This article was downloaded by:

On: 17 June 2010

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Journal of Biological Dynamics
B Publication details, including instructions for authors and subscription information:
8| http://www.informaworld.com/smpp/title~content=t744398444

e The role of age structure in the persistence of a chronic pathogen in a
fluctuating population

Journal of : Sean M. Laverty?; Frederick R. Adler®

BI1O1.OG _ @ Department of Mathematics, University of Utah, Salt Lake City, UT, USA

DYNAM

To cite this Article Laverty, Sean M. and Adler, Frederick R.(2009) 'The role of age structure in the persistence of a chronic
pathogen in a fluctuating population', Journal of Biological Dynamics, 3: 2, 224 — 234

To link to this Article: DOI: 10.1080/17513750802452544
URL: http://dx.doi.org/10.1080/17513750802452544

PLEASE SCROLL DOWN FOR ARTICLE

Full ternms and conditions of use: http://ww.informworld. confterns-and-conditions-of-access. pdf

This article nmay be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
wi ||l be conplete or accurate or up to date. The accuracy of any instructions, fornulae and drug doses
shoul d be independently verified with prinmary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or danmges whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t744398444
http://dx.doi.org/10.1080/17513750802452544
http://www.informaworld.com/terms-and-conditions-of-access.pdf

14:28 17 June 2010

Downl oaded At:

Taylor &Francis Group

Journal of Biological Dynamics Taylor & Francis
Vol. 3, Nos. 2-3, March-May 2009, 224-234

The role of age structure in the persistence of a chronic pathogen
in a fluctuating population

Sean M. Laverty* and Frederick R. Adler

Department of Mathematics, University of Utah, Salt Lake City, UT, USA
(Received 31 March 2008; final version received 3 September 2008)

Small mammal populations exhibit large fluctuations, potentially leading to local extinction of specialist
pathogens after bottlenecks. Pathogen persistence in recovering populations depends on the epidemiolog-
ical characteristics of the hosts that survive the bottlenecks. Sin Nombre virus is a largely asymptomatic
infection of deer mice, which creates a chronic lifelong infection. Earlier work on this virus has shown
that males play a key role in pathogen persistence through a combination of longer lifespan and higher
seroprevalence. Other evidence indicates that mouse age could play an equally important role, as older
mice may have higher survivorship and higher contact rates. We use age structured models to examine the
relationships among prevalence, age-dependent demographics, and age-dependent epidemiology.
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1. Introduction

Decades of research have addressed fluctuations in small mammal populations as consequences
of density-dependent demographics or density-independent abiotic conditions [7,13,26]. These
fluctuations are of great importance to the parasites and pathogens that depend on these species,
which can be driven to extinction during a host population crash. Differences in the period and
amplitude of host population fluctuations among small mammals could be important determinants
in the diversity and abundance of their parasites.

In rodents, hantaviruses are among the most important pathogens [10], causing up to 200,000
human infections annually [20]. In one well-studied system, the Old World rodent Myodes glareo-
lus (the bank vole) hosts Puumala virus and exhibits regular population cycles with periods of 3—4
years [24]. The Puumala virus causes one of the mildest human hantaviral diseases, nephropathia
epidemica, which has mortality rates of <1% [25]. Among the New World rodents, Peromyscus
maniculatus (the deer mouse) is an important host of hantavirus, most notably Sin Nombre virus
(SNV). This virus causes a highly lethal disease in humans known as hantavirus cardiopulmonary
syndrome (HCPS). Although human cases of HCPS are rare when compared with those by Old
World strains, the syndrome is fatal in ~38-60% of clinically diagnosed human cases [14,16,20].

*Corresponding author. Email: laverty @math.utah.edu

ISSN 1751-3758 print/ISSN 1751-3766 online
© 2009 Taylor & Francis

DOI: 10.1080/17513750802452544

http: //www.informaworld.com



14:28 17 June 2010

Downl oaded At:

Journal of Biological Dynamics 225

Early work by Terman [26] suggested that compared with other small mammal species sampled,
P. maniculatus has relatively stable populations. Even so, both Fryxell er al. [13] and Mills
et al. [19] have illustrated fluctuations of one to two orders of magnitude in P. maniculatus
populations. In New World rodents, these fluctuations tend to be irregular and more closely tied
to climatic events [19]. After the 1992 ENSO event, a population increase of P. maniculatus in
the Southwest United States led to an outbreak of infections in humans caused by SNV [12]. The
20-fold increase of central New Mexico’s rodent population was linked to the outbreak of human
cases. After rodent populations decreased, so did human cases.

The hantaviruses are a unique genus in the Bunyaviridae family, as they are thought to be
transmitted solely by their rodent hosts and not by arthropod vectors [17]. It is widely accepted
that rodent to rodent transmission occurs via inhalation of aerosolized excreta or as a direct conse-
quence of aggressive interactions [5,6], although this has yet to be confirmed conclusively. Once
infected, a rodent host is assumed to remain chronically infected for life without the possibility
of recovery, resulting in increased prevalence among older mice. Direct transmission may make a
virus particularly susceptible to extinction during host population crashes, as only the mice them-
selves act as a reservoir. Indirect transmission, particularly via an environmental compartment,
can provide a buffer against such extinctions [24].

In this paper, we present an age-structured, single-sex model of Sin Nombre hantavirus transmis-
sion in a demographically stationary P. maniculatus host population with age-dependent mortality
and epidemiology [9]. We explore the role of age-dependent epidemiological parameters on the
basic reproduction number R, prevalence, and age of infection with respect to age-specific het-
erogeneities in natural mortality rate at the endemic steady state. By adding exogenous population
fluctuations, we test the hypothesis that long-tailed survivorship coupled with epidemiological
dynamics favouring transmission of infection by older individuals enhances persistence of an
infection through a population bottleneck.

2. The model

‘We consider a population described by a population density N (a, t), which represents the sum of
susceptible and infected individuals of age a at time ¢, given by S(a, ¢) and I (a, t), respectively.
The total population at any time ¢ is given by the integral of this density over all ages, N(¢) =
fooo N(a, t) da, and similarly for the populations of susceptible and infected individuals, S(¢) and
1(t). Prevalence at time ¢ is defined as p(t) = I(¢)/N (¢).

Susceptible individuals are lost to death (atrate m (a)) or infection (atrate A (a, t)) (Equation (1))
and created only through births (Equation (3)). Infected individuals are lost to death and created
by new infections (Equation (2)), but not by births (Equation (4)) because vertical transmission
does not occur in hantavirus systems [6]. We assume that contact between individuals occurs via
proportionate mixing (Equation (5)), where y (a) the age-specific per capita contact rate and o (a)
the age-specific susceptibility to infection [8,15]. The probability that a contact is made by an
individual of age a" is y (a)N(d’, t)/ fooc y ()N (u, t) du. The probability that a contact is made
by an infected individual of age a’ is

y@N@,n 1@, _ y@)i@,n
I y@N@, ydu N@'.,0) [Ty @N@, t)du’

The resulting force of the infection term (Equation (5)) is of the constant contact variety [18].

385 35 A DS, 1) — m@)Sa. ). M
dt da
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ol oI
—+— =A@, t)Sa,t) —m(a)l(a,t1), 2
ot da

S$0,1) = Bs(t) = /oor(a, DS, )+ I(a,t)]da = /oor(a, t)N(a,t)da, 3)
0 0

1(0,t) = B;(t) =0, )

Jo v@)i@', 1) dd’

A(a,t) = y(a)o(a) Jy@ N, 1)da"’ &)
S(a,0) = So(a), (6)
I(a,0) = Iya). (7N

Although there is as yet no consensus in the literature [21,22], we assume that there is no additional
mortality associated with an infection. With this assumption, the equation for the dynamics of the
total population decouples from the equations for the epidemiological dynamics.

We assume a Weibull-type survivorship function described by £(a) = exp(—ca?), where c is the
overall mortality rate and g is the shape parameter [23]. Assuming this form of £(a), we recover the
instantaneous mortality rate m(a) as m(a) = —¢'(a)/€(a), or m(a) = cqaq’l. We think of ¢ as a
measure of heterogeneity in mortality rate across ages in the population, since ¢ = 1 corresponds
to exponential survivorship with a constant mortality rate c. For ¢ < 1, the age-specific mortality
rate is a decreasing function of age.

3. Model analysis

3.1. Steady-state analysis

At steady state, Equations (1-7) become a system of ordinary differential equations for the steady-
state age distributions S*(a) and I*(a).

dS*((l) — _A*(a)S*(a) — m(a)S*(a)7 (8)
da
dI*(a) = A*(a)S*(a) — m(a)I*(a), ®
da
s = [ " @N (@) da, 1o
0
fOOO y(a/)l*(a/) dal

A(a) = y(@)o(a)

Jo~ v(@)N*(@") da"" o

Defining the probability that a susceptible individual remains uninfected at age a to be W(a) =
exp (— foa A*(u) du) and using the survivorship function above, we have solutions

§*(a) = $*(0)t(@) W (a), 12)

I"(a) = S*(0O)t(a)(1 — W(a)). 13)
At steady state, the age distribution of the total population is given by N*(a) = S*(0)£(a).
If we set

Y v@)t@)dd
/‘000 y(@")N*(a") da”
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to be the fraction of all contacts which are made by infected individuals, we can write
A*(a) = y(a)o(a)Y.
For a given Y,
W(a) = exp(—Y /: y(u)o (u) du).

We now have an equation for Y,

’

/ y(a)e(a) eXp(—Y/a yW)o (u)du)da’ = (1 — Y)f y(a)(a") da’,
0 0 0

involving only known functions. This equation can be solved numerically for Y, from which we
can calculate W(a) and I*(a). We can use these known functions to calculate the mean age of
infection conditional at equilibrium [4],

. o aN @S*@da [T ay(@)a(a)t(@)W(a)da
A S e [y o @@ W ) du

When y (a), o (a), and m(a) are constant, the definition for ¥ becomes

*

B IS 1(a)) da’ _
- f0°° N*(a") da” -

where p* is the endemic prevalence. The equation for Y simplifies to
o0 . o0
/ L(aH)e 7P da’ = (1 — p*)/ £(a") da’.
0 0

Constant m(a) corresponds to exponential survivorship, and we can write this as
o0 ) o0
/ ef(c+yap*)a’ dd’ = a- p*) efca’ da/,
0 0

to obtain p* =1 — ¢/yo. In this case, we find that A} satisfies

A — foooaexp(—(c + yop*)a)da _ 1
. fooo exp(—(c + yopu)du  c+yop*

32. Ry

Following the method of Diekmann et al. [11], we can calculate R, using the next generation
operator. We define A(t, a, a’) to be the expected infectivity of an individual who was infected t
units ago while at age a’ towards a susceptible individual of age a. When,

(KS)(¢) = S(a) /00 /OOA(r,a,a/)qS(a/) da’ dr,
o Jo

we use the proportionate mixing assumption A(t, a,a’) = f(a)g(tr,d’) = y(a)o(a)g(t + a’).
The exact forms for f(a) and g(t,a’) are given in Equation (14); however, we can think of
f(a) as a function describing properties of a susceptible individual of age a and g(z, a’) as a
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function describing the probability of contact with an individual initially infected at age a’. With
¢(a) = S(a) f(a), we find

RO=/ / g(t+d)S@) f(a')dd dr
o Jo

= /OO </oog(t +a/)d1:) S(a") f(a) da’
0 0

= /‘00 </Oog(u) du) S(a) f(a") dd'
0 a

([ v@ 4o +1) o
RO_/O </0 E(a’)fooo)/(a)N(a)dadT>S(a)Y(a)0(a)da' (14)

We can simplify this expression (Appendix 1) to

o0 , , f(f’ y(a)l(a)da ,
— ] — Lo 7 .
Ry /0 y(a)o(a') < fooo S (0)e(0) do da

Numerical calculations of Ry over a range of g are given in Figure 1 for four different
combinations of age dependence in y (a) and o (a).

In the case of exponential survivorship (¢ = 1) and constant parameters y(a) = y and
o (a) = o, we can simplify the expression for Ry to obtain the standard result for the equivalent
unstructured model

Ry /wy(a/)a(a/) (1 M) w
0

[y )e) dv
=9} l/‘a/ e % da
= o(1-—22—— ) dd
/0 i’ ( Jo e dv)
_Ye
=

Combining this result with the formula for p*, we obtain the familiar relation Ry = 1/(1 — p*) [3].

3.3. Parameterization

Since we are interested in the epidemiological consequences of the shape parameter in the sur-
vivorship function, to parameterize the model we must compute the scale parameter for a given
mean lifespan and shape parameter [23]. The mean lifespanisa = fooo l(a)da =T (1/q + 1),
which we take to be 70 days [1]. For a given mean lifespan a and shape parameter ¢, we choose
the death rate ¢ that satisfies c = (a/T"(1/q + 1))4.

To include temporal fluctuations in the birth rate, we consider r(a, t) = ri(a)r,(t), where
() =14 (A/N*)sin(2rt/K). We choose r;(t) to be K -year periodic with varying amplitudes
(Table 1).

Our goal is to study the interaction between long-tailed survivorship (¢ < 1) and linearly
increasing functions y(a) or o(a), indicating increasing contact rates or susceptibility with
age. To normalize, we fix baseline values y(a) = y,,(¢) and o (a) = 0,,(g) such that preva-
lence at the endemic steady state is p* = 0.20 in the case when y(a) and o (a) are constant.
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Table 1. Parameters for age-structured model, with description, baseline values or constraints, and references when
available. Demographic parameters are denoted by Roman characters and epidemiological parameters are denoted by

Greek characters.

Parameter

Description

Baseline values References

ria) = 0,a <50
! - r,50 <a

ra(t) = 1 + (A/N*)sin(27t/K)

Birth rate in offspring per day

Birth rate forcing function with
amplitude A and frequency K

r1 chosen so that population is
stationary
A=1,3,and7; K =1 year

a Mean lifespan 70 days [1]
c Survivorship function scale Chosen so that mean lifespan

parameter a = 70 days
q Survivorship function shape q €[0.5,1]

parameter
y(a) Contact rate See Table 2 [1,2]
o(a) Susceptibility See Table 2 [1]

To compare with cases with non-constant y(a), we let y(a) = y,,/2 + (ys/a)a and find y;
such that foooy(a)ﬁ(a)da = vm(q) for each ¢g. For cases with non-constant o(a), we let
o(a) = 1/2 + (o5/a)a and find o, such that fooo o(a)€(a)da = 1 for each g. Thus, we are com-
paring among cases with the same mean lifespan, the same average contact rate, and the same
average susceptibility.

4. Results

4.1. Static demography

Our first result lies in the parameterization itself. We see that with no age-dependence in contact
rate or susceptibility (Table 2, row one), the baseline contact rate y,, for long-tailed survivorship
is roughly a third of that for exponential survivorship. Thus, with respect to our normalization,
we see that attaining a prevalence of p* = 0.20 with exponential survivorship requires a much
larger baseline contact rate when compared with long-tailed survivorship. Similar trends hold for

Table 2. Slope and intercept for contact and susceptibility parameters used in analytical and numerical solutions for the
four combinations explored.

Normalized parameter coefficients for a given ¢

Age dependence Form of parameter q 0.5 0.6 0.7 0.8 0.9 1.0
None y(a) = Ym vm 0.00677 0.00947 0.01197 0.01419 0.01615 0.01786
o(a) =om om 1 1 1 1 1 1

Contact rate v(@) =vym/2+ (¥s/70)a vy, 0.00677 0.00947 0.01197 0.01419 0.01615 0.01786
ys 0.00113  0.00232 0.00381 0.00548 0.00721  0.00893

o(a) =op | 1 1 1 1 1

Susceptibility y(a) = Ym ym 0.00677 0.00947 0.01197 0.01419 0.01615 0.01786
o(a) =1/2+ (o5/70)a o, 0.16667 0.24445 0.31860 0.38627 0.44666 0.5

Both V(@) = Ym/2+ (/710 yw 0.00677 0.00947 0.01197 001419 0.01615 0.01786
¥s 000113 000232 000381 0.00548 0.00721 0.00893
0@ =1/2+(0,/70a o, 016667 024445 031860 0.38627 044666 0.5
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Effect of g on endemic prevalence Effect of g on age of infection Effect of g on Ry

0.20
L

Endemic prevalence

0.10
Age of Infection

- None -
,,chnlac‘;t}r"Tulle S i i
usceptibiy | | | T T e

T T T T T T T T T T T T T T T T T T
05 0.6 o7 0.8 09 1.0 0.5 0.6 0.7 0.8 09 1.0 0.5 06 07 0.8 09 1.0

(a) (b) (c)

Figure 1. Effects of age-specific contact and susceptibility on endemic prevalence, age of infection, and Ry, with respect
to the shape parameter of the survivorship function. (a) Endemic prevalence, (b) age of infection, and (c) Rp.

the slopes y; and oy, which suggests that to maintain baseline prevalence, the contact rate and
susceptibility must increase faster with age when survivorship is exponential.

With static demographic parameters, we are able to study the behaviour of the steady-state
solutions of Equations (8)—(11). We compute R, given by the formula in Equation (14) for a
constant contact rate and susceptibility for each parameter held fixed while the other increases
linearly with age, and lastly for both parameters increasing with age.

Endemic prevalence is reduced when susceptibility is age-dependent (Figure 1(a)) and the
magnitude of the reduction increases as the shape parameter increases (¢ — 1). When the contact
rate is an increasing function of age, endemic prevalence is greater than in the constant case, but
there is little effect of the shape parameter ¢ (Figure 1(b)).

While endemic prevalence was largely unchanged with respect to increases in ¢, a striking
relationship exists between mean age of infection and survivorship (Figure 1(b)). The mean age
of infection decreases dramatically with increasing ¢, taking on a minimum with exponential
survivorship. Age-dependent susceptibility as a function of age greatly increases the mean age of
infection, whereas the age-dependent contact rate has little effect on the mean age of infection.
This relationship may shed light on the prevalence values for each treatment. Age-dependent
susceptibility reduces endemic prevalence and increases the mean age of infection; however, the
age-dependent contact rate increases prevalence while leaving the mean age of infection largely
unchanged.

The basic reproduction number R, (Figure 1(c)) is largely unchanged in the case of age-
dependent susceptibility. In contrast, the age-dependent contact rate dramatically increases R for
long-tailed survivorship. Although the effect of interactions between susceptibility and contact
rate were not surprising in the relationships between prevalence (Figure 1(a)) and mean age of
infection (Figure 1(b)) with ¢, the interaction between susceptibility and contact rate results in a
large increase in Ry (Figure 1(c)). While the interaction of age-dependent contact and suscepti-
bility resulted in R(’s that were greater for all g’s, the effect was most significant for long-tailed
survivorship. This suggests the role of older individuals as a core group to the transmission of
infection.

4.2. Variable demography

With a periodic birth rate, we lose the luxury of using steady-state solutions for any calculations
and resort to numerical approximations. We quantify the effects of variable period and amplitude
population oscillations by computing the mean prevalence and age of infection over one period
of the oscillation.
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Mean prevalence: small amplitude oscillation Mean prevalence: medium amplitude oscillation Mean prevalence: large amplitude oscillation
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Mean age of infection: small amplitude oscillation

|
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- None
— Contact rate
_‘Suscephhmtx
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Mean age of infection
Mean age of infection
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50

Figure 2. Mean prevalence and mean age of infection over one period of the birth rate fluctuation. Dotted lines represent
quantities from the static demographics presented in Figure 1. Bars indicate the amplitude of the fluctuation in prevalence.
(a—c) Mean prevalence with respect to the amplitude of birth rate oscillation: (a) small amplitude; (b) medium amplitude;
(c) large amplitude. (d—f) Mean age of infection with respect to the amplitude of the fluctuation: (d) small amplitude;
(e) medium amplitude; (f) large amplitude.

In all cases examined, fluctuations in population dynamics result in mean prevalence less than
that observed when the population was fixed (Figure 2(a—c)). The range of prevalence observed
over one period increases with the amplitude of the oscillation in birth rate, with small amplitude
oscillations having little effect on mean prevalence. Age-dependent susceptibility alone had little
effect on mean prevalence for the range of birth rate oscillations tested, whereas the age-dependent
contact rate resulted in a larger range of observed prevalence. Not surprisingly, the range of preva-
lence increases with the amplitude of oscillation. With age-dependent contact and susceptibility,
the observed prevalence is similar to that of the constant parameter static case, and the amplitude
of the fluctuation about the mean increases with q.

As in the static demography case, the mean age of infection is a decreasing function of g.
With respect to the static case, the mean age of infection is reduced for small g as the amplitude
of the oscillation increases, whereas for large ¢, the mean age of infection increases with the
amplitude of oscillation. The range in the mean age of infection increases with the amplitude of
the oscillation; however, the range varies little with respect to g.

The amplitude of fluctuations in prevalence increases with g for age-dependent susceptibility,
yet the amplitudes are still less than those for the constant parameter case (Figure 3). Age-
dependent contact rates generate a larger amplitude oscillation in prevalence when compared
with the constant case. For small g, the combined treatment of age-dependent contact rate and
susceptibility yields smaller amplitude oscillations than those of the age-dependent contact rate
treatment. Yet, following an intermediate value of g(g =~ 0.85), the interaction between contact
rate and susceptibility generates larger amplitude oscillations.
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Amplitude of oscillation in prevalence

— None s
- -SContactt_ gjcll_te

usceptibili =
= Bolrg

0.08

0.06
|

Amplitude

Figure 3. Amplitude of fluctuations in prevalence under large amplitude oscillations in birth rate.

5. Discussion

We set out to investigate the interaction between long-tailed survivorship and age-dependent
epidemiology. In a static environment, we found that age-dependent susceptibility alone led to
reduced prevalence for all shapes of survivorship function, and prevalence was at its least for
exponential survivorship. Similar relationships between prevalence and survivorship were present
with a fluctuating environment, while mean prevalence was reduced by fluctuations in all cases.

If older individuals are responsible for maintaining infections and promoting infection persis-
tence, they may do so by buffering fluctuations in prevalence, not by altering the mean prevalence.
In Figure 1(c), we see a large increase in R, with age-dependent contact rates and long-tailed
survivorship functions. This suggests that older mice may serve as a core group of individuals
promoting infection with a disproportionately large R. Despite the large value of R, the overall
prevalence remains low.

Differences in demographic or epidemiological parameters across ages provide one possible
form of heterogeneity important to epidemiological dynamics. In modelling the same host-
hantavirus system, Adler et al. [1] found three sex-specific differences with epidemiological
relevance. Higher prevalence in males was attributed to either higher susceptibility or higher
contact rates in males than in females, and an observed male bias in sex ratio at low population
densities suggested reduced male mortality.

We would like to extend this work to incorporate sex-structure to address important demographic
and epidemiological differences between the sexes. In addition to this, we would like to explore
more realistic fluctuations. Sinusoidal functions, although mathematically convenient, create only
short and shallow bottlenecks. Real populations experience long and potentially deep bottlenecks
which could provide very different effects. The fluctuations studied so far were the result of
temporally varying birth rates; yet temporally varying death rates could be equally important
causes of fluctuations. The consequences of temporally varying death rates and their interaction
with population age structure are yet to be explored in this system.

The P. maniculatus—SNV system has been well-studied since its discovery in 1993. Many
questions about the system remain unanswered and open to both theoretical and empirical research.
Yet empirical evidence suggests that many factors, including maternal antibodies [5] and variable
infectiousness [6], could be important contributors to epidemiological dynamics. The maternally
protected class increases the level of heterogeneity within a population since its members are
distinguished from other members of the population based not only on their own age but also on
the infection status of their mothers at the times of gestation and lactation. Including this class is
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of particular interest in fluctuating populations, where an accumulation of maternally protected
offspring could jeopardize viral persistence through bottlenecks depending on the composition
of the surviving population. Other evidence suggests that viral shedding is not constant during
infection. Infection-age could be an important descriptor within the infected class, as recently
infected individuals may transmit virus differently from distantly infected individuals.
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Appendix 1. Simplification of R,

Recall the formula for Ry (Equation (14)) along with formulae for the steady-state solutions (Equations (8) and (9)).

Ro = /0 - ( /0 - Z(’;()“f} ;)f;)“N:;)rla dt) S(a)y(@)o () dd’ Al
= /OOO </OOO y@ +1) (%) dr) ) (W) dd’ (A2)
- /Ooo </0°O y@ + 1) + r)dr) (W) dd’ (A3)
- /OOO </:Oy(a)€(a) da> (W) dd’ (A4)
= /O > @ @) % dd’ (A5)
Ro = /OOO y(@)o(d) <1 - m> dd’. (A6)



