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Determinants etc.

Let F- Fn (standard
- vector space)
= horn,IV, F )

(Linear maps from -V to F)

Basis : x, , . . . ,Xn for
-V*

Ii la . a) = ai



If : f : -V→ F

then f =fCedx,t . - - tflealx,
*
-

f-Cai
, - sank a ,fGdt . - tatted

T.int#Iff:-Vx-V-F
is multilinear (2 - tensor) ,
'

then
f-(ei ,ej)=aij

are elements of an nxumn matrix



Let
Efferson)

Xi Xj is

the 2- tensor that sets

Xi x ; Cei ,f; ) = l L
Xi x; fee,-61=0 ten

all otter,
it # Ciii
-



-
A 2- tensor
-

D

a multi- linear map
←

f. VxV→F

by which I mean :

f- (Tty ,E, ) -- ftp.7tfhsii)

f-Cee , Hefce,
-

f-CJ,Tt%)=fETHfBy
f-CT,cE)=cfC%3) .



Basic 2 -tensor, i
T d

④ i 4) (Cai , -sad ,G . . . -ion))
-

= aibj
.

→

a

f- Cei ,e;)=Cij
⇐

f cii



Example : The dot product
-
-

• : Wx V→ F
-

(91, -- , a a) a Cbi , - , bn) =

T Ta
, bitgist. . -tank
a-
- -

X
,
X
, txaoxxat -

*Yag
- -

•€ = Xt .
-

- tXa]
Msts

• = It . . .? ?



A 2- tensor is symmetric
if the matrix Ei ;)
B symmetric if
-

"

multiples of
f- D a sum off - team
of the form : L

ly Xi Xi , Xioxjtxj Yi
÷

alternating
'

. I

be Xioxxj - Xi Xi



Example of a symmetric

j-tens.vn#
X
,
Xa#X, t X, X, Xz

+ X, I X, t X, X, Ya

+ xacxxgoxx , t X, X, Xa
-

alien.

R )
X
, ④ Xacxxs - XIXX, OxX,

I
/

IT



the determinant is the
alternating n -tensor on F

"

with
det Ce, ,ea , - - sent=L
-

In 1¥As a lemon
,
it is :

det¥I%i:*
J -

#

t.tt#. mut



tenma :

fgtnanspoie_zcldetCAtkdetCA1@ldetsanaHernahyn-tensor.n
to⇐

detffII-zsgnklt.Iaoa.si
-

n

=§,

sauce )¥I9ipkil
- sq

Ca) -

= In IIIaircil }



② Aac Sa

permutations)

choose Ci j) C- Sn
.

then :

±÷±.±÷sI
w=



detftt-sssnkl.ITaim,
I s

IFAnttai.mil?.qTaiKiiHlil(ssn--tl) Cga -_ - I /

=¥¥ir¥ain÷:÷
⇐ 'e'iii.

'
'

II
-

the FEI C- 1) sign . Ka



Iet allergy t

detCed=¥ .

Note : This tensor is the

unique Luch tensor :
- .
£sgnk) Xa ,

* Xocnl

T
-

¥
All others ane scalar multiple l

- oaths.



I
Thm It A

,
B are two

nxn matrices
,
then I

detCBAI-detCBI.deHAI
-

Pd: Defoe ai
-

tensor by

TCA) = def
-At
a
fixed
=

This is a teenr

alternate



TCAI-det-CDAI.FM
It follows that

TCA)= b - detect)

TCInf-det-CB.int
= det IB) . 1

So f- defect ) D
=



Change otbasis :

f : Vt V
symmetry f

-

b
-

✓ Esv

(
' ¥n5¥, Lg

- i

Fn

basis
#

ftbasis → g-
'

o fog
= A matrix



ftbasis → matrix

Challenge : Find the basis

that fits t.HU best

Example : If there is a

basis of vectors suchthat

flirt = ? ,
then

A- =L
"

-

-

-

,
I

In



Vi
-

Arri
- V # V -
f t t
e , F' A- ¥ a. e .

-

→E
-

Sud a transformation is

ladled semisimple .



Example :
Reflection of IR

'

Y SCI)= -I

[o
'
-i ]

+

orth .
along the lie to9
•¥m±"Tested



Rotan :

Looks like this has

he eigenvectors Eto)
#
Quest toners !

--

✓ Ev
s,I¥5

'

,



Character pole:otA:
detcx -In

÷*
-the:*

polynomial
EI

claim : the roots of

DCA) are the eigenvalues

xiotA
eDevalues



Id a root of It)
I

detox In -A) = 0
I

ke#In -A) a J
I

X.T -AE= o

Ae ←

¢



Example : 212 matrices

Is : [
' il

*Is- Is = [× I, )
chCE)= Cx - if
→

Reflection : [cos
I once, )SLCQ) -cosh

across the X-cost

EG XI -A L
-s.no)=

-s.nfxtcosochCAI-E-eoio-s.no=£# .



E-I = E - lkxti )
E

X -- t l ,
- I
-

to End eigenvectors

Kerch -I -A) to

Indio y
←



L

• A=C"o
CHAI = detfio' Ii ]
to =a Ep
eigenvalues : #

only one e is

e.

⇒SE
A - e,

= e
, £

.

A.ca#tLe--EEIe


