution, independence, and o-moment-generating functions

The arithmetic random variables studied in [How24] are of the following form: Fix a finite field
x and algebraic closure k. For each d = 1, one defines a A-probability space where the random
variables are functions on the set U,; of the degree d homogeneous polynomials in n + 1 vari-
ables with coefficients in k¥ satisfying a transversality condition with respect to a fixed smooth
subscheme of P}. For each P € P"(x), one defines a random variable X,; p on U, whose value
on a homogeneous polynomial F depends only on the Taylor expansion of F at P. One then
obtains a new random variable X; on U, by “summing” the random variables X; p over all points
P € P"(x), and one would like to understand the asymptotic distribution of X; as d — co — there
is hope of this because Poonen’s sieve ([Poo04]) implies the Taylor expansions equidistribute in a
certain natural sense.

In this theory, the random variables are valued in W (C), the ring of big Witt vectors of C,
and the right notion of a distribution is a A-distribution: when the random variable is valued in
Z.,[C] € W(C), i.e. in multisets of complex numbers, the A-distribution encodes the averages of
all symmetric functions of the multiset, and convergence in W (C) is simply convergence of all of
these averages.

One of the key ideas in [How24] is to encode the A-distribution using the o-moment-gener-

ating function, defined for a W (C)-valued random variable X as
E[Exp, (Xh))] € A’\W(C)

where Exp,, is the plethystic exponential, i; = #; + £, + t3 +..., and Af/\vm:) is the ring of symmetric

power series with coefficients in W(C). These behave much like the usual moment-generating

functions in classical probability theory: in particular, in the above setting, we expect that, as
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d — oo, the random variables X; p will all be independent so that their moment-generating
functions should multiply to give

L}Ln; E[Exp, (X h))] = Peg@ dll—l:lc}o E[Exp, (X4 phy)l.
Moreover, we expect that each of the individual random variables X; » should approach the
distribution of arandom variable X' defined independently of d on the space of Taylor expansions
at P, so that this should simplify further to

[1 EExp,Xph)l.
PeP(x)

The main difficulty in making this heuristic precise is that it is completely unclear how one
should actually define the product over P" (Fq). In [How24], we made an ad hoc argument to get
around this, exploiting that, in the cases treated there, the A-distribution of each &’p is the same.
Under this constraint, one finds a natural candidate for the infinite product by using the pre-A
power structure (see [How24, §2.6]).

In the present work, we address the problem head-on by using the plethystic exponential and
logarithm to define motivic Euler products for admissible Z-sets — see Definition 4.3.1. This is
motivated by joint work of Sean Howe with Margaret Bilu and Ronno Das ([BDH25]) where it is
shown that, when working with Grothendieck rings of varieties, the same formula recovers the
motivic Euler products of Bilu ([Bil23]). Even when the infinite product can be expressed in the
pre-A power structure as in [How24], the perspective adopted here gives clearer proofs than the
previous ad hoc method.

Our motivic Euler products can also be treated from the perspective of Eulerian formalisms
developed in [BDH25], but here we give a more direct and independent treatment. A key point
that is specific to the case of admissible Z-sets is Proposition 4.3.7, which explains how to compute
the motivic Euler products in terms of classical Euler products. This formula is what allows us
to build a bridge between the abstract formulation of equidistribution (Definition 4.4.1), which
is adapted to comparison with Poonen’s sieve, and the computation of c-moment-generating

functions that carries out the heuristic described above (Theorem 4.4.3).

4.1.2 Applications

Combining Theorem 4.4.3 with generalizations of Poonen’s sieve, we can compute asymptotic dis-
tributions of many zeta function and L-function random variables. As an illustration, we state now

a generalization of [How24, Theorem C] to complete intersections (that uses the generalization
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of Poonen’s sieve in [BK12] to obtain the equidistribution result needed to apply Theorem 4.4.3).

Afterwards we will briefly discuss our other applications.

4.1.2.1 Fix a finite field x and an algebraic closure x. For n = 0, r = 1, suppose Y < P} is a
smooth closed geometrically connected subscheme of dimension m+r. Ford = (d,,...,d,) e N',
let U, be the set of tuples F = (Fy, ..., F,) of homogeneous polynomials of degrees d,, ..., d, in
n + 1 variables with coefficients in ¥ such that the subschemes Y, V(F}), ..., V(F,) are transverse
at any point of intersection (i.e., the intersection of their tangent spaces at such a point is m-
dimensional). Then the scheme-theoretic intersection Cp = Y N V(F}) n... N V(F,) is a smooth

complete intersection in Y of dimension m. If we write x (F) for the subfield of k¥ generated by

x and the coefficients of F;, ..., F,, then CE is naturally defined over x (F), and as such admits a
Hasse-Weil zeta function
1
Ze. )= [] ——.
E yEICE\ 1-— tdegy

Here |C F | denotes the closed points of C F Ik (F). It follows from the Grothendieck-Lefschetz trace

formula and the strong Lefschetz theorem in étale cohomology that
Zg, (1) = Lo, (0" Zy(1)

where Z,(7) depends only on Y ) and L, (7) is the characteristic power series of geometric
Frobenius acting on the vanishing cohomol;gy of Cp (that s, the part of the cohomology which
does not “come from” Y, ). For qp := #x (E), the reciprocal poles of L, (1) are qp-Weil numbers
of weight m, i.e., they are algebraic integers whose conjugates all havg absolute value qF% .One

expects the renormalized characteristic series
2
£C£ ( tq F

to behave, on average, like the characteristic power series of a random matrix in an orthogonal
group if m > 0 is even, a compact symplectic group if m is odd, or the symmetric group in its

standard irreducible representation if m = 0.
4.1.2.2 We compute the asymptotic A-distribution of the random variable X; on U, given by

Xy(F) = L, (tq; ) € 1+ (€l[1]] = W(O)

(equivalently, sending F to the multiset of reciprocal poles as an element of Z_,[C] € W(C), i.e. to
the eigenvalues of the associated matrix) and compare it to one of the classical group random

matrix A-distributions computed in [How24, Theorem A].
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To state the result, we introduce some notation: We write [Y (k)] = Zy(f) € W(C) and
[HY(Y)] € 1 + tC[[t]] = W(C) for the characteristic power series of the geometric Frobenius
acting on the ith étale cohomology group of Yy (which are relevant because the persistent factor

Zy(1) of Z¢, (f) can be expressed in terms of [H!(Y)], i < m). For z € C, we write [z] for the

element — in 1 + tC[[7]] = W(C).

We write e; for the ih elementary symmetric polynomial and &; for the it complete symmetric
polynomial (see [How24, §2.1] for the general notation and results on symmetric functions that
we use).

We set g := #x. We write L(a, b, ¢) = ;;(1)(1 —a~=D); note that L(g, m+r, r) is the probability
that r vectors in F7'*" are linearly independent (cf. [BK12, p.2]).

~ min(d;)

We write lim for a limit where each d; — oo and max(d;)"*" g w1 — 0.
d— o0

Finally, we write W (C)P49 for the subring of W (C) consisting of elements with bounded ghost
components (which, as in [How24, §9], encodes some big O notation).
When r = 1, the following result is [How24, Theorem C]; we refer the reader to loc. cit. and

the surrounding discussion for more on its classical interpretations.

Theorem D. With notation as above,

; -\ Y]
lim E[Exp, (Xzh)l = (1+p Y1g7 ™' f;) " - Expy (uhy) (4.1.1)

d—o0 i=1

where f; = e; ande = -1 if misoddand f; = h; ande = 1 if m is even,

() "L(lgl,m+r,71)

= , and
1-[g] " +[qg]7"L(lql, m +r,71)

m-1 . —-m m=2i :
p=—e ( Y D {1g#1+19"7) [H’(Y)]) — g™ H™ (V).
i=0

A

" this agrees with:

In particular, modulo [q_%]A

(a) For n > 0 even, Exp,(h,) (the asymptotic o -moment-generating function for orthogonal

random matrices ([How24, Theorem A-(1)])).

(b) For n odd, Exp,(e,) (the asymptotic o -moment-generating function for symplectic random

matrices ([How24, Theorem A-(2)])).

(c) Forn = 0,Exp,(h,+h3+...) (theasymptotic o -moment-generating function for the standard

irreducible representations of symmetric groups ([How24, Example 1.2.1])).
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To obtain the limiting o -moment-generating function in Theorem D, as in the proof of [How24,
Theorem C], we use formal properties of independence to reduce to a geometric version com-
puting the distribution of the random variable X, sending F to Z¢,_(f). This geometric result
is given in Theorem 4.6.2, and generalizes [How24, Theorem 8.3.1]7(we use [How25, Theorem
2.2.1] to handle a negative sign when m is odd instead of carrying out the computation separately
as in [How24]). The comparisons with random matrix statistics are then deduced as in [How24,

Proposition 9.2.2].

4.1.2.3 InTheorem 4.5.4 we give a different generalization of [How24, Theorem 8.3.1], treating
zeta functions of hypersurface sections with more exotic transversality conditions — this is
deduced from Theorem 4.4.3 using the smooth-agnostic extension of Poonen’s sieve in Chapter 2.
In Section 4.5.2 we also explain how the computations in [How24, Theorem B], which gave the
asymptotic A-distributions of L-functions of certain families of Dirichlet characters, can be
recovered from the perspective adopted here (this requires only Poonen’s original sieve as input
into Theorem 4.4.3).

In Theorem 4.7.2 we compute the asymptotic A-distributions of the zeta functions of degree
(2, d) curves on Hirzebruch surfaces — this computation is deduced from Theorem 4.4.3 using
the semiample extension of Poonen’s sieve in [EW15], and it refines [EW15, Theorem 9.9-(b)] (see

the start of Section 4.7.2 for further discussion).

Remark 4.1.1. Analogous results in the Grothendieck rings of varieties and Hodge structures will
be given in [BH25]. In that setting, the results and methods of [BH21] provide a uniform treatment
of the input that is analogous to that coming from Poonen’s sieve in the point-counting setting.
We recall that results giving asymptotic point-counts or traces of Frobenius and results giving
asymptotics in the Grothendieck ring of varieties with respect to the dimension filtration do not
imply one another, and typically require different methods (see, e.g., [BDH22, §1] for a detailed

discussion).

4.1.3 Organization

In Section 4.2 we set up some basic results on (pre-)1-rings, admissible Z-sets and their W (C)-
valued functions, and A-probability spaces. Much of the material is recalled from [How24], but we
also give a few new results and definitions adapted to handling families of A-probability spaces
parameterized by admissible Z-sets. In Section 4.3 we define motivic Euler products with respect

to a map of admissible Z-sets and establish the basic properties of this operation.
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After these preliminaries, in Section 4.4 we define our notion of equidistribution and establish
the abstract form of our main result, Theorem 4.4.3. In Section 4.5, Section 4.6, and Section 4.7,
respectively, we then use generalizations of Poonen’s sieve to establish equidistribution and obtain
applications of Theorem 4.4.3 for homogeneous polynomials (using the generalization of Poonen’s
sieve of Chapter 2), tuples of homogeneous polynomials (using the generalization of Poonen’s
sieve in [BK12]), and sections of semiample line bundles (using the generalization of Poonen’s

sieve in [EW15]), respectively. In particular, Theorem D is established in Section 4.6.
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4.2 Preliminaries

In this section we discuss some basic notions on (pre-)A-rings, admissible Z-sets and their W (C)-
valued functions, and A-probability. Except for some new base change properties that will be
useful for working with geometric families of random variables, this material is treated in more
detail in [How24, §2, 3, and 5]. We give citations to [How?24]; citations to earlier work on some of

these topics can be found in [How24].

4.2.1 pre-A-rings

4.2.1.1 We will use the notation for symmetric functions described in [How24, §2.1]. In particular,
we write A for the ring of symmetric functions, and h; (resp. e;, resp. p;) denotes the ith complete
(resp. elementary, resp. power sum) symmetric function. For 7 = (74, 7,,...) a partition, h, =
hy h,---, and similarly for p; and e;. The monomial symmetric function m; is the formal sum of

all distinct permutations of the monomial tIT ! IZT ..., We will frequently use that

hl = el = pl = m(l’o'o'm) = tl + tz + tg + ...

4.2.1.2 Recall from [How24, §2.2 and §2.4] that a (pre-) A-ring R is a ring equipped with a plethys-
tic action of the ring A of symmetric functions, written ao r for a € A and r € R, satisfying certain

natural compatibilities.
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4.2.1.3 Welet W(C) = Homy;,4(A, C) denote the ring of big Witt vectors of C. We refer the reader
to [How24, §5.1] for an overview of its properties; here we briefly recall the structures we will use.

As an additive group, W (C) is naturally isomorphic to 1 + ¢C[[¢]] under multiplication by
w1+ wh)t+why)t*+....

For w € W(C), we write w(t’) for the element obtained by substituting ¢’ for ¢ in this presentation.

As aring, W(C) is naturally isomorphic to [];»; C by
w— (w(py), wp,),...).

For w € W(C), and k > 1 we write w;. = w(p,.) for its k™ component in this product presentation,
called the kth ghost component. There is a A-ring structure on W (C) determined by the Adams

operations

pio(wy, wy,...) = (w;, wyy,...) 4.2.1)

and we have

w(th, = iw;; 4.2.2)

where we take w;,;. to be zero if i/ k is not a positive integer.

4.2.1.4 Recall from [How24, Section 2.3] that, for any (pre-)A-ring R, we have a natural (pre-)A-

ring structure on

R[[zy]] = im R[[#y, ..., 1,]]
n

extending the (pre-)A-ring structure on R and such that p; o ¢; = t]’ It is moreover a filtered
(pre-)A-ring for the filtration by monomial degree. In particular, as in [How24, §2.5], we have the
o-exponential
Exp, : Fil' R[[zy]] — 1+ Fil' R[[z,]]
F— Y=o oF

and its inverse (which exists for formal reasons)
Log, : 1 + Fil' R[[£,]] — Fil' R[[£y]].

All of these constructions can be restricted to the (pre-)A-subring A% < R[[£y]] of symmetric

power series.
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4.2.1.5 Recall that, for F € 1 + Fil! R[[zy]l and N € R[[#y]] we have an associated pre-A power as
in [How24, Definition 2.6.1],

FN := Exp, (N - Log, (F)).

4.2.1.6 At certain points, we will also wish to use the coefficient-wise pre-A-ring structure on

RI[f]] or A?e’ which we denote by *,i.e. f * Y rigi' =Y(fo ri)gi'.

4.2.2 Admissible Z-sets

4.2.2.1 Recall from [How24, §5.2] that an admissible Z-set is a set V with an action of Z such
that V = U, V¥ and, for any k = 1, V¥Z is finite. We write | V| for the set of Z-orbits in V and,
for v € V, we write |v| for the orbit containing v. The degree of a point or orbit is the size of the
orbit; we write this as deg(v) or deg(|v|). We write k = Z/kZ (as an admissible Z-set). For any
admissible Z-set V, we write

1
vi= ] T de) €1+ tC[[t]] = W(O).
lvlelv] +

In ghost coordinates, we have [V] = (#V(1),#V (2),...) (see [How24, Lemma 5.2.3]).

4.2.2.2 Recall from [How24, Definition 5.2.5] that, if V — B is a map of admissible Z-sets, then,
for any b € B, we equip the fiber V}, with the structure of an admissible Z-set by multiplying the

action on V by deg(b) so that it restricts to an action on V,.

4.2.2.3 For V an admissible Z-set and k a positive integer, we write V} for the same set but with
the action of Z multiplied by k. If ¢ : V — B is a map of admissible Z-sets then we write ¢, for
the induced map Vj. — By.

We can identify V4 with the fiber of the projection map V x k — kover 1 € k.

4.2.2.4 Admissible Z-sets give an abstract formalism for studying the points of algebraic varieties
over finite fields: for F a finite field of cardinality ¢, fix an algebraic closure Fq and write F « for
the unique subfield of cardinality g*. Then, the set of Fq-points Y(Fq) of an algebraic variety over
Y/F, is an admissible Z-set with 1 acting as the geometric Frobenius; in this case, IY(Fq)I can be
identified with the closed points of Y, and [Y(Fq)] is an incarnation of the zeta function of Y (see
also [How24, Example 5.2.2]). The set Y(Fq)k is then Yﬂ:qk (Fq), i.e. the set Y(Fq) butwith1l e Z

acting by the g*-power geometric Frobenius instead of the g-power geometric Frobenius.
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4.2.3 W/(C)-valued functions

4.2.3.1 For V an admissible Z-set, we write C(V, W (C)) for the set of functions from V to W(C)
that are constant on Z-orbits. It is a A-ring with the pointwise A-ring structure, and, given
¢ : V — B amap of admissible Z-sets, there is a natural pullback map ([How24, Definition
5.3.4-(1)])

@*:C(B,W(C) — C(V,W())

that is a map of A-rings, and a natural integration-over-fibers map ([How24, Definition 5.3.4-(2)])
@ : CV, W) — C(B,W(Q©)

that is ¢*-linear ([How24, Lemma 5.3.7]). When the map ¢ is clear from context, we write f VIB
in place of ¢,. If B = 1 is the final object, we may also write [}, in place of f;,,,. We recall the

formulas for ¢* and [, since they will be used below:

¢ For g € C(B, W(C)),

eg(¢(v)

((p*g)(v) = pddeg(v) o glp(v)).

* For f € C(V, W(C)),
n=| f= rdes)),
ot =f, = B, e

e

Example 4.2.1 (See Example 5.3.5 of [How24]). For V an admissible Z-set,

flz[V]
14

where here 1 denotes the constant function on V with value the unit in W (C) (the unit in W (C) is

the element ﬁ in the identification 1 + tC[[t]] = W (C)).

We will need the following base change formula relating pullback and integration over fibers

that was not made explicit in [How24]:

Lemma 4.2.2. If

Vi - Vs

|

Bl—)BZ

is a cartesian diagram of admissible Z -sets then, for f € C(V,, W(C)),

v o r=[ e
V2/B, V1/B,
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Proof. Wewrite V := V, sothat V} = V xp B,. Then, for b € B; and a := deg(b)/ deg(y (b)),

[v fwgz fJer=peo([ £

VIB,
= Pa© fl

V.
y(b)
Vow

= Y pao(fUvhies™), (4.2.3)

1vIeVy )

where the three equalities are immediate from the definition of pullback and integration. On the

other hand, again immediately from the definitions,

([V o <p*f)(b)= Y (Pacguwrdegiprwn © FUWD) (98, @.2.0)

\wle(VszBl)b

Now, (V x B, B;), is identified with Vw( p)» but with the action multiplied by a. Thus each orbit |v|
in Vw(b)’ viewed as a subset of (V' Xp, B;)},, decomposes into Ky = gcd(deg(v), a) orbits of size
deg(v)/uy,|, whose points w satisfy deg(w)/ deg(v) = a/py,,. Thus, we can rewrite the sum on the

right of Equation (4.2.4) as

Z Hiv) (pa/ll\m © f(|U|)) (¢80 b, (4.2.5)

|U|€Vw(b)

To see that Equation (4.2.5) agrees with the right of Equation (4.2.3), we use Equation (4.2.1)

and Equation (4.2.2) to compute ghost coordinates of the terms appearing as

(pa ° (f(|v|)(tdeg(v))))i = deg(y)f(|yl)ai/deg(u)

and
deg(v)
((Paty, © Fi1vD) (2@ b)) = FAVD aiy degan-
L Hpl
Since a multiple of u,,, appears in Equation (4.2.5), we conclude. O

4.2.3.2 Recall from 4.2.2.3 that, for V an admissible Z-set and k a positive integer, we have
defined Vj by multiplying the Z-action by k.

If f € C(V,W(C)) and k = 1 then from f we obtain fy, € C(Vj, W(C)) by identifying Vj =
(V x k), asin 4.2.2.3, and pulling back first to V x k then restricting. Concretely, if x is a point
of degree d in V then it is a point of degree d/ gcd(d, k) in Vi, and fy, (X) = py/gedia k) © f(x). We
will often write f in place of fy;, when the domain is clear; we emphasize that this is not the same

as transporting f naively along the identification of the underlying sets of V and V;.
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4.2.4 Some A-probability spaces

4.2.4.1 We recall from [How24, Definition 3.1.1] that a (pre-)A-probability space is a (pre-)A-
ring R equipped with a Z-linear expectation functional E : R — C to another ring C such that
Ellz] = 1c.

Given a (pre-)A-probability space (R, E), we refer to the elements of R as random variables.
Given a random variable X € R, we recall from [How24, Lemma 3.2.2] that the A-distribution
of X as in [How24, Definition 3.1.2] is determined by the o-moment-generating function of X

([How24, Definition 3.2.1]). The latter is defined as
E[Exp, (Xhy)] € AD

where h; = p; = e; = t; + 1, + t3 +...is the first complete, power sum, and elementary symmetric
function, Exp,(Xh,) is computed in A% (or equivalently in R[[£,]]) and the expectation is applied

coefficient-wise to produce an element of Ag.

4.2.4.2 Suppose V is an admissible Z-set and V(1) # @. Then, V(k) # @ forall k = 1, so
(V] = #V(1),#V(2),...) is an invertible element of W(C). As in [How24, §5.5], we can thus
consider the A-probability space

(v, w@),b)

where the expectation functional E is defined by

E:C(V,W({) — W)

fo L
4.2.4.3 Given a pre-A-probability space with expectation E valued in W (C), we write E;. for the
C-valued expectation obtained by projecting to the k" ghost component. We recall that, for the
A-probability space (C(V, W(C)), E) as above, E; can be computed naturally on a classical finite
probability space ([How24, Lemma 5.5.1]). We now give a modified formulation that is more
convenient for our purposes.

To state it, note that we can view Vj (1) as the subset of Z-fixed points in Vj.

Lemma 4.2.3. Let V be an admissible Z-set with V(1) # @. Restriction as in 4.2.3.2 from V to Vj

followed by naive restriction from V. to V(1) induces a map of A-probability spaces

res; : (C(V, W(0)),Ep) — (C(V (1), W(D)),Ey).
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In particular, for any random variable X € C(V, W(C)),
Ey [Expy (Xhy)] = E; [Exp, (resi(X)hy)].

Proof. Noting that evaluation at 1 € k gives a canonical identification V (k) = V; (1), thisis a

reformulation of [How24, Lemma 5.5.1]. O

Remark 4.2.4. The map res; is a map of W (C)-algebras when C(V, W(C)) is equipped with the
algebra structure of pullback from a point and C(V4 (1), W(C)) is equipped with the algebra
structure sending a € W(C) to the constant function with value p; o a. In the statement of
[How24, Lemma 5.5.1], this twist in the algebra structure is included in the notation by writing

C(V k), W(C))® in place of C(V (k), W (C)).

4.2.4.4 We will also need to consider “families” of A-probability spaces: if V' — B is a morphism
of admissible Z-sets admitting a section B — V/, then the class [V/B] € C(B, W(C)) of [How24,
Example 5.3.5] sending b € V to [V}] (for V}, as in 4.2.2.2) is invertible and we can consider the
A-probability space

(C(v, W), LEy,p)

where the expectation functional Ey,,  is defined by

f — fV/Bf

[VIB]®

Lemma4.2.5. For f € C(V, W(Q)),

(Ev/5(f1) (B) = Ey, [fly,].

Proof. This follows from the analogous properties in the definitions of [, 5 ((How24, Definition

5.3.4]) and [V'/B] ([How24, Example 5.3.5]):

_ (fV/Bf) (b) _ th f|Vb
(Ev/slf1) ) = [VIBI(b) [V,

= [Evb[fh/h]-

Lemma 4.2.6. Consider a cartesian diagram of admissible Z -sets

Vi . v,

L,

Bl—’Bz
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and suppose V, — B, admits a section. Then, for f € C(V,, W(C)),

Y EIf] = Elp™ f1.

Proof. We have
yr sz/Bzf 3 fvl/Bl‘P*f
v V,/B] ~ [Vi/By]

¥ Ey,,1f1 = = Evyrp, 9" f1,
where the second equality is by Lemma 4.2.2 (note [V /B] = fV,B 1). O

Lemma 4.2.7. For f € C(V, W(C)),

(Ev/slf1)5, = Evyrp, [fy -

Proof. Identifying B, = (B x k); as in 4.2.2.3 and recalling the definition in 4.2.3.2, we apply

Lemma 4.2.6 to see

([EV/B[f])Bk = (”E[EV/B[f]”(Bxk)1 = ([EVXk/Bxk[nT/F]”(Bxk)l

where g : B xk — Band ny, : V x k — V are the projections. We then conclude by comparing

the values at points with Ey; ;g [Fy; ] using Lemma 4.2.5. O

4.3 Point counting motivic Euler products

In this section, we define motivic Euler products for morphisms of admissible Z-sets and then

explain how to compute them using classical Euler products.

4.3.1 Motivic Euler products

Recall from Section 4.2.2 that, for V an admissible Z-set, we have the associated A-ring C(V, W (C)).
Recall from Section 4.2.1 that we can then construct the filtered A-ring of formal power series

C(V, W(O))[lzy]1 with its associated o-exponential Exp,, and o-logarithm Log,, .

Definition 4.3.1 (Motivic Euler products). For V. — B a morphism of admissible Z-sets and

Hel+FillCw, W(O))Ilzy]], we define

[] H := Exp, U Loga(H)) € C(B, W(©)[[£y]]-
VIB VIB
When V — 1 is the final morphism we write

[TH=]] H=Exp, (f Loga(H)).
|74 |4

Vi1
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Remark 4.3.2. The relation between this formula and the motivic Euler products of [Bil23] will be
detailed in [BDH25], explaining the nomenclature. In the present work, we do not need to make
this connection explicit since it will suffice for our purposes to have the formula relating motivic
Euler products to classical Euler products given in Proposition 4.3.7 below (which is reproved

from a different perspective in [BDH25]).

Example 4.3.3. Let H € W(C)[[£y]] with constant coefficient 1. Then we find

H H = Exp, (f Loga(H)) by definition
1 \%4
= Exp, (Logg(H) ( f 1)) by linearity of f
14 14
= Exp,, (Log, (H)[V]) by Example 4.2.1
= HY by definition

as one hopes by the notation! Note that we have implicitly pulled back the coefficients of H from
the final object 1 to get an element of C(V, W(C))[[#y]] — in particular, when we are viewing
H as an element of C(V, W(QC))[[ 111 here, it is not as the constant function on V with values
H, but rather the function that takes value p; * H on each degree i point, where * denotes the
coefficient-wise pre-A-ring structure as in 4.2.1.6 (see also [How24, Example 5.3.6 and subsequent

warning]).

Motivic Euler products can be computed fiberwise (recall we defined fibers in 4.2.2.2):
Lemma 4.3.4. Let V — B be a morphism of admissible Z-sets. Forany b € Band H € 1 +
Fil' C(V, W(©)[[y]],

Upﬂm=ﬂmm»
Vb

VIB
where evaluation at b and restriction on power series are evaluated coefficient-wise.

Proof.

(H H) (b) = Exp, / Logg(H)) (b) by definition
VIB VIB

= Exp, (f LogU(H)) (b)) because evaluation is a map of pre-A-rings
VIB

= Exp, fv LogU(H)IVb) because integration is defined fiberwise
b
= Exp, fv Log, (H IVb)) because the restriction is a map of pre-A-rings
b
=[] HI v, by definition.
Yy
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Motivic Euler products also behave well with respect to cartesian pullback.

Lemma 4.3.5. Consider a cartesian diagram of admissible Z -sets

i . Vy

L,

B, — B,
For H € C(V,, W(©)I[£,]],
v' [l H= ] ¢"H,

V,/B, V,/B,

where the pullback functors are applied to power series coefficient-wise.

Proof. We have

Y ( I1 H) =y (Expg (f Loga(H))) by definition
V1B,

V2/B,
= Exp, [v* f LogU(H)) because ¥ is a map of pre-A-rings
V,/B,

= Exp, f " LogU(H)) by Lemma 4.2.2
Vi/B,

= Exp, f Log, (¢* H)) because ¢* is a map of pre-A-rings
Vi/B,

=[] ¢*H by definition.

Vi/B,

Combing these two lemmas, we deduce:

Lemma 4.3.6. Let V — B be a map of admissible 7 -sets, and let H € C(V, W(C))[[zy]]. For any
k=1,

7).~ gL

V/B Vi/ By

where the restriction Hy, is formed coefficient-wise as in 4.2.3.2.

Proof. Identifying B, = (B x k); as in 4.2.2.3 and using the definition in 4.2.3.2, we apply

Lemma 4.3.5 to see

) -G =[]

Vxk/Bxk

(BxK), (Bxk),
where 7y : Bxk — Band ny, : V x k — V are the projections. We then conclude by comparing

the values at points with [y, /5_Fy, using Lemma 4.3.4. O
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4.3.2 Evaluation of motivic Euler products using classical Euler products

The following proposition gives a description of motivic Euler products in terms of classical Euler
products of series in C[[£]]. In light of Example 4.3.3, it is a generalization of [How24, Proposition
5.2.7]. To state it, for H a power series with coefficients in W(C) and i = 1, we write H; for the
power series C[[z]] obtained by taking the i th ghost coordinate of all coefficients (note H — H, ;s
aring homomorphism).

In the following, we use the convention for restriction from V to Vj as in 4.2.3.2 (applied

coefficient-wise to power series).

Proposition 4.3.7. Let V be an admissible Z-set and let H € C(V, W(Q))[[z,]].

(HH) = [1 Hvh, ™) 4.3.1)
14

ko lvlelWd

_ deg(v)/ ged(k,deg(v)y8cd(k.deg(v))
- l_[ (H(|v|)k/ gcd(k,deg(v))@ cElIEe 8w )) .
[vlelV]

Remark 4.3.8. Comparing the expressions in Proposition 4.3.7 for ([T, H), and ([1y, H),, one
finds that they agree. This is implied already by Lemma 4.3.6.

Example 4.3.9. In the case that the admissible Z-set is Y(Fq) for Y/ [Fq avariety and H is a power
series whose coefficients are the classes associated to varieties X i 1Y, [X j (Fq)/ Y(Fq)] asin [How?24,

Example 5.3.5], Proposition 4.3.7 says

YF) I v yEIYqukll‘ -

where x(y) denotes the residue field at the closed point y of Y .
q

Proof of Proposition 4.3.7. The equality of the two infinite products on the right of Equation (4.3.1)
follows from the definition of the restriction of the coefficients of H in 4.2.3.2 and the fact that
each orbit of degree d in V splits into gcd(d, k) orbits of degree d/ gcd(d, k) in V.

We now show these infinite products agree with the k" component of the motivic Euler
product. We first note

Exp,, (f LogU(H)) = Expa( Z (LOgU(H(|I)|))(tdEg(V)))
1%

[vlelV]

= [1 Exp, (Log, (H(wh)(1E™)).
lvlelV]

- 1 ()
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where, in the final line, the first product is a usual infinite product over the countable set of
orbits | V|, and the second product is a motivic Euler product over the orbit |v|, viewed itself as an
admissible Z-set.

Thus it suffices to assume V = d is a single orbit. In this case we are trying to compute the kth

component of

14 = xp, ([ Log, () = Exp, ((Log, (@) 1)
d

where the substitution of ¢4 for an element of W(C) is as in 4.2.1.3 and here it is performed
coefficient-wise (note that we are writing ¢ for the variable in W (C) = 1 + ¢C[[¢]] while we write ¢;
for the power series variables!), and the computation of [, follows from the definition ([How?24,
Definition 5.3.2]).

Thus, for L := Log, (H(d)) and M := L(t%), we are trying to compute Exp, (M). We note that,

by Equation (4.2.2), M; = dL;,; — in particular, this is zero for d + j. Let u = lcmgck'd) = gcdfk,d)
and letv = lcm((ik'd) = & d{ck, - Using the expansion of Exp,, in [How24, Lemma 2.5.4], we find

(below we note that * is the coefficient wise pre-A structure as in 4.2.1.6):

pjoM
b 09, = [T e[
j=1 J k

= [ exp | 220K
j=1 J

(ijPk*Mh)
=[] exp|———
j=1 J

(Pip© Pk * Mh)
=[[exp| —————|.
i=1 g

Here in the second equality we have used that passing to ghost components commutes with ring
operations, and in the fourth equality we have used that M,, = 0if d + n. Continuing by factoring
out a p;o in each term, we obtain

(pio(pyopy* M))l)
=]]ex -
(pi © (pkp * M(f‘u)))l)
=]]ex -
(pi© Prura * D)
=l ipld )1

=1

dp;io(py* L)(z“))
= exp|— -

H 1

i=1 u l
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where on the second line we have used that p o acts as p,,* followed by substitution of ti.u for ¢;.
Continuing by pulling out the integer multiple from the exponential as a power, we obtain

d
pio (py * DM )
= exp -
i>1 ! 1
= (Exp, (p, * LE*N?'H),

= (py * Expy (L) (27,

= (py * H@ ")

= (H(d), (t") '+,

Now, dy, consists of d/u = ged(k, d) orbits of degree y, and v = k/ ged(k, d), so we conclude. O

4.4 Equidistribution and independence

In this section, we define our notion of equidistribution (Definition 4.4.1), then prove our main
abstract result on the computation of asymptotic moment-generating functions in the presence

of equidistribution, Theorem 4.4.3.

4.4.1 Equidistributing families

Definition 4.4.1. Let A — B be a morphism of admissible Z-sets admitting a section B — A. Let
I be a directed set, and for each d € I, suppose given an admissible Z-set U; and a morphism

ev, : U; x B — Aof admissible Z-sets over B.

* For any positive integer k and admissible Z-subset B’ < By, we define

evgp Ugx(l) — HomBk(B’,Ak) = H Homg (1D, Ay)
|ble|B|

u — (b~ evyy(u,b).
where, in the bottom formula, u is viewed as an element of U .

* We say (U, ev,;) equidistributes on A/B if, for any k = 1 and any non-empty admissible

Z-subset B’ < By of finite cardinality,

gg} ((eVd,B')*HUd_k(l)) = HHomg, (B',4y) (4.4.1)

where, for any finite set Z, u, is the uniform probability measure on Z.
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Example 4.4.2 (Poonen’s Bertini). Let Y be a smooth, quasi-projective subscheme of P® . Write
q
SforF,[xp, ..., x,] and S, for the set of degree d homogeneous polynomials in S. For any field
extension L/ [Fq, write S(L) and S, (L) for S ®[Fq Land S, ®[Fq L, respectively. For each point
P e P'(F

q), we fix a jp such that x ip does not vanish at P; we make this choice so that jp is

constant on orbits. For F € S (Fq), we write Fp for the image of F/x?P in 6’% yp/m%.

Set B = P (Fq) and for each P € B, let Ap be the subset of Gp» P/m% such that
q Fy’

{gp € Opn p/m% | image of gp in @Yr p/m% isnonzero} PeY
F,’ q'

Ap = ]
P Opn pim?, P¢y

q

Set A = |pep Ap- Let U; be the setof F € Sd(Fq) such that for all P € B, the image of F in
@pg ! m%, lies in Ap; in other words, these are the polynomials such that their scheme-theoretic
Van[%shing set V(F) intersects Y transversely. Each of A, B, and U, are admissible Z-sets with the
geometric Frobenius action.

Let A — B be the map Fp — P. For an admissible Z-subset B’ < By of finite cardinality, we
have

Homg (B, A = [] Ap
|PlelB']

where | B'| is naturally viewed as a subset of |Pf' .| and Ap| is canonically identified with a subset
q
2

of 0|P?qk’|P| /mlpl .

Viewing Uy i (1) as the set of F € S;(F ;x) such that the image of Fin Oy, p| /m‘zp| is nonzero

qk

forall |P| € |YF,,k |, the map ev, g sends F to the tuple (Fp)) pjep- It is a consequence of Poonen’s
sieve as in [Poo04] that (U, ev,) equidistributes on A/ B; this will be explained in greater generality

in Section 4.5.1.

4.4.2 Asymptotic o-moment-generating functions

Suppose (U, ev,;) equidistributes in A/B as in Definition 4.4.1. Given a function X € C(4, W(C)),
for any b € B, we obtain a random variable on the fiber U; x b (with Z-action multiplied by
k = deg(b), i.e. Uy by restricting X,; := ev); X. Thus we may view &X; as a family of random
variables on U, parameterized by B, and then take their “sum” by integrating over B to obtain
Xy =[5y u,1u, %a- The term equidistribution suggests that, as d — oo, the random variables in
the family X, will behave as if they are independent, so that one expects the moment-generating
function of this “sum” X, to approach the “product” of the moment-generating functions of the

random variables in the family. Moreover, one expects to be able to compute the terms in this
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“product”: the moment-generating functions of the random variable X,y .; should converge
as d — oo to the moment-generating function of X| 5 . The following result makes this intuition

precise using the point-counting motivic Euler products of Section 4.3:

Theorem 4.4.3. Let A — B be a morphism of admissible Z-sets admitting a section. Suppose
given a directed set I and for each d € I, suppose given an admissible Z -set U,; and a morphism
ev, : U; x B — A ofadmissible Z-sets over B. If (U, ev,) equidistributes on Al B (Definition 4.4.1)
then, for any X € C(A, W(Q)), letting

X;:=ev;X eCUy,; xB,W(Q) and X, := f X, € C(Uy;, W(Q)),
Ud XB/Ud
we have
52} Ey, [Exp, (Xghy)] = gg} Ey, de];[/Ud Exp, (X;hy) (4.4.2)
= [TUmEy, «p/pExpy(Xghy)] (4.4.3)
g del
= [[Ea/s [Exp, (XR))]. (4.4.4)
B
Proof. We first note that
Bxp, (X = Bxpy [ 2]
U,xBIU,

—Expy ([ Log, (Bxp, )|
U, xBIU,

= ] Exp,(&X hy).
U,xB/Uy

In particular, from this identity we obtain the first equality Equation (4.4.2).
To obtain the next two equalities, Equation (4.4.3) and Equation (4.4.4), we argue on the kth

component for each k. It follows from Lemma 4.2.3 that we can compute the k" ghost component

For u € Uy (1), we have

1_[ EXpU(thl)
U,;xBIlU,

(resk I1 Expg(?fdhl))

) =Ly,
B U,xBIU,

1

(resk H EXpU(thl)) (W) = ( H EXpU(thl)) (u)

U;xBlU, U,xBIU, Uy

= ( I1 Expa(Xd,Udykakhl)) ()

UgixBi/ Uy

=[] Exp, (v (u, —)*XAk hy).
By



52 Chapter 4. A-distributions

where the first equality is by definition, the second equality is by Lemma 4.3.6, and the third
equality follows from writing X; ;. = evy, X, and Lemma4.3.4.

Passing to the first ghost component, we obtain, by Proposition 4.3.7,

resg, [ Expy(Xgh)| )= [] Expy(Xa, (€Vgu(u b)) Paegi):
U,xBIUy 1 |bl€| Byl

where to obtain the power sum monomial pgeg() We have used that k, (£") = p,,.

Now, note that for each monomial symmetric function m, € A, only the finitely many |b| € | B|
of degree less than |7| can contribute to the coefficient of m, in the product on the right. Let B’ be
the set of these, so that the coefficient of m, in this product is the same as its coefficient in

[T EBxpy (X, (€gx(u, b)) Paegn)1-
IblelB’|

Now, since (U, ev,;) equidistributes on A/ B,

limEy, | 1) [T Expy (X4 (evyy(u, b))pdeg(b))ll
del Ibie|B|

[1 Exp, (f\?Ak(qo(lbl))pdeg(b))1 , (4.4.5)

= [EHomBk (B',Ay)
|ble|B'|

where ¢ on the right denotes the varying element of Homp_ (B, Ay) with respect to which we are

taking expectation. Since

Homgp (B, A)) = Homg (1D, Ay),
« Iblei B "
€ !

the right-hand side of Equation (4.4.5) is equal to

|bl]_l[B | Etiomy, (11,40 [Expg (XAk(w(lbI))pdeg(b))l] . (4.4.6)
€ !

Note that we have a natural identification
HomBk(IbI, Ay) = Hom(1, (A)p).
Applying the k = 1 case of Lemma 4.2.3 to each term, we thus find that Equation (4.4.6) is equal to

Ibll_II | ([E(Ak)b [EXpU (XAkl(Ak)bpdeg(b))])l : (4.4.7)
€|B’

By Lemma 4.2.5, this is equal to

bl'[ (Ea, /8, [EXPo (X 4, Pegiy)] (D)), - (4.4.8)
IbielB'|
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Note that, again for the coefficient of any fixed m,, Equation (4.4.8) agrees with the corresponding
product over | Bi | whenever |B'| is a sufficiently large subset of finite cardinality. Putting this all

together, we obtain the desired equality:

del U xBIU, o IDIEiBy
= 1 ((IEA/B [Expo (X Paeg)]) (|b|))
Ible| Byl . !
= (H Eas [Exp, (Xhl)])
B k
where the second equality is by Lemma 4.2.7 and the third is by Proposition 4.3.7. O

Remark 4.4.4. Let H € 1 + Fil' Z[[ ty]l. Then, either by the same argument as in the proof, or
as a formal consequence of the equivalence of A-distributions deduced from the equality of
o-moment-generating functions (cf. [How24, §3.2]), in the setting of Theorem 4.4.3 one also
obtains:

[T H¥

U,xBIU,

limE,, [H%4] = limE
del Ud[ ] del Ua

: X,
= 1_[ hm[EdeB/B[H d]
U,xB/U, €

I;I[EA/B [H*].

The o-moment-generating function corresponds to H = Exp, (h;) =1+ hy + hy, + ..., while the

falling moment-generating function of [How24, Example 3.2.3-(2)] corresponds to H = 1 + h;.
Similarly, the proof can be extended to show one can compute joint moment-generating functions:

e.g., for X and Y two families,

imEy, [HO™H©"] = [Ex5 [HOYHEY].
€ B

4.5 Equidistribution for homogeneous polynomials

In this section we first use Theorem C of Chapter 2 to show equidistribution holds for homoge-
neous polynomials with certain natural conditions on their Taylor expansions (generalizing those
accessible using [Poo04, Theorem 1.3]) — see Proposition 4.5.1. In Section 4.5.2 we explain how
the computation of the o-moment-generating functions for L-functions of Dirichlet characters
made in [How24, Theorem B] can be handled by combining Proposition 4.5.1 and Theorem 4.4.3.
In Section 4.5.3 we apply Proposition 4.5.1 and Theorem 4.4.3 to compute the asymptotic o-

moment-generating functions for zeta functions of hypersurfaces in a quasi-projective variety
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satisfying some exotic transversality conditions as in Example 2.5.2 of Chapter 2 — see Theo-

rem 4.5.4.

4.5.1 Establishing equidistribution

Let Yj,..., Y, be quasi-projective subschemes of P{ of dimensions m; = dim Y; with locally
q
closed embeddings ¢y, ..., t,, respectively. For each 7, let 2; be a locally free quotient of t;.“Ql » Of

rank ¢; = m;, and let £; = ker(t;.*an — 2,). Define
& = (112 Opy)) 1 H; and & 4= (P Opy (@))/F;(d)
q q

where 22! (%) is the sheaf of 1-principal parts of an Gp.-module .

We write Xy, ..., x,, for the homogeneous coordinates on P”. For every point P € I]D"(Fq), fix
anonnegative integer Mp and a j, such that x; is non-vanishing at P; we make these choices
so that Mp and jp are constant on orbits in P”(Fq). GivenFe S, (Fq), write Fp for the image of

d Mp+1
F/ij in @’P%zq'p/mp .

. n o _, n
Let¢: IPR IP[Fq be the natural map.

Proposition 4.5.1. With notation as above, set B = [P’u’!q (Fq). For each P € B, let Ap be a subset of
@F’g ,P/mjl[\,/[frl such that for all but finitely many P, Ap contains Fp for all homogeneous F € S(Fq)
suc;z that the image of Fp in¢*&;|p is nonzero forall i.

Set A =|lpeg Ap. Let U, be the set of F € Sd(Fq) such that for all P € B, the image Fp of F in
@Pg ! myp U liesin A p. Each of A, B, and U, are admissible Z -sets with the geometric Frobenius
action.

Let A — B bethe map Fp — P andev, : U; x B — A the map (F, P) — Fp. Then (U,, ev,)

equidistributes on Al B in the sense of Definition 4.4.1.

Proof. For an admissible Z-subset B’ < By of finite cardinality, we have

Homp (B, A) = [[ Homp (1P, Ay).
|Ple|B'|

If we identify each orbit |P| € B’ < P"(Fq) with a closed point of P¢ , then we obtain a canonical
q

identification of Homp (| P, Ay) with a subset Ajp| of Opr 1P| /mll\;fﬂ. Viewing U, i (1) as the set
qk

of F € §;(F 4¢) such that the image Fip, ofF/x;.i‘P‘ in Opy '“D|/m|]\l[/,[‘lp‘Jrl lies in A p, for all |P| € |P} D
qk q
the map ev, g sends F to the tuple (Fp|) pje /-
To establish Equation (4.4.1) it suffices to show equality for each singleton {(F\p)ip}- On the

right side we have
1

My (B',A)({(Fp)p})= H .
omg, Kk |P|/|P| PleiB] #AIPI
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The left side can be viewed as a conditional probability:

((eva,p)s by, 1)) UE p) oy 1)
=ty @y g ((Fipp )
#(G € S4(F ) | Gyp = Fyp forall |P| € |B'| and G € Uy (1} /#S4(F )
- #U 130 [#S4(F 1) '

By Theorem C of Chapter 2, as d — oo, this converges to

#A
H\P|E|B’| ! M, p|+1 )(H|p|$|31|%
#oop it #owy ") ]

q q _
#A = .

Mipepr | R pleiB #App)

p #(@’P? P )
qk
So Equation (4.4.1) is satisfied, and thus (U, ev,) equidistributes on A/B. O

Remark 4.5.2. When each of the Y; is smooth and 2; = Qy, one can invoke [Poo04, Theorem

1.3] instead of its generalization Theorem C of Chapter 2.

4.5.2 Example: L-functions of characters

We now explain how this framework leads to a more transparent computation of the asymptotic
o-moment-generating functions for L-functions of Dirichlet characters as in [How24, Theorem
BI].

Let x be a finite field of cardinality g and fix a prime ¢ coprime to g, and a non-trivial order ¢
character y of u,(x). Let U, be the space of -power free degree d polynomials in the variable x.
Asin [How24, §7.1], for f € U, we obtain a Kummer character y  of Gal(x () (x)/x(f)(x)) sending
o to y(a(fY4)/ f1¢). One can compute the L-function (with no factor at co) as an Euler product

1
| 1— X(f(z)(#x(f,z)—l)/é)tdeg(z)’

Lpn= ] (4.5.1)

1
I2I€lA )

where x(f, z) is the extension generated by z and the coefficients of k and where we set y(0) = 0.
We define a random variable X,; on U, sending f to L(y r 1).

We explain how this fits into the context of Proposition 4.5.1: for each P € Al (¥) < P! (x), we
set Mp=¢-1, jp=1and Ap = @’Pg,p/mf) — {0}. Foroo = [1: 0], we set M, =0, j,, = 0, and
A =11} @P%oo/ m,, = k. Then dividing by xf identifies the U, appearing in Proposition 4.5.1
with the set of /-power free monic polynomials in x = x,/x; that we have called U, here, and

under this identification the map ev,; is the natural map.
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Now, for P € Al(x), we define Xptosendagerm g € Ap to

1

= #x(g)-1/¢
1 - y(g(P)#x@-DItyr — [x(g(P) N

where k(g) is the extension of x (P) in ¥ generated by the coefficients of g. We define X to be the

trivial random variable. It is a straightforward computation from Equation (4.5.1) that

X, :f ev, X,
UgxAL®)/U,

thus Proposition 4.5.1 and Theorem 4.4.3 imply
lim E[Exp, (Xzh)] = [] EasaicExpy (Xphy)],
d—oo Al @

where the term at oo has gone away because it is identically 1.

Now, we compute E[Exp,, (Xph;)] for P € Al(x): let yp denote the C-valued function on Ap
sending a germ g to y(g(P)*®~V/¢) so that Xp = [yp]. Now, since k; o ([alh,) = [a/]h; for any
a € C (see [How24, Lemma 2.2.4]),

Exp, (Xphy) = Y [xhlh;.
j=0
We can compute the k" component of [E[[X}”,]] using Lemma 4.2.3. The restriction of [yp] to
(Ap)k(1), i.e. to the set of germs with coefficients in the degree k extension of x (P) in k, sends g to

[)((g(P)("IPS_”/[)], where gp = #x(P). Taking the first component, we find, [x?,]l = [Xp]’f sends g to
x(gP) =y,

Thus the expectation is zero unless ¢|n (since if ¢ + n then every ¢t root of unity value is equally

likely and the only other value it takes is zero), and when ¢|n it is

G g -n-1 1
(gl -1 R O
since the function is identically 1 when g(P) # 0 and 0 when g(P) = 0. Thus,
1

E[Exp, (Xph))] =1 + — Y hy;.
7 1+[q1§1]+...+[q§,1 93 !

It follows that
[EA/AI(?) [EXpU (Xhl)]
is the pullback from a point of

1
hy;.
1+ (g U+...+ (g1 ]Zzl “

1+
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Thus, applying Example 4.3.3,

1 Al @)
E E Xh)l=|1 hy;
All_([m AIAL ) [EXP g (X hy)] ( 1 g7+ ...+ [q19] ]; w)
1 (q]
=1+ hy; .
( 1+[g 1 +...+[g1-9] ]; [])

In particular, if we

(a) replace £ with its reciprocal (as a power series in 1 + tC[[#]], which is the negative for the

additive structure of the Witt vectors), and

(b) scale the variables by [g~ /2],

then we recover the o-moment-generating function described in [How24, Theorem B]. Indeed, by
[How25, Theorem 2.2.1], replacing £ with its reciprocal will replace the ;s with (-D%e, jsin
the o-moment-generating function, and scaling the random variable by [z] for z € C changes the
o-moment-generating function by scaling each of the variables ¢; by [z].

When ¢ = 3, the more refined joint 0-moment-generating function between X, and the
random variable X ; obtained from the complex conjugate character to y is of the most interest;
this can be recovered similarly by using the natural extension of Theorem 4.4.3 to joint o-moment-

generating functions described in Remark 4.4.4.

4.5.3 Application: Zeta functions of hypersurface sections with exotic transversality
conditions

We consider the setup of Example 2.5.2 of Chapter 2. Let x be a finite field of cardinality g, let
Y — P2 be a quasi-projective subscheme, let W — Y x, P? be a closed subscheme such that
the projection from W to Y is smooth of relative dimension ¢ = dim Y and such that the graph
of Y —- P2, Y — Y x, P2, factors through W. In other words, W — Y is a smooth family of
subvarieties of P)? of at least the same dimension as Y such that, at each point P € Y (x), the fiber
Wp contains P.

We let U, be the set of degree d homogeneous polynomials F in n + 1 variables such that V(F)
is transverse to Wp at all points P € Y (x) n V(F)(x). We write X, for the random variable on U,

sending F to the zeta function
Zy(B)Yy g i (F) (D)

Example 4.5.3. If Y is smooth and W = Y x P2, then X} is the random variable sending a smooth
hypersurface section to its zeta function. On the other hand, Example 2.5.2 of Chapter 2 shows

there are other geometrically interesting examples.



58 Chapter 4. A-distributions

In light of Example 4.5.3 and [How25, Theorem 2.2.1], the following is a generalization of
[How24, Theorem 8.3.1].

Theorem 4.5.4. With notation as above, as d — oo, the A-distribution of X, converges to a
binomial A-distribution as in [How24, Definition 3.3.2] with parameters

g -1g7“D]  [1gf1-1
1— [q—(8+1)] - [q£+1] -1

p= and N =[Y{x)].

Equivalently,
lim E[Exp, (Xghp)l = (1+ p(hy + by + )

Proof. We are in the setup of Proposition 4.5.1 with Mp = 1forall P, withu =1and £ = 2, =
Y* Qs y, where y is the map Y — W induced by the graph of the immersion Y — P}. The jp can
be chosen arbitrarily; it will not affect the conditions below.

For P € Y (x), we consider the random variable X' on Ap sending a germ g to l—lt ifg(P)=0
and 0 otherwise, and for P € P"(x) — Y (x), we set Xp to be the trivial random variable.

Then

Xd = f eVZ X.
UyxP(x) /U,

By Proposition 4.5.1, (U, ev,;) equidistributes on A/P" (), thus, by Theorem 4.4.3, the asymptotic
o-moment-generating function is
I1 E4/pm ) [Expy (X hy)] = I1 Eay /v EXPg (X )]
P (x) Y ()
where the factor corresponding to P"(x) — Y (k) disappeared because the moment-generating
function of the trivial random variable is identically 1.
For P € Y (x) of degree k, Xp is a Bernoulli random variable equal to l+t (the unit in W(C))

with probability
[q—k] _ [q—(f+1)k]
1-— [q—(€+1)k]

This can be checked on each ghost component using Lemma 4.2.3; the numerator is the probabil-
ity of a section vanishing at P and being transverse to Wy at P, whereas the denominator is the
probability of a section either not vanishing or vanishing and being transverse.

It follows that Exp,, (X hy)|y ) is the pullback of (1 + p(h; + h, +...)) from 1 to Y (x). Thus, by
Example 4.3.3,

[T Ea, v ExpeXh)l = T+ plhy + hy+..0) = (L + plhy + hy +.. )T ®L,
Y (x) Y (x)
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Remark 4.5.5. For F € U, as above, V(F) may not intersect Y transversely, so there is not
an obvious L-function to extract in order to give a result analogous to Theorem D. However,
Proposition 4.5.1 is robust enough to allow one to additionally impose the condition that V' (F)
intersect Y transversely, giving an interesting L-function. We leave the computation of the L-
function A-distribution in this case to the interested reader, but note that the motivic Euler
product for the zeta function random variable in this setting will not typically be expressible
as a single pre-A power: the pointwise moment-generating function at P will depend on the

dimension of the intersection of the tangent space of Y at P and the tangent space of Wy at P.

4.6 Equidistribution for tuples of homogeneous
polynomials

In this section we use the results of [BK12] to show equidistribution holds for tuples of homo-
geneous polynomials intersecting a fixed smooth quasi-projective variety transversely (Proposi-
tion 4.6.1), then combine this with Theorem 4.4.3 to prove Theorem D. As in the proof of [How24,
Theorem C], we first study the geometric random variable that sends a complete intersection to
its zeta function (Theorem 4.6.2; cf. [How24, Theorem 8.3.1]), then argue with basic properties
of independence to obtain the computation of the asymptotic moment-generating function in

Theorem D.

4.6.1 Establishing equidistribution

4.6.1.1 Ford = (d,,...,d,) atuple of positive integers, write S, for the product §; x...x §

r

and identify it with the global sections of O, (d) = ®;_, Op» (d,).
q q

4.6.1.2 Fix non-negative integers m and r. Set I,,, . = N" with an ordering described as fol-
lows: for tuples a = (a;,...,a,) and b = (by,...,b,), a < bifand only if a; < b; for all i and

max(bi)—mqmin(bi)/(m+l) < max(ai)—mqmin(ai)/(m+l).

4.6.1.3 For every point P € [P’"(Fq), fix a non-vanishing coordinate x;, 0 < j, = n; we
make this choice so that jp is constant on orbits. Given F € SQ(F

d, d,, . 2 er
of(FI/ij,...,F,/ij)1n(6’|p>$qvplmp) .

q), write F), for the image

4.6.1.4 Define
c—1 .
La b =[[a-a P
j=0
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which, when a = g, is the probability that ¢ randomly chosen vectors in FZ are linearly indepen-

dent.

Proposition 4.6.1. Let Y be a smooth, quasi-projective subscheme of Pf of dimension m.
q

Set B = IP[’F’q (Fq) and for each P € B, let Ap be the subset of (@qu'p/m%)eér such that

forg,; theimage of g; in Oy. p and
q
m the maximal ideal in O p,
gP € (@PE )P/m%)e;r Y[Fq,P P € Y
Ap=1|" Fa notallg; lieinm orall’g; lieinm

and are linearly independent in m/m?

(Opn plm2)®" P¢Y

F

q

where by g; we mean the image of the i™" component of 8, in 61’%1 p/mf,.

Set A = |Upep Ap- Let Uy be the set of F € SQ(Fq) such that for all P € B, F), lies in Ap. Let
A — Bbethemap Fp — P andev, : Uy x B — Athemap (F,P) — Fp. Then (UareVa)ger,,
equidistributes on Al B in the sense of Definition 4.4.1.

Proof. For an admissible Z-subset B’ < By of finite cardinality, we have

Homy (B', A4) = [[ Homg (P, Ay).
|Ple|B’|

If we identify the orbit |P| € B’ < P”(Fq) with a closed point of Py, then we obtain a canonical
q
identification of Homp (|P|, A) with a subset A, p of (@’P[?qk 1P /mIZPI)@r' Viewing U, (1) as the set
of F € 84(F ;) such that the image of F in (@"”’F k,|P|/m|2P|)er lies in Ayp for all |P| € “P?qk |, the map
q
evy p sends F to the tuple (E\p)pic |-
To establish Equation (4.4.1) it suffices to show equality for each singleton {(F | P|)| pieig)}- On

the right side we have

Htiom,, 8,40 {(E)p)p})
1

\PlelB| #Ap)

q—kr deg(P)(n+1)

_ ( I q—krdeg(P)(n+1))(

|P|€|B/|_|Y[Fqk| lPlElB’lle[Fqkl 1-— q—krdeg(P) + q—krdeg(P)L(qkdeg(P), m, r))
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The left side of Equation (4.4.1) can be viewed as a conditional probability:

((eVQ,B’)*:uUQ,k(l))({(£|P|)|P|})
=ty €V (E p)p})
#HG € S4(Fyx) | Gpy = Fp  forall |P| € |B'| and G € Uy (1)}/#S4(F gi)
- #U g, (D) 1#S4(F 1) '

By [BK12, Theorem 1.2], as d — oo such that max(d)™ g~ ™n@/(m+1) _, o (guaranteed by our

choice of I, ), this converges to

—kr deg(P)(n+1 —krdeg(P)  —krdeg(P) [ (kdeg(P
(HIPIEIB’Iq r deg(P) (n+ ))(H|P|E|Y.F (1= T eEP) g gkrdeg P gRdeP) r)))
q

HIPIEIYW k|(1 _ q—kr deg(P) 4 q—kr deg(P)L(qkdeg(P)’ m, r))
q

—kr deg(P)(n+1)

—kr deg(P)(n+1))( q

= ( I1 q G- g~krdeg(P) 4 g—krdeg(P) [ (gkdeg(P) r))'

IPIE|B|=1YE | |Ple|B'|N|Yg
q q

So Equation (4.4.1) is satisfied, and thus (Ug, evg) equidistributes on A/B. O

4.6.2 Application: Zeta functions and L-functions of complete intersections

Let x be a finite field of order g and fix an algebraic closure k. Let Y < P be a smooth quasi-
projective subscheme of dimension m + r. With notation as in Proposition 4.6.1, for F € U, we
write Cp for the scheme-theoretic intersection Y n V(F;) n...n V(F,), asmooth quasi-projective
subscheme of PP}/ ., where x (F) is the subfield of ¥ generated by the coefficients of Fy, ..., F,.

Let X; be the random variable on U, sending F to

1
Zo () = _
0= Il T

The following (combined with [How25, Theorem 2.2.1]) generalizes [How24, Theorem 8.3.1],

which is the case of r = 1.

Theorem 4.6.2. With notation as above, as d goes tooo in I, . . (see 4.6.1.2), the A-distribution of

X, converges to a binomial A-distribution with parameters

(g1 "L(lgl,m+r,71)

— d N=[Y ,
- (g1 " +1q"Ldq,m+rn " LY @)

ie,

lim E[Exp, (X h)] = 1+ plhy + hy +.. ).

d€1m+r,r
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Proof. We will use the notation of Proposition 4.6.1. For P € Y (x), we consider the random

variable X'p on Ap that sends a germ f to

1-¢

L if f;(P) =0 forall i
0 otherwise.

For P € P"(x) — Y (), we set Xp to be the trivial random variable. Then

Xd = f eVZ X.
deﬂl’g/Ud

By Proposition 4.6.1, (U, ev,) equidistributes on A/P" (x), thus, by Theorem 4.4.3, the asymptotic

o-moment-generating function is

[1 Earprao [Exp (X 1)1 = [] Ea, /v [ExPy (Xhy)]
P (x) Y ()

where the equality is because the moment-generating function of the trivial random variable over
P"(x) — Y (x) is identically 1.
For P € Y (x) of degree k, Xp is a Bernoulli random variable equal to ﬁ (the unit in W(C))
with probability
g1 " LUg* ), m+1,1)
1-[gF" + [g" 1" Llg*, m+ 1, 1)

Indeed, this can be checked on each ghost component using Lemma 4.2.3; the numerator gives
the probability that an r-tuple of germs vanishing at a point are transverse at that point, while the
denominator gives the probability that an r-tuple of germs either do not all vanish at a point or all
vanish and are transverse.

It follows that Exp; (X )|y ) is the pullback of (1 + p(h; + hy +...)) from 1 to Y (x). Thus,

using Example 4.3.3 for the second equality,

[T En,.ivaEBxpeXh)l = [T A+ plhy + hy+..0) = A+ plhy + hy +.. YL
Y () Y (x)

4.6.2.1 We now prove Theorem D. We continue with the notation above, except we now take Y
to be a smooth, closed, and geometrically connected subscheme in order to agree with the setup
in Section 4.1.2 (these conditions show up in the definition of vanishing cohomology and in the

analysis of the top degree cohomology when establishing congruences modulo W (C)49).



4.7. Semiample equidistribution 63

Proof of Theorem D. We write X, for the random variable on Uy as in Section 4.1.2 sending F to

L, (1). For X, as above, we have, as in the r = 1 case of [How24, §8.4],
m_]' . . .
Xq = g™ -D"Xy - [H"(V)] - (D™ Y =EDIA+ g DIH W] (4.6.1)
i=0

Because any constant random variable is independent to any other random variable, we find
E[Exp, (X, )] = E[Exp, (-1)"[g~""*1 X )] Exp,, (1th,)

for

m_l . . .
p=—lg " IH™ (] - D™ Y ~D'g ™ + [q™F DIH (V).
i=0

To obtain Equation (4.1.1), it remains to note that, by Theorem 4.6.2,

lim E |Exp, (g~ ™21 Xg)| = L+ plg™™ "1y + 1"y + .. )Y )

g m+r,r

and thus also, by [How25, Theorem 2.2.1],

lim E [Exp, (—a7™21Xp)] = (1 + p(-1g~™1ey + (g e, — .. )Y,

“=Im+rnr

It remains just to establish the claimed comparisons mod [g~'/2]W (C)P49, This is nearly identical

to the proof of [How24, Proposition 9.2.2] after we establish
p = [q—r] mod [q—(m+1+r)]W(C)bdd.

But this is immediate if we note L([g], m + 1, 1) = ]'[;;(1)(1 — [q1~m+7=1)) then expand

- [q)"L(lg), m + 1, 1) g 1g
1-[gl""+Iq]""L(lgl, m+r,71) 1-[g-mDry .

4.7 Semiample equidistribution

In this section, we first establish an equidistribution result for sections of semiample bundles
using the generalization of Poonen’s sieve in [EW15], Proposition 4.7.1. We then combine Proposi-
tion 4.7.1 with Theorem 4.4.3 to compute, in Theorem 4.7.2, the asymptotic A-distribution of the
zeta functions of curves of bidegree (2, d) on Hirzebruch surfaces (generalizing the computation

of the classical distribution of rational points given in [EW15, Theorem 9.9-(b)]).
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4.7.1 Establishing equidistribution

Let Y be a smooth, projective scheme (integral but not necessarily geometrically integral) of
dimension m over [, with g a power of a prime p. Consider a very ample divisor D on Y and a

globally generated divisor E on Y. Let 7 be the map given by the complete linear series on E:

|E|
n:Y — [Pwa.
q

Define R, ; := H(Y,0y(nD + dE)) and for F € R, 4, write Hy for the corresponding divisor in
|[nD + dE|.

Suppose z € [n(Y)]| < |P[I¥| is a closed point and zW = Spec(@ﬂ:,y,z/mi) the first-order
infinitesimal neighborhood of z. For y € |Y| a closed point in 1 1(2), let y(l) = Spec(@yvy/mi).
For any finite subscheme W < IP]Z , define Yy, = Y xpy w.

Given a section F € R, 4, Hy is smooth at a closed point y € 77! (2) if and only if F does not

vanish under the restriction map
Rn,d — Ho(y(l);@ym(nD)) = @Y,y/mi'

where the latter isomorphism depends on a choice of trivialization of 0o (nD), but the condition

of non-vanishing does not. This restriction map factors as

Rn,d - HO(Yy(l)!@Yy(l)(nD)) —> @yyy/mi,.
Set# =n,(0y(nD)),so F(d) = n,(@y(nD + dE)).

There is a natural map
B
F(d) ®g,, O — H(Yy, Oy, (nD)).
Note that a is the composition of § and the natural restriction map
Ryq=H'®Y,n,0y(nD +dE) = HPY, F(d) — F(d) ®g,, .. 4.7.1)
’ a q

As explained in the proof of [EW15, Lemma 5.2(a)], Serre vanishing implies that for d > 0 this
restriction map Equation (4.7.1) is surjective.

Let ¢ : Pféf — IP[]F‘;[ (resp. ¢y : IPfF‘;[ — [P’{F‘;’k) be the natural map. Let 7’ : Yz — Pg be the
base change of 7 relative to ¢. We write the homogeneous coordinates on IP[]F‘;I as xp, ..., Xy, and
foreach P € (n(Y))([Fq), we fixa 0 < jp < M such that X, does not vanish at P; we make this

choice so that jp is constant on orbits. For F € R,, d(Fq), we write Fp for the image of F/x¢ in
’ Jp

g{)*g ®@PM @P(l) .

Fq
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Proposition 4.7.1. With notation as above, set B = (n(Y))(Fq). For each P € B, let Ap be the set of

gpEP*F ®0,u Opw such that the image of gp in O is nonzero forall Q € n'~L(P).
Eq

Set A = |peg Ap. Let U, be the set of F € Rnyd(Fq) such that for all P € B, the image of F in
Oquw is nonzero for all Q € ' ~L(P). Each of A, B, and U, are admissible Z -sets with the geometric
Frobenius action.

Let A — B be the map gp — P andev, : U; x B — Athemap (FEP) — Fp. If n =
max{(dimz(Y))(m+1) — 1, (dim=(Y))p + 1}, then (U, ev,) equidistributes on Al B in the sense of
Definition 4.4.1.

Proof. For an admissible Z-subset B’ < By of finite cardinality, we have

Homp (B, A) = [[ Homyp (1P, Ay).
|Ple|B'|

If we identify the orbit |P| = B < P (F) with a closed point of P} , then we obtain a canonical
q

identification of Homp (|P|, Aj) with a subset A p| of & ®0, O\pjw. Viewing Uy (1) as the set of
Fok

q
F € Ry, 4(F ;) such that the image Fp| of Fin & ®0,u O\p\v liesin Ap| for all |P| € |By| < P D
Fok q
the map ev, g sends F to the tuple (Fp)pje|p/-
To establish Equation (4.4.1), it suffices to show equality for each singleton {(F,p|) pj¢5/}- On

the right side we have
1

My B', A ({(Fp)p }) = H .
omBk( k) |P|/|P| |P|€|B/| #A|P|

The left side can be viewed as a conditional probability:

((evd,B,) *HUd,k(l)) {(Ep)ip )

= by, @y g ((Fip)ipp)
#HG € R, 4(F i) | Gp| = Fip forall |P| € |B'| and G € Uy (1)}/#R,, 4(F 1)
- #U (DI #R,, 4 (F ) :

Since the restriction maps of Equation (4.7.1) (or rather their analogs over [ ) are surjective

for d > 0, we can phrase local probabilities at | P| in terms of ¢ F (d) ®@P§/I O\pj» instead of R, ;.

gk

Thus, by [EW15, Theorem 3.1], as d — oo, this converges to

[ 7 o, )
|Pl€|B| #(bkg@@lpé/’ @lpl(l) |P|€|7T(Y)[Fqk|_|B | #(bkg@ﬁp[{:\/l @\P\m
* P _ 1
#A - )
|P| ’ #AP
H|P|E|n(Y)Fqk| W00, Op) |PlelB'| F AP
Fok

q

So Equation (4.4.1) is satisfied, and thus (U, ev,) equidistributes on A/B. O
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4.7.2 Application: Zeta functions of curves on Hirzebruch surfaces

In [EW15, Theorem 9.9], the semiample Bertini theorem is used to compute the asymptotic
distribution of some point-counting random variables for smooth curves on Hirzebruch surfaces.
Using our methods, this can be extended to compute the full A-distributions — the classical
distributions in [EW15, Theorem 9.9] are equivalent to the restriction of the A-distributions to
Z[h;] < A. We illustrate this below in the case of bidegree (2, d) curves on Hirzebruch surfaces

([EW15, Theorem 9.9-(b)]).

4.7.2.1 Letx be afinite field of order g, let Y = Projp: (Sym* (0 @ O (a))) for a = 0 be a Hirzebruch
surface over k, and write 77 : Y — PL for its natural projection. We let E be the divisor on Y of the
fiber over co on P} (so that 7 is induced by E) and let D the class of a hyperplane section in the
relative proj construction. We write 0(i, j) = G(iD + jE), aline bundleon Y.

Let U, be the admissible Z-set of global sections of ©'(2, d) on Y with smooth vanishing locus.
For F in U,, we write x (F) for the subfield of ¥ generated by the coefficients of F and x, and we
view the vanishing locus V' (F) as a scheme over x (F).

Let X,; be the random variable on U, sending F to the zeta function

1
Zypy= [l —=== 1l Zirwwe®.

_ ¢de -
yelvipy 1= 198 ot |

Theorem 4.7.2. With notation as above,

dlim E[Exp, (X h)]

(112 = D) = 1) (Z o 1) + 151 (8520 1) + F I (252 1y (19)
[q)* = [q]*> - [q] +1

Proof. We adopt the notation of Proposition 4.7.1 for our choice of Y, D, and E above. We note
that, although n = 2 does not satisfy the bounds given in Proposition 4.7.1, by [EW15, Proposition
8.2], the application of [EW15, Theorem 3.1] in the proof of Proposition 4.7.1 is still valid in this
specific setting, so that we have equidistribution.

For P € P! (x), let Xp be the random variable on Ap that sends a germ gp to Zy g, (1), where
here the vanishing locus is taken inside of Yp = IP%, gpisthe induced element of H 0(YP, 0(2D)) =
H° (IP%, 0(2)), and we treat V(g p) as being defined over x(gp) to obtain a zeta function.

We then have

Xd = ev; X
U, xPL(x)/U,
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and thus, by Theorem 4.4.3,

lim E[Exp, (X h)] = [] EaprgolExpy (XA
d=o0 PL()

We now compute the o-moment-generating function for X, P € P!(x), using Lemma 4.2.3. Let

qp = #x(P). We note that res;(Xp) can be viewed as a function on the germs at P defined over

x(P);, the degree k extension of x(P) in k. On such a germ g, it takes value

(a)

(b)

(9]

ft if g is the square of a single factor. The number of such cases is
(@3 - 1) - (g3F - g3

Here the q%k -1= (qllﬁ + 1)(q}’§ —1) is the number of points in P! (x (P),.) times the number of
degree two homogeneous equations vanishing at such a point with multiplicity two, and the
factor q?,k — qf,k is the number of possible smooth extensions g of each g (which correspond
to degree two polynomials that don't have a zero at the same point — cf. [EW15, Lemma 9.8

and preceding paragraph])’.
(ﬁ)z if g splits into two distinct factors over x (P);. The number of such cases is

ap —1
2

(qk+1)qk
— g - D =

4k
qp

k 1 k
where @(q;‘, — 1) is the number of pairs of distinct points in Pl(K(P)k) times the
number of degree two homogeneous equations vanishing exactly at such a pair, and qf,k
counts the number of smooth extensions g of each g (which correspond to arbitrary degree

3 polynomials).

—L_if g is irreducible over x (P) ;.. The number of such cases is

1-¢2
2k k k 2
9 ~9p k4 se_ Wp— D7 4
——(@p-Dqp = ———4qp
2 2
2k _ k
where % (q’;, — 1) is the number of degree 2 closed points in IP}(( P, times the number

of degree two homogeneous equations vanishing exactly at such a point, and qf;k counts
the number of smooth extensions g of each g (which correspond to arbitrary degree 3

polynomials).

10One can also compare this computation with [EW15, proof of Proposition 9.9-(b)], but note that there is a typo in
the corresponding computation in that proof: the second (g — 1)(g + 1) appearing should in fact be our g3 — ¢2.
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Note that the total number of cases adds up to g5* — g3 — g3 + g2F, i.e. this is the denominator
for the probability of each case occurring.

Now we note that

Expa(%hl) = Z()h]
j=
and , , )
b, () ) = (e, (2 m)) - (Zo h,.) |
j=

The formula for Exp,, (ﬁ) is more complicated, but we only need the first component, which is

straightforward:

1
- Z(hT ° 1-— tz)l m; = ZmZT = me(fz) = Zhj(zz),
T = = ;

Exp, (ﬁhl)l

The first equality is [How24, Example 2.5.2] and the second follows because ﬁ = [2] so that

hjo ﬁ = [Sym/ (2)]; indeed, Sym/ (2) has one fixed point if j is even and no fixed points otherwise.
Combining our computation above of the probability of each value ¢ with these computations of

Exp,(e);, we obtain

E, [Exp, (resy (Xphy))]

ak_ 2k 2k ky2
~ (@2 =gk - 1) (L 20 bj) + L5 (220 hj)z + 2%) (X201 ()

gt - a5 —ap+1

Applying Lemma 4.2.3, and comparing k" components, we find

[E[EXPO’(XPI/II)]
~ ([qP]Z _ 1)([Clp] _ 1) (ij() h]) + [%]4;[%]2 (ijo h])z + ([qP]Zg[qP])z (ijo h] (EZ))
- [gp)* — Lqp)? — 1qp] +1

The function on P! (x) sending P to this series is the pullback from 1 of

(g1 = DUG) = 1) (Z 0 ) + 51 (T 20 7y) + LIF D (T2 1y (22)
[q1* - [q)? - [q] + 1

Thus, applying Example 4.3.3 to compute [[p1 g E4/p1 ) [Exp, (X' hy)], we obtain the claimed

expression. O
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